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What is adequacy?

Two main kinds of program semantics:

» Operational Semantics M — N
Usually syntactic and intuitive. Hard to reason about.
Induces an operational equivalence M =~ N

» Denotational Semantics [M]

A translation of programs to mathematics. Easy to reason about.
Induces a denotational equivalence [M] = [N]

Adequacy (Milner 1975):
IM=[N] = M=x=N

Every equivalence proven mathematically also holds operationally. I

Previous work proves this only for finitary algebraic effects (Plotkin and Power 2001).
The proof is complicated. Can we do it with logical relations instead?




What are algebraic effects?
Functional programming

— Programs produce values

Algebraic effects
= Programs produce interaction trees

A signature X of operations (= system calls)
Ops have a sending type and a receiving type:

op:le?r € X

These types must be first-order (= serializable)

For a global store with a single cell holding a Nat:

Ystore d:ef{ write : INat? 1, read : ! 17 Nat }

Example: write(2; read(x. return succ(x)))



Call-by-Push-Value (CBPV)

‘first—order types‘

o,7:=0|1|Nat|oXx7t|o+7

A = 1 unit type
Nat natural numbers ‘computation types‘
A1+ Ay sum types
A1 X Ay product types C == FA returners
e thunks A — C functions
“V is a value of type A” “M is a computation of type C”
T VA TFM: FA ILx:AFN: C
Ix: AT x: A T+ return V: FA T+ Mtox.N:C
Ix:Ar*M: C op:lo?rel T V.o Ix:tF"M: C

T Ax:AM:A—>C T+ op(V;x.M): C



Small-step operational semantics
op!lV?wW
and M—— N.

Two relations: M — N
-] = [-]1&[-1tox.N|E[-](V)
M— N
(x : A M)(V) — M[V/x] 8[M] — &[N
op!lV?WwW
op:lo?r  WeVal(r) M——N
oplV?WwW op!lvV?wW
op(Vi x. M) 2 M[W/x] GIMl == &N
Example:
read! ()73

= rite 127 () —
write(2; read(x. return succ(x))) RSN read(x. return succ(x)) —— return 4

Use these to define ||—|| : Comp(FA) — ITx(Val(A))



Denotational Semantics
Let T be amonad with: X — TX and (=) : TX - [X > TY] —> TY.

An algebraic operation op : | 6?7 7 over T consists of a family

opy : Usx (U = TX) = TX

satisfying the fundamental equation of algebraic effects:

opx(v, k) == f =opy (v, x — k(x) >=f)

T supports X if it comes with an algebraic operation for eachop : 1o 7 7.

Example: St(X) “N S NxX supports Zstore déf{ write : I Nat?1, read : ! 17 Nat }

Map value types to cpo’s, computation types to monad algebras over cppo’s.
Values and computations are mapped to continuous functions:

[V]: [T] - [A] M) - 1] = [€]



Operational Equivalence

Observational equivalence for a pure language (Morris 1969):
M= N ZVground C[-] : 0. C[M] | V = C[N] || V

A ground context C[—] of type o is an observable testing bench.
...how to adapt to interaction trees?

m Define what it means to have the same observations instead.
Define (natural) functions ex : IT5(X) — TX, interpreting ops in T.
Suppose that for each R € A X B we have a T(R) € TAX TB. Then

M=x N Z VY ground C[-] : 0. evai(e) (ICIMI]) T(=vai(o)) evai(e) (ICIN] )

def

where =y,i(o) = {(V, V) | V € Val(o)} € Val(o) X Val(0) is the equality relation.

We will do this for any monad T that comes with a compatible relator (Gavazzo 2019).



Relators
Let F : Set — Set. A relator F for F is an assignment

RCXXY ~» PFRCFXXFY

odef

such that, defining the graph f*= {(x,f(x)) | x€e AA CAX Bof f: A— B,

=rx € F(=x)
FR:; FR, C F(R;; Ry)
Ry € R, = FR; C FR,
(Ff)* S F(f*)
((FO*)P CF(f*)P

def

Example: {4 ST(R) { = Vne N. {1(n).1={(n).1 and {1(n).2 R {>(n).2

Our relators need to be compatible with ¥ and compatible with recursion.
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The logical relation

Ra C [A] x Val(A) Lemma (Graph Lemma)
Rc € [C] x Comp(C) vR, Vifandonly ifv=[V]
for any first-order type o

Define

Lemma (Fundamental Lemma)
WA= [W]RaW.
> |—CM;£=> [[M]]RQM

by induction on types.

e

nRNat V
Zdy Ra, Vi Ady Ry, Vo

(di, db) Raxa, (V1 Vz)
d Ryc thunk M
dRpa M
fRase M

d‘RCM
. ) Corollary
= £
A FM: Fo = [M] TR, e(||M|])

LVd. dR,V = f(d) Rc M(V)



The smoking gun
Lemma (Soundness through relators)
For any M : FA we have ¢(||M||) T(RsP) [M].
Theorem (Adequacy)
[IM[E[N] = MLC_N

Proof.
Let C[—] be ground, and let [M] E [N]. By soundness, compositionality, and the
fundamental lemma

e([|[CIMIID) T(Rs) [CIMI] € [CINI] TR e(ICIN]ID
Then, by (ry), the right module property, and the graph lemma,
T(Raop) ; TRy € T(Raop i Ro) = P]P(:Val(tr))

Hence ¢(||C[M]|]) T(Rs°P) (||C[N]]]), i.e. M L. N. Rinse and repeat!



Future work

> Recursive types (see Jiang, Xue, New, OOPSLA 2025); minimal invariants? (Pitts 1996)
» Other notions of relation lifting, e.g.

> Free lifting? (Kammar 2014)
> TT-lifting? (Katsumata 2005, 2013)
> Codensity lifting? (Katsumata, Sato, and Uustalu 2018)

Not relators!

» Formalisation
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Thank you!



