ON THE TOPOLOGICAL GENERATION OF EXCEPTIONAL GROUPS
BY UNIPOTENT ELEMENTS

TIMOTHY C. BURNESS

ABSTRACT. Let G be a simple algebraic group of exceptional type over an algebraically closed
field of characteristic p > 0 which is not algebraic over a finite field. Let Cy, . .., C: be non-central
conjugacy classes in G. In earlier work with Gerhardt and Guralnick, we proved that if t > 5
(or t > 4 if G = G2), then there exist elements z; € C; such that (z1,...,x:) is Zariski dense in
G. Moreover, this bound on t is best possible. Here we establish a more refined version of this
result in the special case where p > 0 and the C; are unipotent classes containing elements of
order p. Indeed, in this setting we completely determine the classes Ci,...,C: for ¢t > 2 such
that (z1,...,x¢) is Zariski dense for some z; € C;.

1. INTRODUCTION

Let G be a simple algebraic group over an algebraically closed field & of characteristic p > 0
and let Cq,...,C; be non-central conjugacy classes in G, where ¢t > 2 is an integer. Consider
the irreducible subvariety X = C; x --- x C; of the Cartesian product G*. Given a tuple
x = (x1,...,2) € X, let G(x) denote the Zariski closure of the subgroup (z1,...,z:) and set

A={reX : Gx)=_G}

In this setting, a basic problem is to determine whether or not A is empty. Note that if k is
algebraic over a finite field then G is locally finite and thus A is always empty, so this problem
is only interesting when k is not algebraic over a finite field, which is a hypothesis we adopt
throughout the paper.

This problem has been the subject of several recent papers and some general results have
been established. In characteristic zero, for example, a theorem of Guralnick [I3] shows that A
is always an open subset of X. In the general setting, [3| Theorem 2] states that A is non-empty
if and only if it is dense in X, while [4, Theorem 1] reveals that A is non-empty if and only
if it is generic, which means that it contains the complement of a countable union of proper
closed subvarieties of X. If G is a simple algebraic group of exceptional type, then [3, Theorem
7] states that A is non-empty if ¢ > 5, and the same conclusion holds for ¢ > 4 when G = Gs.
Moreover, this is best possible since there are examples where t = 4 (t = 3 for G = G2) and A
is empty (see [3, Theorem 3.22]).

In this paper, we extend the earlier work in [3] by studying the special case where G is an
exceptional type group in positive characteristic p and each C; is a conjugacy class of unipotent
elements of order p (note that every nontrivial unipotent element has order p if p > h, where h is
the Coxeter number of G). In this situation, our aim is to classify the varieties X =C; x --- x C;
where ¢ > 2 and A is empty. This is in a similar spirit to the main theorem of [4], which
considers the analogous problem for symplectic and orthogonal groups when the C; comprise
elements of prime order modulo the centre of the group. In turn, this extends earlier work of
Gerhardt [I1] on linear groups. Notice that all of these results are independent of the isogeny
class of G since the centre of G is contained in the Frattini subgroup and thus a subgroup H is
dense in G if and only if HZ/Z is dense in G/Z, where Z is any central subgroup of G. We will
typically work with the simply connected form of the group.
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2 TIMOTHY C. BURNESS

Our main result is the following (Tables [A] and [B| are presented at the end of the paper in
Section @ Note that any two involutions generate a dihedral group, which explains why we
assume p > 3 when t = 2.

Theorem 1. Let G be a simple algebraic group of exceptional type over an algebraically closed
field of characteristic p > 0 that is not algebraic over a finite field. Set X = Cy x --- x C;, where
t > 2 and each C; is a conjugacy class of elements of order p in G. Assume p > 3 if t = 2. Then
A is empty if and only if X is one of the cases recorded in Tables[A] and [B.

Remark 1. Some remarks on the statement of Theorem [0 are in order.

(a) We adopt the notation for unipotent classes from [2I] (see Tables 22.1.1-22.1.5 in [21])
and it is worth noting that this sometimes differs from the notation used by other
authors. For example, the unipotent class in E; labelled (A3)(") in [21] is denoted (34;)”
in [I8, 25]. Similarly, the class Eg(a3) in [I8| 2] is labelled A5 + A; in [25].

(b) By inspecting the relevant tables in [I8], it is easy to read off the required condition on
p to ensure that each C; contains elements of order p. To do this, we consider the action
of G on a suitable kG-module V and we inspect the Jordan form of a representative
y € C; in this representation, noting that y has order p if and only if every Jordan block
has size at most p. For example, if G = Eg and y € G is contained in the class Ao, then
[18, Table 9] states that the Jordan form of y on the adjoint module for G is as follows

(JZ7']:§47J178) p=2
(550 p=3
(J57J557‘]i78) p 2 5

where J; denotes a standard unipotent Jordan block of size i. Therefore, the elements
in this class have order p if and only if p > 3 (they have order 4 when p = 2).

(c) We have chosen to record the cases X = C; x -+ x C; with A empty over two tables,
rather than one. This is essentially an artefact of our proof and it will be convenient to
make a distinction between the cases in Tables [A] and [B| (for example, see Theorem
below).

(d) To avoid unnecessary repetition, the tuples in Tables [A] and [Bfare listed up to reordering,
and also up to graph automorphisms when (G, p) = (G, 3) or (Fy,2). For example, if
(G,p) = (G2,3) and 7 is a graph automorphism of G, then 7 interchanges the classes of
long and short root elements (denoted by A; and A;), whence A is also empty when
t =3 and (Cl,CQ,Cg) = (Al,Al,Al).

The Zariski closure of a unipotent conjugacy class is a union of unipotent classes and this
leads naturally to a partial order on the set of unipotent classes of GG, which has been completely
determined by Spaltenstein (see [25, Section I1.10] for G = G2 and [25, Section IV.2] for the
other types). This is relevant here because Proposition (see [4, Lemma 2.2]) states that A is
empty if and only if G(y) # G for all y € X, where X denotes the Zariski closure of X in G.
This observation allows us to present the following reformulation of Theorem (1] (see Remark
for some brief comments on Spaltenstein’s notation in [25]).

Corollary 2. The set A is empty if and only if X is contained in the closure of one of the
varieties Y = C] x -+ x C} recorded in Table up to reordering and graph automorphisms if
(G,p) = (G2,3) or (Fy,2).

Let V be a kG-module with Cy/(G) = 0 and write C; = y&. Let Cy/(y;) be the 1-eigenspace
of y; on V and note that dim Cy (y;) coincides with the number of Jordan blocks in the Jordan
form of y; on V. If

t
> dim Cy (y;) > (t—1)dimV (1)
i=1
then the intersection (), Cv (y;) is nonzero and thus G(x) has a nontrivial fixed space on V' for
all x € X. In particular, this condition implies that A is empty.
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G (Cy,...,C)
Go (A1, A1, Ay), (A1, Ga(ar)) o
Fy (AlaAhAla )7(A1,A17A2) (AlaAh )7(AlaBS)v(AlaAQ)v(AlvBQ)’(A%AQ)
Es (A1,A1,A1,A1), (41, A1, Ag), (Al,AhA ), (A17D4)7(A17A4),(A%7A3),(A%7A ), (A, As)
Er (A1, A1 Ay Ay), (Ar Ay Ag Ay, (Ag, (ADD, (ADH M), (Ag, (A5)W), (A1, Ds(aq))
((AH D, (A3A1)(1))’(A2,A2A1)

TABLE 1. The varieties Y = C] x --- x C; in Corollary

G G 12 Eo o 28
Vi We(h)® Wa(M)* Walh) Walhr) Wea(ds)
dimV 7 26 27 56 248

TABLE 2. The kG-module V in Corollary

With this observation in hand, our next result is an immediate corollary of Theorem |I} Here
V' is the specific Weyl module for G (or its dual) recorded in Table [2| where we label a set of
fundamental dominant weights for G in the usual way (see [2]). Notice that Cy(G) = 0 and the
Jordan form of y; on V' has been determined by Lawther [18], which allows us to compute the
sum in . In part (ii) of the corollary, 7 is a graph automorphism of G and we write C] for
the image of the class C; under 7.

Corollary 3. Let V be the kG-module in Table[d Then A is empty if and only if one of the
following holds:

(i) The inequality in is satisfied.
(ii) (G,p) = (G2,3) or (Fu,2), and holds for C] x --- x Cf.

(iii) X s one of the cases listed in Table @ up to reordering and graph automorphisms if
(va) = (F4> 2)

Note that (ii) is needed here. For example, if (G,p) = (G2,3) then long and short root
elements in G have Jordan form (JZ,J7) and (J3,J22) on V, respectively, so (L) holds for
(C1,Ca,C3) = (Al,Al,Al) but not for the image (Al,Al,Al) under 7. Similarly, if (G,p) =
(Fy4,2) then (1) holds for (A;, Ay, A1, A7), but not for (Al,Al,Al,Al)

Remark 2. The previous corollary reveals that we can identify most cases where A is empty
in Theorem [I] just by considering the action of the relevant conjugacy class representatives on a
suitable kG-module. Here we briefly recall that similar results for classical groups have been
established in [4] [I1], with respect to the natural module.

Let G be a simple algebraic group of classical type over an algebraically closed field k of
characteristic p > 0 which is not algebraic over a finite field. Assume p # 2 if G is of type B,.
Let V be the natural module for G and set X = Cy X --- x C;, where t > 2 and each C; = in
is a non-central conjugacy class. Note that Cy(G) = 0, which means that A is empty if
holds. In [11], Gerhardt proves that, if G = SL(V') and dim V' > 3, then A is empty if and only
if either holds, or t = 2 and both y; and y2 have quadratic minimal polynomials on V' (if
the latter property holds, then for all x € X, every composition factor of G(x) on V is at most
2-dimensional). A similar result is proved for the groups Sp(V') and SO(V) in [4] under the
assumption that the y; have prime order modulo Z(G). The analysis of the latter groups is
more complicated and several exceptions arise where A is empty and does not hold for the
natural module V' (see [4, Tables 1,2]).

We have noted that A is empty if the inequality in is satisfied for a suitable kG-module V'
with Cy(G) = 0. In order to study the general case, let M be a complete set of representatives of
the conjugacy classes of closed positive dimensional maximal subgroups of G. Then M is finite
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and the classification of the subgroups in M was completed by Liebeck and Seitz in [22] (modulo
the existence of an additional subgroup H = Fy in M, which arises when (G, p) = (Eg, 3); see
[8]). Following [3], set

At ={rc X : dimG(z) > 0}
and note that A = AT N A, where A is the set of € X such that G(z) is not contained in a
positive dimensional maximal subgroup of G. In addition, we define

Xpg={re X : G(zx) < HY for some g € G} (2)
for an arbitrary closed subgroup H of G.

By combining [3, Corollary 4] and [I5, Theorem 1.1], we see that AT is empty if and only
if (G,p) = (G2,3) or (Fy,2), with t = 2 and {C1,Co} = {Al,fll}, so we may assume AT is
non-empty. Then AT is a dense subset of X by [3, Theorem 1] and thus A is non-empty if
A contains a non-empty open subset of X. As explained in [3], we can work with fixed point
spaces in order to study the existence (or otherwise) of such a subset of A.

For H € M, let Q be the coset variety G/H and let Cq(y) = {a € Q : a¥ = a} be the fixed
point space of an element y € G on 2. Set

dim Cq(y
a(G,H,y) = dlmé)

and write
t

EX(H) = ZQ(G, H7 yz)7
i=1
where X =Cy x --- xCy and C; = in as before. As noted in the proof of [3, Theorem 5|, if
Yx(H)<t—-1 (3)

then X is contained in a proper closed subset of X. In particular, if the inequality in holds
for all H € M, then A contains a non-empty open subset (recall that M is a finite set) and
thus A is non-empty.

In order to establish the inequality in for a given subgroup H € M, we need upper bounds
on dim Cq(y) for elements y € G of order p, where 2 = G/H. Fixed point spaces for actions
of exceptional algebraic groups were studied by Lawther, Liebeck and Seitz [19] in a general
setting, but we will often require sharper bounds on dim Cq(y) for the unipotent elements we
are interested in here. To do this, first observe that dim Cq(y) = 0 if H does not contain a
conjugate of y, so we may as well assume y € H. Then [19, Proposition 1.14] states that

dim Cq(y) = dim Q — dim y© + dim(y“ N H).

In order to apply this formula, given an element y € H of order p, we need to identify the
G-class of y and we need to compute dim(y“ N H). In many cases, we can appeal to earlier work
of Lawther to do this. Specifically, if M is a maximal closed connected reductive subgroup of G,
then the G-class of each unipotent M-class is determined in [I7] and we will make extensive
use of these results. Indeed, this essentially reduces our problem to the following two cases:

(a) H € M is reductive and |H : H| is divisible by p;
(b) H € M is a parabolic subgroup.

In (a) we need to consider the possible existence of elements y € H \ H° of order p. In this
situation, we will often work with the restriction of a suitable kG-module W to H° in order to
determine the Jordan form on W of such an element y. From here, in almost all cases, we can
then identify the G-class of y by inspecting [18§].

The case where H is a maximal parabolic subgroup requires special attention. Here we adopt
an indirect approach, which involves working with the corresponding permutation character
1%‘; in order to compute dim Cq(y), where o is a Steinberg endomorphism of G and G, = G(q)
for some p-power ¢. In turn, this relies heavily on work of Geck and Liibeck [10, 24], who have
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very recently completed the computation of the Green functions for finite exceptional groups of
Lie type in all characteristics (see Section [4| for more details).

For most varieties X = C1 X - -+ x C; as in Theorem [1| we will show that either is satisfied
for the kG-module V in Table [2| in which case A is empty, or the inequality in holds
for all H € M and thus A is non-empty. In this way, the proof of Theorem [I]is reduced to
the configurations in Table where in each case the inequality in is not satisfied and
Yx(H) >t—1 for some H € M. We need a different approach to show that A is empty in
these special cases. To do this, we formalise a technique which was first introduced in [4] (see
the proof of [4, Lemma 4.1], for example), which provides an essentially uniform method for
handling all of these cases.

The basic idea is as follows. First we embed a set of class representatives y; € C; in a carefully
chosen closed connected proper subgroup L of G and we then consider the morphism

0:Dyx--xDyxG—= X, (ai,...,a1,9) — (a,...,a}),

where D; = yZ-L. By studying the fibres of this map, we aim to show that ¢ is a dominant
morphism and that every tuple in the image of ¢ topologically generates a subgroup contained
in a conjugate of L. Then the set X defined in contains a non-empty open subset of X, so
A is not dense in X and thus [3, Theorem 2| implies that A is empty. We refer the reader to
Proposition for more details.

Remark 3. In Theorem |l| we assume that each unipotent class C; = ylG contains elements of
order p. To conclude this introductory section, we briefly discuss the more general problem,
where the C; are arbitrary nontrivial unipotent classes.

(a) As noted above, every nontrivial unipotent element has order p if p > h, where h is the
Coxeter number of GG, so Theorem [1| gives a complete solution to the problem under
this hypothesis. For the reader’s convenience, we recall that h = 6,12,12,18,30 for
G = G, Fy, Eg, E7, By, respectively.

(b) Tt is straightforward to show that A is empty for every tuple in Table [A] for all p > 0.
Indeed, if V' is the kG-module in Table [2| then by inspecting [18] one checks that
holds and thus [, Cv (y;) # 0 in each case. Similarly, holds in each of the following
cases, where t = p = 2, C; is a class of involutions and Cy contains elements of order 4:

= G = Fy: (A1, (B2)2), (A1, (A241)2), (A1, (C3(a1))2), ((A1)2, A2)
- G= E7 or ES: (Al, (A3A2)2)

(¢) Suppose the characteristic p is a good prime for G in the usual sense, so p > 5, with
p = 7 for G = Eg. Then one can check that every class C; appearing in one of the tuples
in Table [B| contains elements of order p (and thus A is empty by Theorem , with the
exception of the following two cases (up to reordering):

— G =By, p=>5and (C1,C) = (A1, (45)V)
-G = Eg, p = 7 and (Cl,CQ) = (Al,D5)
Without some additional work, we cannot resolve these cases by appealing to Proposition

due to the prime order hypothesis adopted in [4, Theorem 7] (for the group L = Dg)
and in the present paper (for L = Ey).

(d) We claim that A is empty in the two special cases highlighted in part (c¢), which allows
us to conclude that A is empty for every tuple in Table [B] when p is a good prime for G.
We thank Bob Guralnick for suggesting the following argument.

Let x = (z1,72) € X and note that G(x) # G if G(x) acts reducibly on the adjoint
module for G. Write £ = R/M, where R is a ring of algebraic integers and M is a
maximal ideal, and lift  to z = (21, 22) € C] x Ch, where C] and Cj are the corresponding
unipotent conjugacy classes in G(R), with the same labels as C; and Cy. By a standard
compactness argument, which relies on the fact that A is empty in the two cases of
interest when the characteristic of the underlying field is sufficiently large, we deduce
that G(R) is not topologically generated by z; and z3. In turn, this implies that (z1, z2)
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acts reducibly on the adjoint module for G(R) and hence (z1,x2) is reducible on the
adjoint module for G. Therefore, G(x) # G and we conclude that A is empty.

Alternatively, if G = E; and (C1,C2) = (A1, (A5)D) then we can use [, Corollary
3.20] to show that A is empty for all p > 0 (see Remark .

(e) We conjecture that the conclusion to Theorem (1| holds in good characteristic, regardless
of the orders of the elements in each unipotent class.

Acknowledgements. I am indebted to two anonymous referees for their very helpful comments
and suggestions on an earlier version of this paper. I also thank Bob Guralnick and Donna
Testerman for helpful discussions on the content of this paper, and I am grateful for the generous
hospitality of the Institute of Mathematics at the Ecole Polytechnique Fédérale de Lausanne
during a research visit in 2022. I also acknowledge the support of the Swiss National Science
Foundation, research grant number 207730.

2. PRELIMINARIES

Here we record some preliminary results which will be useful in the proof of Theorem
Throughout this section, G denotes a simple algebraic group over an algebraically closed field k
of characteristic p > 0.

2.1. Fixed point spaces and conjugacy classes. Let H be a closed subgroup of G and
consider the natural action of G on the coset variety 2 = G/H. For y € G we define

Cao(y) ={a e : a’=a}.

As briefly explained in Section [I) bounds on the dimensions of these fixed point spaces will play
a key role in the proof of Theorem [I| In order to obtain such bounds, we will repeatedly apply
the following result (see [19, Proposition 1.14]).

Proposition 2.1. We have
dim Co(y) = dim Q — dim y© + dim(y“ N H)
forally e H.

Here dimQ = dim G — dim H and it is also easy to compute dimy® = dim G — dim Cg(y)
if we can identify the G-class of y. However, the final term dim(y“ N H) is more difficult to
calculate, in general, since one needs to understand the embedding of H-classes in G. In the
main setting we are interested in here, with GG of exceptional type and y € G unipotent, we will
work extensively with Lawther’s results in [I7] on the fusion of unipotent H-classes in G when
H is a maximal closed connected reductive subgroup of G. Note that if H is reductive (and
possibly disconnected) then y“ N H = | J, y!T is a finite union of H-classes for all y € H (see
[12]) and thus

dim(y¥ N H) = max dim ¢
7

in this situation.

In order to prove Theorem [1| we need detailed information on the unipotent classes in simple
algebraic groups and there is an extensive literature to draw upon. First assume G is an
exceptional group. Here we refer the reader to [2I] and specifically Tables 22.1.1-5, where the
relevant conjugacy classes are listed. Throughout this paper, we will adopt the labelling of
unipotent classes given in these tables, noting that this sometimes differs from the notation
used elsewhere (for example, see Remark (a)). The centraliser dimensions are recorded in the
third column of each table, so it is easy to compute dimy® for each unipotent element y € G.
We will also make extensive use of Lawther’s work in [18], where he determines the Jordan form
of each unipotent element on certain kG-modules V, including the module defined in Table 2]
In particular, we can use [18] to read off the unipotent classes containing elements of order p,
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G p n d; Cc(yi)

Ao, 2 1 m@2m+3) B,

Agm—1 2 2 2m? Fm—1 Cp, Cc,, (u)
E@ 2 2 26,42 F4, CF4 (u)
Dy 3 2 14,20 Ga, Ca, (1)

TABLE 3. The classes and centralisers of graph automorphisms of order p

recalling that y has order p if and only if every Jordan block in the Jordan form of y on V has
size at most p.

We will also need some results from [21] on unipotent classes in classical type algebraic groups.
Let G be such a group, with natural module V. As noted in [2I, Theorem 3.1], if p # 2 then each
unipotent class y© is essentially determined by the Jordan form of y on V, which also encodes
the dimension of the class. The description of unipotent classes is more complicated when p = 2
and G is a symplectic or orthogonal group (see [21, Theorem 4.2]). Here the conjugacy classes
of involutions were originally determined by Aschbacher and Seitz [II, Sections 7,8] and we will
often use their notation for class representatives.

The Zariski closure of a unipotent conjugacy class y© is a union of unipotent classes and
this yields a natural partial order on the set of unipotent classes of G, where we write 2& < y©
if 2& is contained in the closure of y©. In view of Proposition below, we are interested in
this closure relation when G is an exceptional type group and here we can appeal to work of
Spaltenstein [25], which gives a complete description of the corresponding ordering in this setting.
For G = G, we refer the reader to [25, Section I1.10], while the relevant closure diagrams for
the remaining exceptional groups are presented in [25, Section IV.2].

Remark 2.2. As previously remarked, our labelling of unipotent classes (which is consistent
with [21I]) does not always agree with the notation adopted by Spaltenstein in [25]. This
sometimes means that extra care is required when interpreting Spaltenstein’s closure diagrams.
For example, suppose G = F; and p = 2. Here [2I] uses the notation A, for the class of short
root elements in G and (A;), for the special class of involutions with dimension 22. But this
is opposite to the notation in [25], where (A1) denotes the class of short root elements. In
particular, Spaltenstein’s closure diagram (see [25 p.250]) shows that the closure of every
nontrivial unipotent class contains long or short root elements, which is consistent with [14]
Corollary 3.3].

We will also need the following version of [19, Proposition 1.4] on graph automorphisms of
order p. In Table 3] we write C'y(u) for the centraliser of a long root element u € H.

Proposition 2.3. Let G be a simple algebraic group of type A, Eg or Dy over an algebraically
closed field of characteristic p, where p = 2,2 or 3, respectively. Let T be a graph automorphism
of G of order p and let y1,...,yn be a complete set of representatives of the G-classes of elements
of order p in the coset Gr. Then n and d; = dim yZG are recorded in Table@ together with the
structure of Ca(y;).

2.2. Subgroup structure. Let G be a simple algebraic group of exceptional type and let M
be a set of representatives of the conjugacy classes of closed positive dimensional maximal
subgroups of G. We may write

M=PUR,

where the subgroups in P are parabolic and those in R are reductive (and possibly disconnected).
Recall that the conjugacy classes of maximal parabolic subgroups are parameterised by the nodes
in the Dynkin diagram of GG; we will use P; for a maximal parabolic subgroup corresponding to
the i-th node in the Dynkin diagram (throughout this paper, we adopt the standard labelling of
Dynkin diagrams as in [2]). The classification of the subgroups in R was completed by Liebeck
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G R

G2 A2.2, A2.2 (p = 3), AlAl, A1 (p 2 7)
Fy By, Ci(p=2), AiCs3(p>3), A1Gs(p=3), Ga(p=T17), A1 (p > 13), D4.S3, Dy4.S3 (p =2), AyAs.2
Eg Fy, A1As, Cy(p = 3), AsGa, Go (p #7), D4T5.53, A3.S3, A2.2(p > 5), T.W
E; A1Dg, A1Fy, GoCs, A1Go (p > 3), A1A1 (p > 5), A1 (2 classes; p > 17,19), EgT1.2, A7.2
AgAs.2, A3D,.Ss, (22 x Dy).Ss (p > 3), AT.L3(2), A2.2(p > 5), T.W
Es Ay1E;, A3Es.2, Dg, GoFy, Fy(p=3), Ba(p > 5), A1 (3 classes, p > 23,29,31), Ag.2, D3.(S3 x 2)
A4, A1G3.2(p = 3), A3.GLy(3), A3.AGL3(2), A2A1.2(p=5), Ay x S5 (p=T7), T.W

Vv

TABLE 4. The collection R of reductive maximal subgroups of G

G L

Gy A2, A Ay

Fy By, Ci(p=2), A1Cs(p>3), A1Gs (p > 3), D4.S3, Ds.S5(p=2), AyAs.2

Es Fy, A1As, Cy(p > 3), AyGa, DyT5.S3, A3.S3, T.W

E;  A1Dg, AiFy, GoCs, EgT1.2, A7.2, Ay A5.2, A3D4.S3, AT.L3(2), T.W

FEg A1E7, A2E6.27 Dg, G2F47 A8.2, Di(Sg X 2), A42147 A1G32 (p P> 3), A%GLQ(?)), A?AGLg(Q), TW

TABLE 5. The subgroup collection £ in Theorem

and Seitz in [22], modulo the existence of an additional conjugacy class of maximal subgroups
of type Fy when (G,p) = (Es, 3); see [8]. The subgroups in R are recorded in Table [4]

Remark 2.4. In Table 4 we use the notation L to denote a simple factor L of H® which is
generated by short root subgroups of G. In addition, if G = E, then T is a maximal torus of
G and W = N¢(T)/T is the Weyl group, where W is isomorphic to PGSp,(3) = PSp,(3).2,
2 x Spg(2) and 2.05 (2) = 2.Q7(2).2 for r = 6,7 and 8, respectively.

The following result on the maximal overgroups of long root elements will be useful later.
Recall that the long root elements comprise the class labelled A; in [21), Tables 22.2.1-5].

Theorem 2.5. Let H € R. Then H contains a long root element of G only if H € L, where L
is defined in Table [

Proof. We need to rule out the existence of long root elements in each subgroup H € R\ £ and
in most cases we can use [17] to do this. For example, suppose G = Eg. If H = Fy and p = 3
then the G-class of each unipotent H-class is presented in [8, Table 2] and we immediately
deduce that H does not contain any long root elements. By inspecting [I7, Tables 36, 37], we
see that the same conclusion holds when H = A3A4;.2 or By (both with p > 5), and for H = A4,
we can appeal to [I7, Table 27]. Finally, suppose p > 7 and H = Ay x S5. If y € H has order p,
then we may embed y in a connected maximal rank subgroup A% of G so that y = y1y2 and each
y; € Ay is regular (see [23, Lemma 1.5], for example). By inspecting [17, Table 26] we deduce
that y is contained in the G-class Fg(a7) and thus H does not contain any long root elements.

The other groups can be handled in the same way and we omit the details. Note that if
G = E7 and H = (22 x D4).S3 (with p > 3) then the proof of [5, Proposition 5.12] shows that
H does not contain long root elements. U

2.3. Topological generation. For the remainder of Section[2] let us adopt some of the notation
introduced in Section [I| Let G be a simple algebraic group defined over an algebraically closed
field k of characteristic p > 0 and let us assume k is not algebraic over a finite field. Let t > 2
and set X =(C; x -+ x Cy, where each C; = yZG is a non-central conjugacy class. Given a tuple
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x = (z1,...,2¢) € X, let G(z) be the Zariski closure of (x1,...,x:) and set
A={ze X : Gx) =G}
AT ={zr e X : dimG(x) > 0}.

In addition, let A be the set of elements x € X such that G(x) is not contained in a positive
dimensional maximal subgroup of G. Note that A = AT N A.

The following basic observation will be very useful (see [4, Lemma 2.2]) and it explains why
we are interested in the closure relation on unipotent classes discussed in Section 2.1

Proposition 2.6. Let X be the Zariski closure of X in G' and assume G = G(y) for some
y € X. Then A is non-empty.

We will also need the following result (see [3, Theorems 1 and 2]).
Theorem 2.7. Let I' = A or AT. Then T is non-empty if and only if it is dense in X.

For H € M, let Q) be the coset variety G/H and set

_ dim Cq(y)
for y € G. Then define
Sx(H) =) a(G,H,y) (5)

=1
where C; = y¢ for each i. The following result, which is essentially [3, Theorem 5], will be a
key tool in the proof of Theorem [I} In particular, it establishes a bridge between topological
generation and the dimensions of fixed point spaces on coset varieties.

Proposition 2.8. If A" is non-empty and Sx(H) < t—1 for all H € M, then A is non-empty.

Proof. Fix a subgroup H € M. Since X x(H) < t — 1, the proof of [3, Theorem 5] shows that
Xpg={re X : G(zx) < HY for some g € G}

is contained in a proper closed subset of X. Therefore, there is a non-empty open subset Up of
X such that for all x € Uy, G(x) is not contained in any conjugate of H. Since M is finite and
the inequality ¥x (H) <t — 1 holds for all H € M, it follows that ()¢, Un is a non-empty
open subset of X contained in A. Finally, we recall that A™ is dense in X by Theorem and
thus A = A* N A is non-empty. O

In order to apply Proposition 2.8 in the proof of Theorem [I} we will need the following result.
This follows by combining [3, Corollary 4] and [15, Theorem 1.1].

Theorem 2.9. Let G be a simple algebraic group of exceptional type and assume X = Cyx---xCy,
where each C; is a nontrivial unipotent class. Then AT is empty if and only if (G,p) = (G2, 3)
or (Fy,2), with t =2 and {C1,Ca} = {A1, A1 }.

To conclude this preliminary section, we state and prove the following result. This is based
on a method first introduced in the proof of [4, Lemma 4.1] and it will turn out to be a very
useful tool in the proof of Theorem [I| Indeed, we will use it to show that A is empty for every
case recorded in Table [Bl This result applies in the general setting, where X =C; x -+ x C;
and the C; are arbitrary conjugacy classes.

Proposition 2.10. Suppose there exists a closed connected subgroup L of G and a tuple
x = (x1,...,2¢) € X such that all of the following conditions are satisfied:
(i) M = Ng(L) is connected and x; € M for all i.
(ii) G(x)° =L and G(y)* < L for ally € Y, where Y = Dy x -+ X Dy and D; = xM.
(iii) dim X —dimY = dim G — dim M.
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Then A is empty.

Proof. Consider the morphism

0:Y xG =X, (dy,....dpg)— (... d%)

1

and set Z = {(#¢ ',...,2% ',a) : a € M}. Then Z is contained in the fibre ¢(z) and we
claim that Z = o~ 1(x). To see this, let (;Uﬁ_l, .. ,a:f_l,g) € ¢ () be an arbitrary element,

1 )
so g € G and for each i we may write 2 =z’ for some a; € M. Set y = (2*,...,2{*) € Y.

i
Then
(1, xe) = (2, .o afh)d
and using the conditions in (ii) we deduce that
L=G(@) = (G < 17.
Since L is connected, it follows that L = LY and thus g € N¢(L), which is equal to M by (i).
This justifies the claim and we conclude that dim ¢~ (x) = dim M.

Next observe that ¢ is a morphism of irreducible varieties, so we have
dim ¢~ (z) > dim(Y x G) — dimim(p) > dim(Y x G) — dim X = dim M,

where the final equality holds by (iii). But we have already shown that dim ¢~!(x) = dim M, so
this implies that dimim(¢) = dim X and thus ¢ is dominant. As a consequence, im(y) contains
a non-empty open subset U of X.

Finally, if z = (df,...,d}) € im(y), then G(2)? = (G(y)°)? < LI with y = (dy,...,d;) €Y
and thus G(z) # G. It follows that U N A is empty, whence A is non-dense in X and therefore
empty by Theorem O

3. FIXED SPACES

Let G be a simple algebraic group of exceptional type over an algebraically closed field k of
characteristic p > 0 and assume k is not algebraic over a finite field. Fix an integer ¢ > 2 and
set X =Cy X --- x C;, where each C; = yZG is a unipotent conjugacy class of elements of order p.
Let V be the kG-module defined in Table [2| and let Cy (y;) be the fixed space of y; on V', in
which case dim Cy (y;) coincides with the number of Jordan blocks in the Jordan form of y; on
V. Note that

Cy(G)={veV :vI=vforal geG}=0.

The purpose of this section is to record the following result. Since the Jordan form on V' of
every unipotent element in G is recorded in [18], the proof is a routine exercise.

Theorem 3.1. Let V be the kG-module in Table[d. Then

t
> dimCy(y:) > (t—1)dimV’
=1

if and only if (Cq,...,Cy) is one of the cases recorded in Table up to reordering and graph
automorphisms if (G,p) = (Ga,3) or (Fy,2).

Corollary 3.2. The set A is empty for every case X arising in Table[4]
Proof. If the inequality in Theorem is satisfied, then (), Cy(x;) is nontrivial and thus

(x1,...,2), and also G(z), has a nontrivial fixed space on V for all x = (x1,...,2;) € X. But
Cy(G) = 0 and we conclude that A is empty. O
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4. PARABOLIC ACTIONS

Define G and X = C; x --- x C; as in the previous section and let P = {Py,..., P} be a
set of representatives of the conjugacy classes of maximal parabolic subgroups of G, where r
is the rank of G. Fix a subgroup H € P and let Q = G/H be the corresponding coset variety.
Following [3], we can use a character-theoretic approach to compute the dimensions of the fixed
point spaces Cq(y) for each unipotent element y € G.

Let o be a Steinberg endomorphism of G with finite fixed point subgroup G, = G(q) for some
p-power ¢ and let y € G be unipotent. By inspecting the relevant tables in [21, Chapter 22], we
observe that y“ NG (q) is non-empty and thus every unipotent class in G has a representative
in G(q). We may assume H is o-stable, so H,, is a maximal parabolic subgroup of G, and we
can consider the corresponding permutation character y = 1%” . According to [20, Lemma 2.4],
the character y admits the following decomposition

X=Y_ ngRy (6)

SEW

where W is the set of complex irreducible characters of the Weyl group W of G. Here the Ry
are almost characters of G, and the coefficients are given by the inner products ng = (1%}{, o),
where Wpy is the corresponding parabolic subgroup of W. In each case, the precise decomposition
of x as in @ is presented in [20], Section 2].

The restriction of each almost character Ry to unipotent elements yields the Green functions
of G, as defined by Deligne and Lusztig [9]. Building on earlier work due to Beynon-Spaltenstein,
Lusztig, Malle and Shoji, the computation of the Green functions for exceptional groups of Lie
type in all characteristics has very recently been completed by Geck and Liibeck [10, [24]. This
allows us to compute x(z) for every p-element z € G, and in each case we obtain a polynomial
in g. By considering the degrees of these polynomials and by appealing to Lang-Weil [16], we can
read off dim Cg(y) for each unipotent element y € G. More precisely, if we write (y“), = |J ; sz"
as a union of G,-classes, then dim Cq(y) is the maximal degree of the polynomials x(z;).

This approach allows us to compute dim Cq(y) for every unipotent element y € G. For
example, suppose G = Fy, p > 3, H = P; and y is contained in the class labelled By. Then
dim ©Q = 15 and by inspecting [20, p.414] we observe that

X = Rg, o+ Rgyy + Rgyp + R¢/173

in terms of Carter’s notation for irreducible characters of W (see [7]). From [2I], Table 22.2.4],
we see that (y¥), = 2% U 257, where

Ca, (1) = 2¢"°ISLa() ;| Ca, (22)] = 2¢'°|SLa(¢?)].
By taking the appropriate Green functions, we compute

X(21) =2¢* +3¢° +2¢° + ¢+ 1, x(22)=¢"+q+1
and we conclude that dim Cq(y) = 4.

By proceeding in this way, it is routine to verify the following result. In part (ii), 7 is a graph
automorphism of G. In each case, the dimension of = G/H is recorded in [5, Table 10].

Theorem 4.1. Let V be the kG-module in Table @ and suppose X x(H) >t — 1 for some
mazximal parabolic subgroup H of G. Then one of the following holds:
(i) The inequality in is satisfied.
(ii) (G,p) = (G2,3) or (Fy,2), and holds for C] x --- x Cf.
(iii) G = Fy and (Cy,...,Cy) is either (A1, Ay, (A1)2) or (Ay, Ag), up to reordering.
(iv) G = Eg, E7 or Eg and (Cy,...,C;) is one of the cases recorded in Table @ up to
reordering.
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‘Al Al (A1)s Ga(a1) G

1
A2 [ 2/3 b2.p/2 0 1/3 0
A2 | 0 2/3 0 1/3 0
A1A; | 1/2 (1469, +03,)/4 0 1/4 0
A 0 0 0 0 1/11

TABLE 6. The upper bound «(G, H,y) < 8 in Proposition

Once we have proved Theorem [1} we can obtain the following corollary by applying Theorem

A1l

Corollary 4.2. Let V be the kG-module in Table[3 Then A is empty if and only if one of the
following holds, up to reordering and graph automorphisms:

(i) The inequality in 1s satisfied.
(ii) ¥x(H) =t — 1 for some mazimal parabolic subgroup H of G.
(111) G = F4 and (Cl, e ,Ct) == (Al, Al, Al), (Al, (Al)g, (/11)2), (Al, Agzzll) or (Al, BQ)

In particular, A is empty if and only if either holds, or Xx(H) >t — 1 for some positive
dimensional mazximal subgroup H of G.

Proof. In view of Theorems [I] and the first statement follows by inspecting the cases
appearing in Table [B| with G = Fj, excluding the two configurations in part (iii) of Theorem
And to complete the proof, it just remains to show that for each case in part (iii), there exists a
positive dimensional maximal subgroup H with ¥x(H) >t — 1. If (C1,Cs,C3) = (Al,fll,fll)
then the proof of Proposition yields Yx (By) = 2. Similarly, for (Ay, (41)2, (A1)2) we get
Ex(C4) = 2, while Ex(B4) =1 for (Al,Agﬂl) and (;11,32). O

Remark 4.3. In part (ii) of Corollary we may assume (G, H) is one of the following:
(Fi, ), (Ee, P1), (E7, P1), (Es, Ps),

where the maximal parabolic subgroups are labelled in the usual manner. That is, if we are not
in cases (i) or (iii), then G # G2 and one can check that ¥x(H) >t — 1 with respect to the
specific maximal parabolic subgroup H listed above.

5. PROOF OF THEOREM [

We are now ready to prove Theorem [1} Throughout this section, G and X are defined as in
the statement of Theorem [1{ and recall that we adopt the notation for unipotent classes from
[21]. We partition the proof into several subsections according to the group G.

5.1. G = G3. We begin by assuming G = Gs. Information on the unipotent conjugacy classes
of G is recorded in [21, Table 22.1.5] and we adopt the notation therein for labelling the classes.
By inspecting [I8, Table 1], it is easy to determine the required condition on p to ensure that
the elements in a given unipotent class have order p. In addition, note that if p = 3 then a
graph automorphism 7 of G interchanges the classes labelled A; and Ay comprising long and
short root elements, respectively, while the remaining classes are stable under 7.

Let M be a set of representatives of the conjugacy classes of closed positive dimensional

maximal subgroups of G and write M = P UR, where the subgroups in P and R are parabolic
and reductive, respectively. The subgroups in R are listed in Table [4

We will need the following result on fixed point spaces. Recall that the expression (G, H,y)
is defined in . In Table @, 0rp is the Kronecker delta, so 6, , = 1 if p = r, otherwise 6, , = 0.

Proposition 5.1. Let H € R and let y € G be an element of order p. Then a(G, H,y) < 3,
where 3 is recorded in Table [0
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Proof. We consider each possibility for H in turn, working with Proposition to obtain the
required upper bound on dim Cq(y).

First assume H = A45.2, so dimQ = 6 and HY is generated by long root subgroups of G. Let
y € G be an element of order p. Now the G-class of each unipotent class in H® is determined
by Lawther in [I7, Section 4.2] and as a consequence we compute dim(y® N H®) = 4,6 if
y € A1, Ga(ay), respectively, otherwise dim(y® N H®) = 0.If p > 3, or if p = 2 and y© N (H \ HY)
is empty, then y“ N H = y“ N H® and we can calculate dim Cq(y) via Proposition .

So to complete the analysis of this case, we may assume p = 2 and y € H \ H is an involution.
Here y acts as a graph automorphism on HY (see [22, p.3]) and thus Co(y) = B by Proposition
In order to determine the G-class of such an element y, let us consider the decomposition

VIH =UaU*®0,

where V' = Wg(\1) is the 7-dimensional Weyl module for G with highest weight A\; and U
and 0 are the natural and trivial modules for H?, respectively. Since y interchanges the two
3-dimensional summands, we deduce that y has Jordan form (J3,.J1) on V and by inspecting
[18, Table 1] we see that y € A;. Therefore, a(G, H,y) < d2,,/2 when y is in the class A;.

Next assume H = A5.2 and p = 3, where HY is generated by short root subgroups. Here H
is the image of a maximal subgroup A.2 under a graph automorphism 7 (where the connected
component Ay is generated by long root subgroups) and so the result follows immediately from
our analysis of the previous case, recalling that 7 interchanges the G-classes labelled A; and A;.
Finally, if H = A;A; or A; then the G-class of each unipotent H-class is determined in [17]
and the desired result quickly follows. O

We are now in a position to prove Theorem [I] for G = G5. Recall that A is non-empty when
t > 4 by [3, Theorem 7], so we may assume ¢ € {2,3}.

Theorem 5.2. The conclusion to Theorem [1] holds when G = GS.

Proof. First assume ¢t = 3. By Corollary [3.2] we know that A is empty when C; = A4; for all i.
By considering Proposition [2.6] and the closure relation on the set of unipotent classes in G
(see [25, Section II.10]), it suffices to show that A is non-empty when X = C; x Cy x C3 with
Ci = Cy = A; and C3 = A;. By Proposition , we just need to verify the bound X x(H) < 2
for all H € M, where Xx(H) is defined as in (f)). By Theorem this bound holds when
H € P is a maximal parabolic subgroup. And for H € R, the desired result follows from the
upper bounds on «(G, H,y) in Proposition

A very similar argument applies when t = 2 and p > 3. Here it suffices to show that
Yx(H) <1 for all H € R when (Cy1,C2) = (A1,Gs), (A1, (A1)3) or (A1, A1), with p > 5 in the
latter case (if p = 3 then (A;, A;) is the image of (A1, A;) under a graph automorphism). Once
again, the result follows by applying the bounds presented in Proposition [5.1 ([

5.2. G = Fy. Next assume G = Fy. Here we refer the reader to [21] Table 22.1.4] for information
on the unipotent classes in G, including the notation we use to label the classes. Note that if
p = 2 then a graph automorphism interchanges the G-classes labelled Ay and Ay comprising
long and short root elements, respectively, and it fixes the classes (1211)2 and A;A;. As before,
we write M = P UTR for a set of representatives of the conjugacy classes of closed positive
dimensional maximal subgroups of G (see Table {4| for the subgroups in R). We also write L for
the subset of R defined in Table [5| (see Theorem [2.5]).

We begin by establishing the following result on fixed point spaces.
Proposition 5.3. Let H € L and let y € G be an element of order p in one of the following
conjugacy classes
A1, Ax, (Ar)2, A1dy, Az, Ag, AdAy, A4y, Cs.
Then o(G, H,y) < 3, where (3 is recorded in Table @
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Ay Ay (Al)z A1A; Ay Ay AAy AA; O3
B, 3/4 (5—02,)/8 5/8 1/2 1/2 0 3/8 0 0
Cy 1/2 3/4 5/8  1/2
AC3 | 9/14 4/7 3/7 3/1 3/7 0 2/7 17
A1Gy | 5)7 0 3/7 3/7 13/35 0 11/35 0
AyA2.2 | 2/3 (3+32,)/6 0 /2 1/3 1/3  1/3  1/3 0
Dy.Ss | 3/4 5/8 7/12 1/2 1/2 1/3 0 /3 0
Dy.S3 | 5/8 3/4 712 1/2

TABLE 7. The upper bound «(G, H,y) < § in Proposition

H-class of y dimy”  G-class of y dimy®
A1 a9 12 A1 16
B, by 8 Ay 16
B ;14 (A1)s 22
24, a; 16 (A1)2 22
A1 +B;  bs 18 A Ay 28
A +BP o 20 Ay Ay 28

TABLE 8. The case G = Fy, H= By, p=2

Proof. It H € {By4,C4, A1C5, A1G2} then Lawther [I7] has determined the G-class of each
H-class of unipotent elements and by appealing to Proposition [2.1] it is a straightforward
exercise to compute a(G, H,y) in each case. For example, if H = By and p = 2, then the
G-class of each H-class of involutions in H is recorded in Table [§f (in the first column, we use
the notation from [I7, Table 4] for the H-class of y, with the corresponding label from [1] given
in the second column). As a consequence, we deduce that if y € A1 A, then

dim Cq(y) = dim Q — dim ¢ + dim(y® N H) = 16 — 28 + 20 = 8
and thus o(G, H,y) = 1/2.

Next assume H = Ag[lg.2. The G-class of each H-class of unipotent elements is determined
in [I7, Section 4.7] and this allows us to compute dim(y® N H?). This gives dim(y N H), and
hence dim Cq(y) via Proposition unless p = 2 and y& N (H \ H°) is non-empty. So we may
assume p = 2 and y € H \ H® is an involution. Here y induces a graph automorphism on both
Aj factors of HY and thus Co(y) = B? (see Proposition . In order to identify the G-class
of y, let V= Wg(A4) be the 26-dimensional Weyl module with highest weight A4 and note that

VIH =UeU)a U*oU*) e (0® L(A2))

(see [26], Table 2]), where U, L(A2) and 0 are the natural, adjoint and trivial modules for As,
respectively. Now y interchanges the two 9-dimensional summands and we calculate that it
has Jordan form (J3, J?) on £(Az) (to do this, one just needs to consider the action of the
transpose map on the space of trace-zero 3 x 3 matrices over k). Therefore, y has Jordan form
(J42,J2) on V and by inspecting [I8, Table 3] we deduce that y is in the G-class labelled A A
Since dim(y“ N HY) = 8, we deduce that dim(y“ N H) = 10 and thus o(G, H,y) = 1/2.

Next suppose H = Dy.S3. Here H? < By < G and so we can use [17, Section 4.4] to compute
dim(y“ N HC). For example, suppose p = 2 and observe that there are three H-classes of
involutions in HY, represented by the elements az, ca and ¢4 in the notation of [I] (note that
involutions of type c2, a4 and a; are conjugate under a triality graph automorphism of H?).
The corresponding class in By has the same label and the G-class can be read off from Table

So to complete the analysis of this case, we may assume p € {2,3} and y € H \ H° has order

p. First assume p = 2. Here we can proceed as above, noting that D4.2 < By and the relevant
involutions are of type by and b, which we view as graph automorphisms of H?. By consulting
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Table |8 we see that the bi-involutions are contained in the G-class A;, while those of type
by are in the class labelled A;A;. So for y € A; we deduce that dim(y“ N H) < 7 and thus
o(G, H,y) < 5/8. Similarly, if y € A; A} then dim(y® N H) = 16 and o(G, H,y) = 1/2.

Now assume p = 3 and y € H \ H has order 3. Here y acts as a triality graph automorphism
on H® and there are two H-classes to consider, represented by y; and 2, where Co(y1) = Ga
and Cpo(y2) = Cg,(u) with u € Go a long root element (see Proposition [2.3)). As above, let
V = Wa(A\4) and note that

VIH =U, 60U, » Us & 0,

where the U; denote the three 8-dimensional irreducible modules for H° (namely, the natural
module and the two spin modules) and 0 is the trivial module (see [26] Table 2]). Now y cyclically
permutes Uy, Us and Us, whence the Jordan form of y on V has 8 Jordan blocks of size 3. By
inspecting [18, Table 3], this places y in the G-class labelled Ay or Ay A;. In fact, by arguing
as in the proof of [5, Proposition 5.14] we can show that y € AsA; when Cyo(y) = Ca,(u).
Therefore, we conclude that dim(y“ N H) < 14 and o(G, H,y) < 1/3 if y € Ay. Similarly, we
get (G, H,y) < 1/3if y € Ay A;.

Finally, let us observe that the result for H = D4.S3 with p = 2 follows immediately from
our analysis of the previous case, noting that H is the image of a maximal subgroup D4.S3 of G
under a graph automorphism, where the connected component of the latter group is generated
by long root subgroups. ([

If t > 5 then A is non-empty by [3, Theorem 7], so we may assume ¢ € {2,3,4}. First we
handle the case t = 4.

Theorem 5.4. The conclusion to Theorem (1| holds when G = Fy and t = 4.

Proof. If C; = A; for all i then A is empty by Corollary and the same conclusion holds if
p=2and C; = A for all i. Therefore, it remains to show that A is non-empty in all other cases.
In view of Proposition it suffices to show that ¥x(H) < 3 for all H € M.

Let y € G be a unipotent element of order p and let H € M. By [3, Theorem 3.1] we have
oG, H,y) <3/4if y € Ay, orif p=2 and y € Ay, otherwise (G, H,y) < 2/3. Therefore,

3 2
EX(H)<3~Z+§<3

and the result follows. O

Now assume t = 3. We begin by showing that A is empty for the three special cases recorded
in Table [Bl

Lemma 5.5. The set A is empty if t = 3, p = 2 and (C1,C2,C3) = (A1, (A1)2, (A1)2) or
(A1, A1, (A1)2).

Proof. In view of Proposition noting that A; is contained in the closure of (A;)s (see [25]
and Remark [2.2), it suffices to show that A is empty for (Cy1,Co,C3) = (A1, (A1)2, (A1)s). Write
C; = yZG and observe that we may embed each y; in a maximal closed subgroup L = Cy, where
y1 is an ag-type involution and yg,ys are of type a4 (see [17, Section 4.5]). If W denotes the
natural module for L, then
3

> dimCy(y) =6+4+4 =14 <2dimW

i=1
and by applying [4, Theorem 7] it follows that we may assume G(y) = L. If we set D; = y*
then dim D7 = 12 and dim D; = 16 for ¢ = 2, 3, whence

dim X — dim(D; x Dy x D3) = 16 = dim G — dim L.

Now Ng(L) = L and one can check that all of the conditions in Proposition are satisfied
(with M = L). We conclude that A is empty. O
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Lemma 5.6. The set A is empty if t =3 and (C1,C2,C3) = (Al,fll,fll).

Proof. This is clear when p = 2 since we know by Corollary that A is empty for the triple
(fll, A1, Ay), which is the image of (Cq,C2,C3) under a graph automorphism. Now assume p > 3
and embed each y; in a maximal closed subgroup L = By, where y; has Jordan form (J2, J})
on the natural module for L, while y2 and y3 both have Jordan form (J3, J1). Set D; =y and
note that Ng(L) = L and

dimC1 == 16, d1mC2 == d1mC;3 == 22, dlle = 12, dlmD2 = dlmD3 = 16.

In addition, by [4, Theorem 7], we may assume that the y; topologically generate L. Setting
Y =D; x Dy x D3 we compute dim X — dimY = 16 = dim G — dim L and thus A is empty by
Proposition [2.10} O

Theorem 5.7. The conclusion to Theorem (1] holds when G = Fy and t = 3.

Proof. Set C; = y&. In view of Corollary and Lemmas and we just need to show that
A is non-empty when (C1,C2,C3) is not one of the triples in Tables |A] or [B] up to reordering
and graph automorphisms when p = 2. To do this, we will verify the bound X x(H) < 2 for all
H € M and apply Proposition [2.8] By Theorem this bound holds when H € P, so we may
assume H € R.

First assume C; = Cy = A;. Here p > 3 and by considering the closure relation on unipotent
classes, it suffices to show that X x(H) < 2 when C3 = Ay or AyAy. If H ¢ L then HNC; is
empty for i = 1,2, so ¥x(H) = a(G, H,y3) and the result follows. Therefore, we may assume
H € £ and one can check that the bounds in Proposition are sufficient. Next suppose
C1 = A; and Cy # A;. Here it is sufficient to show that ¥ x(H) < 2 for the triple (A, Ay, Alfll)
and once again we find that the bounds in Proposition [5.3] are good enough. Finally, if C; # A
(and also C; # A; if p = 2), then [3, Theorem 3.1] implies that (G, H, ;) < 2/3 for all H € M
and thus Y x(H) < 2. O

Finally, let us assume ¢t = 2. First we handle the special cases in Table
Lemma 5.8. The set A is empty if t =2 and (C1,C2) = (1211,;12), (1211,142[11) or (Al,Bg).

Proof. Write C; = yl-G and first assume (C1,Co) = (fll,flg). We may embed y1,y2 € L = (s,
where M = Ng(L) = A1Cs is a maximal closed subgroup of G. Here y; and y2 have respective
Jordan forms (JZ2,J?) and (J2) on the natural module for L, so [4, Theorem 7] implies that
G(z) = L for some x € X. Let D; = yM and note that dim D; = 10 and dim Dy = 14. Then

dim X — dim(D; x D) =28 = dim G — dim M
and we now conclude by applying Proposition [2.10

To complete the proof, it suffices to show that A is empty when (Ci,Co) = (A;, By) since the
class Agfll is contained in the closure of the class labelled Bs. Here we embed 31,y € L = By,
with respective Jordan forms (J3, J;) and (J2,J1) on the natural module for L and the reader
can check that the same argument applies, via [4, Theorem 7] and Proposition m (note that
L is maximal, so M = Ng(L) = L). O

Remark 5.9. Let us consider the cases in Lemma under the assumption that the field k
has arbitrary characteristic p > 0. In view of [4, Corollary 3.20], we see that A is non-empty
only if

dim X > dim G + rk(G) — dim Z(L(G)), (7)
where rk(G) and Z(L(G)) denote the rank of G and the centre of the Lie algebra of G,
respectively. Since Z(L(G)) = 0 for G = Fy, it follows that A is non-empty only if dim X > 56.
In particular, if (C1,Co) = (fll, 1212) then dim X = 52 —6d2, and A is empty. On the other hand,
if p# 2 and (C1,Co) = (A1, A9 A;) or (A}, By), then dim X = 56 and so this approach via [4,
Corollary 3.20] is inconclusive in these two cases.
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Ay AT AR Ay AjA AZA, A4A
A A, 7710 3/5 1/2 9/20 2/5 3/10 1/5

F 10/13 8/13 7/13 7/13 0  4/13 0
Cy 2/3  4/7 10/21 10/21 0  2/7 0
AsGy 5/7 1/2  1/2  3/T 11/28 9/28 0

A3, 2/3 5/9 1/2 1/3 1/3 8/2T 0
D,T5.85 | 3/4 7/12 25/48 1/2 0 1/3 0
T.W 17/24 23/36 19/36  1/2  4/9 1/3  2/9

TABLE 9. The upper bound (G, H,y) < 8 in Proposition

Theorem 5.10. The conclusion to Theorem |1| holds when G = Fy, t =2 and p > 3.

Proof. By combining Corollary and Lemma [5.8] it remains to show that A is non-empty
for every pair (Cy,C2) not appearing in Tables |A| and [Bf (as usual, up to reordering and graph
automorphisms). In view of Proposition and Theorem it suffices to verify the bound
Yx(H) <1forall HeR.

Note that if H € R\ L, then H = G5 (with p=7) or H = A; and p > 13 (see Tables [4] and
5). By [17, Section 5.2], H = G5 meets the nontrivial unipotent classes labelled A;A;, Ay A1,

Fy(a3) and Fy(az). Similarly, the nontrivial unipotent elements in H = A; are in the G-class
labelled Fy (see [17, Table 27]).

Suppose C; = Aj. As before, if H ¢ L then a(G, H,y;) = 0 for y; € C; and the desired bound
follows. So we only need to consider the subgroups in £. By carefully reviewing the closure
relation on unipotent classes, we may assume Cs is the class labelled C3 and the desired bound
Y x(H) < 1 follows from Proposition Similarly, if C; = A; then we may assume Co = Ay A;
and H € L, finding once again that the bounds in Proposition [5.3] are good enough. The same
argument applies if C1 € {Alfll, As}, noting that in each case we may assume Co € {/ng, Agzzh}.

Finally, let us assume C; & {Aj, Ay, A Ay, As} for i = 1,2. By considering closures, it suffices
to show that A is non-empty when each C; is contained in {As, A3A;} and it is easy to check
that the bounds in Proposition [5.3| are sufficient. [l

This completes the proof of Theorem [I] for G = F}.

5.3. G = Fg. In this section we assume G = Eg. We adopt the labelling of unipotent classes
given in [21], Table 22.1.3] and we define the subgroup collections M, P, R and L as in Section
We begin with the following result on fixed point spaces.

Proposition 5.11. Let H € L and let y € G be an element of order p in one of the following
conjugacy classes

A17 A%a A:f) AZ, A2A17 AgAlv A4A1-
Then o(G, H,y) < 3, where (3 is recorded in Table @

Proof. If y € A; is a long root element then the upper bound on «(G, H,y) in Table |§| follows
immediately from [3, Theorem 3.1]. Now assume y ¢ Ay. If H € {A; A5, Fy,Cy, A2G2} then
Lawther [I7] has determined the G-class of each H-class of unipotent elements and it is an easy
exercise to compute a(G, H,y) in each case.

Next assume H = A3.S5. The G-class of each unipotent class in HY is determined in [I7,
Section 4.9] and this allows us to compute dim(y“ N H?). Therefore, to complete the analysis
of this case we may assume p € {2,3} and y € H \ H° has order p. If p = 2 then the proof
of [6, Lemma 4.12] shows that Co(y) = A2B; and y is contained in the G-class labelled A3.
So for y € A} we conclude that dim(y“ N H®) = 12 and dim(y“ N (H \ H®)) < 13, whence
a(G, H,y) < 1/2. Similarly, if p = 3 and y € H \ H° has order 3 then y is contained in the
G-class A3, which is not one of the classes we need to consider.
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Now suppose H = D4T5.53. Set J = (H°) = D4 and note that J.S3 < F; < G. We studied
the embedding J.S3 < Fy in the proof of Proposition [5.3] and we note that the G-class of each
unipotent class in Fy is recorded in [2I, Table 22.1.4]. In this way, it is straightforward to
determine the G-class of each unipotent class in H° and then compute dim(yG N HY). So we
may assume p € {2,3} and y € H \ H° has order p.

First assume p = 2. In the notation of [I], we may view y as a by or b type involution in
D4.2 = Og(k) and we recall that the bi-involutions are contained in the Fj-class fll (which in
turn places y in the G-class labelled A%), while those of type b3 are in the A Ay class of Fy,
which is contained in the A3 class of G. As a consequence, we deduce that dim Cq(y) = 36, 28 if
y € Ay, A2, respectively. And if y € A3 then dim(y“ N H°) = 16 and dim(y“ N (H \ H°)) < 17,
which implies that dim Cqo(y) < 25 and thus (G, H,y) < 25/48 as recorded in Table [9]

Now suppose p = 3, in which case y acts as a triality graph automorphism on J = Dy4. By
inspecting the proof of Proposition we see that y is in the Fy-class Ay if Cy(y) = Gy (in
which case, y is in the G-class labelled A3), otherwise y is in the Fj-class Ay Ay, which places y
in the G-class A2A;. So for y € A2A; we get dim(y“ N H®) = 0 and dim(y“ N (H \ H°)) < 22,
which yields (G, H,y) < 1/3.

Finally, if H = T.W is the normaliser of a maximal torus, then the results in Table |§| (for
y & Ay) follow from the trivial bound dim(y“ N H) < dim H = 6. O

Theorem 5.12. The conclusion to Theorem (1| holds when G' = Eg and t = 4.

Proof. By Corollary we know that A is empty when C; = A; for all i. In the remaining
cases, it suffices to show that ¥x(H) < 3 for all H € M. By [3, Theorem 3.1] we have
a(G, H,y) < 10/13 if y € Ay, otherwise a(G, H,y) < 2/3, whence ¥ x(H) < 3-10/13 +2/3 and
the result follows. O

Theorem 5.13. The conclusion to Theorem[1] holds when G = Fg and t = 3.

Proof. In view of Corollary we see that A is empty for each triple in Table[A] Therefore, in
the remaining cases it suffices to show that Xx(H) < 2 for all H € M. By Theorem we
only need to check this for H € R. Set C; = y¢.

If C; # A; for all 4, then [3, Theorem 3.1] implies that a(G, H,y;) < 2/3 and thus X x (H) < 2.
Therefore, for the remainder of the proof we may assume C; = A; and H € L.

First assume Cy = A;. By inspecting [25], we see that the class labelled A2 A; is contained
in the closure of C3, so in view of Proposition [2.6] we may assume C3 = A3 A;. One can now
check that the bounds in Proposition imply that X x(H) < 2. Finally, if Cy # A; then by
considering closures we may assume Co = A? and C3 = A3. As before, the result now follows by
applying the bounds presented in Proposition [5.11 O

Finally, let us assume ¢t = 2. First we handle the special case from Table
Lemma 5.14. The set A is empty if t = 2 and (C1,C2) = (A3, A3).

Proof. Write C; = yZG and observe that we may embed y; and y» in a subgroup L = As with
M = Ng(L) = Aj A5 so that the respective Jordan forms on the natural module for L are
(J2,J%) and (J2). Then by applying the main theorem of [11], we may assume G(y) = L for
y = (y1,y2) € X. Setting D; = yiM and Y = D; x Dy we compute dimY = 40 and thus

dim X —dimY =40 = dim G — dim M.
We now conclude via Proposition [2.10 O

Theorem 5.15. The conclusion to Theorem |1 holds when G = Eg, t =2 and p > 3.

Proof. Write C; = yZG . By combining Corollary and Lemma [5.14] we have already shown
that A is empty for all of the pairs (Cy,Cy) recorded in Tables|A|and [Bl So in view of Theorem
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A A (AHD @ah® 4, Al A AT AZA, A4A,
A1 Dg 3/4 5/8 58 1/2 1/2  (156+0,,)/32 3/8 5/16 0
A Fy 10/13 8/13 7/13  7/13  7/13 19/39 5/13  1/3 0
GCs 5/7  29/49  4/7  25/49  3/7 24/49 18/49 16/49 0
A7.2 5/7  3/5  43/70 19/35 18/35 82.p/2 13/35 11/35 1/5
Ay As 2 1115 3/5  3/5  23/45  7/15 (14+6,,)/30 17/45 1/3  1/5
T\ Eg.2 7/9  17/27  1/2 5/9 5/9 82.p/2 1127 1/3 0
A3D,..Ss | 3/4  7/12  31/48 25/48  1/2  (11+46,,)/24 3/8  1/3 0
AT.GLs(2) | 5/7 37/56 9/14  31/56 15/28 (27+d,,)/56 11/28 9/28  5/28
T.W 31/42 9/14 79/126 23/42 67/126 82.p/2 17/42 43/126 3/14

TABLE 10. The upper bound «(G, H,y) < ( in Proposition

it suffices to verify the bound X x(H) < 1 in each of the remaining cases, for every subgroup
HeR.

First assume C; = A;. If H ¢ L then ¥ x(H) = o(G, H, y2) and the result follows, so we may
as well assume H € L. In addition, by considering the closure relation on unipotent classes, we
only need to check that ¥x(H) < 1 when Cy is the class labelled A4A;. The result now follows
by applying the relevant upper bounds in Proposition [5.11

Next suppose C; = A?. Here we may assume Cy = A3A; and by inspecting [17] we see that
H meets C; only if H € L. So we are free to assume that H € £ and we can now verify the
inequality ¥ x(H) < 1 from the bounds in Proposition Similarly, if C; = A$ or Ay then
we may assume Co = As A1 and H € L, noting once again that the desired result follows via
Proposition (note that if H ¢ L, then either C; or C2 does not meet H and the bound
Yx(H) < 1 clearly holds).

Finally, let us assume C; & {Ay, A2, A3, Ay} for i = 1,2. Here we may assume C1 = Cy = Ay A
and H € L, in which case the result follows in the usual fashion via Proposition [5.11 U

This completes the proof of Theorem [I| for G = FEj.

5.4. G = E7. In this section we prove Theorem [l| for G = E7. The unipotent classes in G
and their respective dimensions are recorded in [21] Table 22.1.2] and we adopt the labelling
of classes therein. We remark that there are several differences between our choice of labels
and those used by other authors. For example, the classes (A%)), (4341)M) and (45)) are
respectively labelled (341)", (As + A1)” and (A45)” in [I7, [18, 25]. We define the subgroup
collections M, P, R and L as in Section

We begin with the following result on fixed point spaces.

Proposition 5.16. Let H € L and let y € G be an element of order p in one of the following
conjugacy classes

A, AL (ADW, (ADP), AL, Az, 4247, A3AL, AgAs.
Then o(G, H,y) < 3, where (3 is recorded in Table .

Proof. If y € A; is a long root element then the upper bound on «(G, H,y) in Table [10| follows
from [3, Theorem 3.1], so for the remainder we may assume y ¢ A;. Now if H is one of the
subgroups A1 Dg, A1Fy or G2C35, then the G-class of each H-class of unipotent elements is
determined in [I7] and it is straightforward to verify the result via Proposition

The subgroups A7.2 and AsAs5.2 can be handled in a similar fashion, with some additional
work when p = 2. Indeed, by inspecting [I7, Sections 4.11, 4.12] we can compute dim(y“ N HY),
so the analysis is reduced to the situation where p =2 and y € H \ H° is an involution.

First assume H = A7.2. Here y induces a graph automorphism on H° = A; and there
are two HO-classes of such elements, represented by y; and yo, where Cpo(y;) = C4 and
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Cpo(y2) = Cc,(u) with u € Cy a long root element (see Proposition [2.3). As explained in
the proof of [5, Lemma 3.18], we find that y; is contained in the G-class (A3)(1), while ys
is in the class labelled Af. Hence for y € (A3)() we deduce that dim(y“ N H°) = 0 and
dim(y“ N (H \ H%)) < 27, which implies that o(G, H,y) < 43/70. Similarly, for y € A} we get
a(G, H,y) < 1/2if p = 2, otherwise a(G, H,y) = 0.

Now assume H = A3A5.2, p=2 and y € H \ H" is an involution. Here y induces a graph
automorphism on both simple factors of H? and we deduce that there are two H%-classes to
consider, represented by y; and y2, where Cpo(y1) = B1C3 and Cpho(y2) = B1Cc,(u) with
u € C5 a long root element. As explained in the proof of [3, Lemma 3.12], the element ys is
contained in the G-class Af and we claim that y; is in the class (A3)). To see this, let V be
the 56-dimensional Weyl module W (A7) and observe that

VIH = (U1ol)a® (Uf @ Up) @ (0@ A3(Uh)),

where U; and Us denote the natural modules for A and As, respectively, and 0 is the trivial
module for As (see [26, Table 4], for example). Now y; interchanges the first two summands
and it has Jordan form (J$, J}) on the final summand. Therefore, y; has Jordan form (J3?*, J})
on V and by inspecting [I8, Table 7] we conclude that y; is in the class (43)®) as claimed. As
a consequence, we deduce that dim(y® N H) = dim(y N H®) = 20 if y € (A3)?) (for all p) and
thus o(G, H,y) = 23/45. Similarly, if y € A} then either p > 3 and (G, H,y) = 7/15, or p = 2
and o(G, H,y) < 1/2.

Next suppose H = T} Eg.2. Clearly, every unipotent element in the connected component H?
is contained in the Fjg factor and the corresponding classes in Fg and G have the same label (note
that the Fg-class labelled A3 meets a Levi subgroup AT} of G, so it is contained in the G-class
(A3)?). This allows us to compute dim(y“ N H) and so to complete the analysis of this case
we may assume p = 2 and y € H \ H? is an involution. Here y induces a graph automorphism
on the Fg factor and it inverts the 1-dimensional central torus 7T7. By Proposition there are
two HO-classes of involutions of this form, represented by y; and yo, where Co(y1) = Fy and
Cpo(y2) = Cr,(u), with w € Fy a long root element. As explained in the proof of [19, Lemma
4.1], we calculate that each y; has Jordan form (J3¥) on V = W (A7) and by inspecting [18,
Table 7] we deduce that each y; is in one of the G-classes labelled (A%)() or A%. In fact, the
proof of [I9, Lemma 4.1] shows that ys is in A$. So for y € (43)1) we get dim(y“ N H?) =0
and dim(y% N (H \ H°)) < 27, which implies that (G, H,y) < 1/2. And similarly, if y € A}
then either p > 3 and o(G, H,y) = 0, or p = 2, dim(y® N H) < 43 and o(G, H,y) < 1/2.

Now let us turn to the case H = A§D4.Sg. Write HY = H;H,, where H; = A; and
Hy = DDy < Dg (here we are viewing Do as A%) In particular, H° is contained in a
maximal closed subgroup A;Dg and so we can appeal to [I7, Section 4.10] in order to compute
dim(y N HO).

For example, suppose p = 2 and let us adopt the notation from [I] for unipotent involutions in
orthogonal groups. Let z1, zo0 € Do be involutions of type ao and co, respectively, so dim zf) 2=
and dim z2D 2 = 4. Then it is straightforward to write down a set of representatives of the classes
of involutions in Ds D4 and we can easily identify the corresponding class in Dg, recalling that
an involution of the form uv € Dy Dy is of type a in Dg if and only if v and v are both a-type
involutions (or if one of them is type a and the other is trivial). We can then use [I7, Section
4.10] to identify the G-class of each involution y € H® and this allows us to compute the
dimension of y& N HY as follows:

G-classof y | Ay A2 (AHD) (43 4l

dim(y“NH®) |10 12 14 16 22
To complete the analysis of this case, let us assume p € {2,3} and y € H \ H® has order p.
Let V' be the Weyl module Wg(A7).

First assume p = 3. Here y induces a triality graph automorphism on the Dy factor of H°
and it cyclically permutes the three A; factors. Therefore, Cpo(y) = A1G2 or A1Cq,(u), where
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u € Gy is a long root element, and thus dim(y“ N (H \ H°)) < 26. Now by considering the
restriction of V to HY, it is straightforward to show that y has Jordan form (J3%, JZ) on V and
therefore y is in one of the classes labelled A3 or A3A;. In particular, if y is in the class A3A4;,
then dim(y N H) = 0 and thus dim(y® N H) < 26, which yields (G, H,y) < 1/3.

Now assume p = 2. Here y induces a graph automorphism on Dy (of type b1 or b3 in the
notation of [I]) and it interchanges two of the A; factors. Therefore, we have at most four
HOclasses of involutions to consider, represented by the elements

Y1 = (bla 1)7 Y2 = (b37 1)7 Yys = (b1,2>, Ya = (bg,Z),

where the first component indicates the type of graph automorphism of D, induced by y; and
the second indicates the action on the fixed Ay factor, which is either trivial or an involution z.
Now

® (0000 Us® Wp,(ws)),

where U; is the natural module for the i-th Ay factor, 0 is the trivial module and the w; are
fundamental dominant weights for Dy (see [26] Table 4]). Using this decomposition, we calculate
that y; and y, have respective Jordan forms (J2°,.J{¢) and (J2*,J%) on V, while y3 and y4
have Jordan form (J3®). By inspecting [I8, Table 7], we deduce that y; and yo are respectively
contained in the G-classes A7 and (A3)?), while y$,y§ € {(A2)M), A1}, Therefore, if y € A?
then dim(y® N H) = 12 (for all p) and thus o(G, H,y) = 7/12. Similarly, if y € (A43)®
then dim(y® N H) < 18 and a(G, H,y) < 25/48, while for y € (A%)M) we deduce that
dim(y“ N H) < 20, which yields (G, H,y) < 31/48. Similarly, if y € A} then dim(y“ N H) =
dim(y® N H%) = 18 + 442, and thus a(G, H,y) = (11 + 52,,)/24.

Next assume H = A7.GL3(2). Here dim(y“NH®) < 14 for all y € H? and it is straightforward
to check that dim(y“ N (H \ H)) < 14 for the relevant unipotent classes we are interested in.
Note that if p =7 and y € H \ H?, then y acts as a 7-cycle on the A; factors of H" and by
considering the restriction of V = Wg(\7) to H® we deduce that y has Jordan form (J8) on V/,
which places y in the G-class labelled Ag (see [I8, Table 7]) and this is not one of the classes we
are interested in. Therefore, dim(y“ N H) < 14 and we immediately obtain the corresponding
upper bound on «(G, H,y) in Table |10] unless p > 3 and y is contained in the class labelled A‘{.

So to complete the argument for H = AI.GL3(2), let us assume y € A‘ll and p > 3. First
we claim that y& N H = y& N H°. To see this, first observe that if p =3 and z € H \ H° has
order 3, then = induces a permutation of the A; factors of H? with cycle-shape (32,1) (for
example, this follows by considering the summands arising in the decomposition of W | H?,
where W = Wg(\1) is the adjoint module for G; see [26], Table 4]). This implies that = has at
least 16 Jordan blocks of size 3 on V = W()\7) and thus x is not in the class Af. Similarly, we
noted above that if p =7 and = € H \ H° has order 7, then x is contained in the G-class Ag. So
in order to establish the bound (G, H,y) < 27/56, we need to show that dim(y“ N H°) < 12.
To do this, write H® = HyHs, where H; = A; and Hy = Dg’ < Dg, so we have H? < A1Dg < G
and we can determine the G-class of each unipotent H°-class by appealing to [I7, Section 4.12].
In this way, it is straightforward to check that if = z1---27 € H° has order p and each z;
is nontrivial, then z is contained in the G-class labelled A3A3. In particular, if y € A} then
dim(y% N H) < 12 as required.

Finally, let us assume H = T.W. Here the trivial bound dim(y“ N H) < 7 is sufficient unless
y € Al and p > 3. In the latter case, we claim that a(G, H,y) = 0. To see this, we may assume
p€{3,5,7} and x € H \ H° has order p (recall that W = 2 x Spg(2) and so the prime divisors
of |[W| are 2,3,5 and 7). Here = induces a permutation of order p on the set of 1-dimensional
root spaces in the Lie algebra V = Wz (A1) and we deduce that = admits a Jordan block of size
p in its action on V. So by inspecting [I8, Table 8], we may assume p = 3. We claim that x
has at least 32 Jordan blocks of size 3 on V, which is incompatible with containment in the A}
class. To see this, first note that the action of Spg(2) < W on the set of root pairs {+a} in the
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root system of GG is permutation isomorphic to the action on nonzero vectors in the natural
module for Spg(2). It follows that any element of order 3 in W has 24 — 1, 22 — 1 or 2° — 1 fixed
points on this set, so it must move at least 48 root pairs and hence at least 96 roots, which
justifies the claim. The result follows. O

In order to prove Theorem [l| for G = E7, we may assume t € {2,3,4} since A is always
non-empty if ¢ > 5 by [3, Theorem 7).

Theorem 5.17. The conclusion to Theorem (1| holds when G' = E7 and t = 4.

Proof. By Corollary we know that A is empty when C; = A; for all 4, so it remains to show
that A is non-empty in all other cases. As before, it suffices to verify the bound Y x(H) < 3 for
all H € M and by appealing to [3, Theorem 3.1] we deduce that a(G, H,y) < 7/9if y € Aj,
otherwise a(G, H,y) < 2/3. Therefore, ¥x(H) < 3-7/9+2/3 = 3 and the result follows. [

Now assume ¢ € {2, 3}. First we handle the special cases in Table
Proposition 5.18. The set A is empty if X is one of the cases in Table[B

Proof. Write C; = y& and first assume ¢ = 3. Since the G-class A? is contained in the closure of
(A3 (see [25, Chapter 4]), it suffices to show that A is empty when (Cy,Ca,C3) is the triple
(A1, (ADHD, (AHW).

To handle this case, first observe that we may embed each y; in a subgroup L = Dg with
M = Ng(L) = A1 Dg. More precisely, if W denotes the natural module for L, then we may
assume y; has Jordan form (J2,J) on W, while y2 and y3 both have Jordan form (JS) (see
[17, Section 4.10] and note that if p = 2 then y; is an involution of type as, while y2 and ys3
are both of type ag, in the notation of [I]). In addition, since ), dim Cy (y;) = 22 < 2dim W,
[4, Theorem 7] implies that we may assume the y; topologically generate L. Set D; = ylM and
note that dimC; = 34, dimC; = 54, dim D; = 18 and dim D; = 30 for ¢ = 2, 3. In particular, we
compute dim X = 142 and dimY = 78, where Y = D; x Dy x D3, whence

dim X —dimY =64 =dimG — dim M
and thus Proposition implies that A is empty.

For the remainder, let us assume t = 2. First assume (C1,C2) = (A1, (45)M), so dimC; = 34
and dimCy = 102. Here we may embed y; and y2 in L = Dg, where M = Ng(L) = A1Dg
and the y; have respective Jordan forms (J3, J}) and (J2) on the natural module for L. In
view of [4, Theorem 7], we may assume y; and yo topologically generate L and we note that
dim yZM = 18,54 for ¢ = 1, 2, respectively. The result now follows by applying Proposition m

For the remaining cases, by considering closures it suffices to show that A is empty when
C, = (Ai’)(l) and Cy is either (A3A1)(1) or A A3, If Cy = (A3A1)(1) then we can proceed as
above, embedding the y; in L = Dg with respective Jordan forms (J$) and (J%,J3) on the
natural module. We leave the reader to check the details.

Now suppose Cy = AgA? and note that dimC; = 54 and dimCy = 84. To handle this case
we need to modify the standard approach via Proposition because we cannot embed 9
in a Dg subgroup. First observe that we may embed y; and y in M = Ng(L) = A1 Dg, where
y1 € L = Dg has Jordan form (J$) on the natural module for L and ys = ugve € AjDg with us
in the A; factor of order p and vy € L with Jordan form (J3, J3). By applying [4, Theorem 7],
we see that L is topologically generated by y; and vg, so if we set y = (y1,¥y2) € X then

G(y) < (y1,u, va) = (L,uz) < M.

Since (L,u2)? = L and G(y) projects onto L, it follows that G(y)? = L. Similarly, if we set
D; = ylM and Y = Dy x Dy then G(2)° < L for all z € Y. Finally, we compute dimD; = 30
and dimDy = 44, so dim X — dimY = 64 = dim G — dim M and we now conclude by applying
Proposition [2.10} O
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Remark 5.19. It is worth noting that several cases in Table [B] can be handled by arguing as
in Remark using the fact that A is non-empty only if the bound in is satisfied (see
[4, Corollary 3.20] and note that the centre of the Lie algebra of G = Ey is trivial if p > 3).
For example, if t = 2, (C1,C2) = ((A3)M), A343) and p > 3, then dim X = 138 and thus A is
empty. However, if t = 2, (C1,Cs) = ((43)M), (A34;)M) and p > 5, then dim X = 140 and so
this approach via [4, Corollary 3.20] is inconclusive.

Theorem 5.20. The conclusion to Theorem 1| holds when G = E7 and t = 3.

Proof. Set C; = in . By applying Corollary and Proposition we see that A is empty
for the cases in Tables [Al and [B| So to complete the proof, it suffices to show that X x(H) < 2
for all H € M and for each of the remaining possibilities for X. By Theorem this holds if
H € P so we only need to consider the subgroups in R.

If C; # A; for all i, then [3, Theorem 3.1] implies that ¥ x (H) < 2 since we have o(G, H,y;) <
2/3 for each i. Therefore, for the remainder we may assume C; = A; and H € £ (indeed, if
H ¢ L then a(G, H,y1) = 0 and thus Xx(H) < 4/3).

First assume Co = A;. By inspecting [25, Chapter 4], we see that the class labelled A3 A? is
contained in the closure of C3. Therefore, in view of Proposition [2.6] it suffices to show that
Yx(H) < 2 when C3 = A3A? and it is easy to check that the bounds in Proposition are
sufficient. Similarly, if Co = A% then we may assume C3 = (A?)(Q) and once again the bounds
in Proposition are good enough. Finally, if Cy # A1, A? then by considering closures we
may assume (Cz,C3) = ((A3)M), (43)@)) or ((A$)?), (A3)?). As before, the result follows via
Proposition [5.16] O

Theorem 5.21. The conclusion to Theorem |1 holds when G = E7, t =2 and p > 3.

Proof. Write C; = ylG If (C1,Cy) is one of the cases in Tables [A| or then A is empty by
Corollary [3.2] and Proposition So by appealing to Proposition [2.8] and Theorem we just
need to verify the bound ¥ x(H) < 1 in each of the remaining cases, where H is an arbitrary
subgroup in the collection R.

First assume C; = A;. If H ¢ £ then ¥x(H) < 2/3 by [3, Theorem 3.1}, so we may assume
H € L. By considering the closure relation on unipotent classes, we may assume Cy is the class
labelled A4As and the result now follows by applying the relevant upper bounds in Proposition

Next assume C; = A? or (A3)(1). Here it is sufficient to show that A is non-empty when
Co = A3A,. If H € L then the bounds in Proposition yield ¥x(H) < 1, so we may assume
H ¢ L. 1fC;NH is empty for i =1 or 2 then [3, Theorem 3.1] gives ¥x(H) < 2/3 and so we
can assume that both C; and Cs have representatives in H. By inspecting [I7], we can rule
out H = A2.2, A? and A;, which leaves H = A1;G2 and (2% x Dy).S3 and so there are two
possibilities to consider.

If H = A;G;y then we use [I7, Section 5.9] to show that X x(H) < 27/29. Now assume
H = (22 x Dy).S3. Here HY = Dy < A7 < G, where the Dy < A7 is the standard embedding
corresponding to the natural module for D4. By appealing to [17, Section 4.11], it is easy
to compute dim(y“ N HO) for each unipotent element y € G. For the relevant classes we are
interested in we get

e 0 10 ifye A2
dim(y™ N H7) = { 0 ifye (AW or A4,
If p=3and y € H\ H® has order 3, then y acts as a triality graph automorphism on H®
and by arguing as in the proof of [3, Lemma 3.18] we deduce that y has at least 35 Jordan
blocks of size 3 on the adjoint module W (A1). By inspecting [18, Table 8], we conclude that
oG, H,y) =3/5if y € A? and o(G, H,y) = 0 for y € (A3)). For y € A2A; we observe that
dim(y“ N H) < 20, whence o(G, H,y) < 1/3 and Sx(H) <3/5+1/3 < 1.
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Ay A2 A3 Al A, A A3 AZAZ A4A,
A\ Er 11/14  9/14 477 (274 062,)/56  4/7 3/8  9/28 0
Ds 3/4 5/8 9/16  (15+62,)/32 35/64  3/8  5/16  3/16
GoFy 10/13  8/13 7/13 45/91 7/13  34/91 30/91 0
AsEg.2 7/9 17/27  5/9  (26+6,,)/54 5/9  31/81  1/3 0

( )
Ag.2 3/4 13/21  23/42  (20+6,,)/42 1/2  31/84 0  4/21
A2.4 3/4  31/50  27/50 (24+6,,)/50  1/2  37/100 8/25  1/5
( )
(

D2.(S3x2) | 3/4 5/8 9/16  (15+6,,)/32 17/32  13/32  1/3 0
AL.GLy(3) 3/4 11/18  31/54  (26+4,,)/54 31/54  7/18  1/3 0
AG22 165/217 137/217 113/217  103/217  113/217 81/217 71/217 0
A3 AGLs(2) | 3/4  37/56  4)7  (13+0,,)/28 9/16  43/112 9/28  5/28
T.W 61/80  13/20  17/30 82.p/2 67/120 47/120 1/3  1/5

TABLE 11. The upper bound a(G, H,y) < (3 in Propositionm

Now suppose C; = (A43)3) or Ay. Here we need to show that Xx(H) < 1 for Co = AyA?
and one can check that the bounds in Proposition [5.16| are effective for H € £. Now assume
H ¢ L. By inspecting [17], the problem is quickly reduced to the case where H = (22 x Dy).Ss.
By arguing as in the previous paragraph, we compute (G, H,y) = 0 for y € (Ai)’)(g) and
(G, H,y) = 17/35 for y € As. And if y € AyA? we observe that dim(y“ N HY) = 16 and
dim(y“ N (H \ H°)) < 20, which yields a(G, H,y) < 43/105. Bringing these bounds together,
we conclude that Yx(H) < 17/35 4 43/105 < 1.

To complete the proof we may assume C; & {A;, A3, (A3)M) (43)3), Ay} for i = 1,2. Here it
suffices to show that A is non-empty when C; = Cy = A‘ll. Since (22 X Dy).S3 does not meet
the class A}, and similarly for the subgroups A;Ga, A5.2, A? and A;, we may assume H € L.
Recalling that p is odd, one can now check that the bound on (G, H,y) in Proposition
for y € A} is sufficient in every case. O

This completes the proof of Theorem [I| for G = F75.

5.5. G = Eg. In order to complete the proof of Theorem [I] we may assume G = Eg. We refer
the reader to [2I, Table 22.1.1] for a list of the unipotent classes in G and their respective
dimensions. As usual, we follow [2I] in our choice of notation for the unipotent classes in G,
and we define M, P, R and L as in Section

Proposition 5.22. Let H € L and let y € G be an element of order p in one of the following
conjugacy classes

A17 A%a A%a Aila A2a AZA:I))a AgAi A4A3-
Then o(G, H,y) < 3, where (3 is recorded in Table .

Proof. If y € Ay is a long root element, then a(G, H,y) is given in [3, Table 1], noting that
a(G, H,y) = 3/4 when H = D3?.(S3 x 2) and p = 2. Indeed, in this case there are no long root
elements in H \ H (see below) and this allows us to deduce that a(G, H,y) = 3/4 for all p.
For the remainder, we will assume y ¢ A;. Let V = Wg(Ag) be the adjoint module for G.

Suppose H € {A1FE7, Dg, GoFy4}. Here H is connected and the G-class of each unipotent class
in H is determined in [I7]. From this we can compute dim(y® N H) and then obtain dim Cq(y)
via Proposition 2.1]

Next assume H = A Fy.2. Here the G-class of each unipotent class in the connected component
HY is recorded in [I7, Section 4.15] and this allows us to compute dim(y“ N HY). So to complete
the analysis of this case, we may assume p = 2 and y € H \ HY is an involution. Here y acts as
a graph automorphism on both simple factors of H° and by applying Proposition we deduce
that there are two H-classes of such elements, represented by y1 and y2, where Co(y1) = B1Fy
and Co(y2) = B1CF, (u), with u € Fy a long root element. Then dim(y N (H \ H®)) = 31,47
for i = 1,2 and by considering the Jordan form of y; and yo on V (see the proof of [3|
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Lemma 3.11]) we see that y; is in the G-class labelled A3, whereas ys is in A]. If y € A} then
dim(y® N HY) = 40 and thus (G, H,y) = 5/9. Similarly, if y € A} then dim(y® N H°) = 44, so
dim(y“ N H) < 44 + 382, and we deduce that a(G, H,y) < (26 + 62,,)/54.

The case H = Ag.2 is very similar, working with [I7, Section 4.16] to compute dim(y“ N H?).
If p=2andy € H\ H° is an involution, then y induces a graph automorphism on H°, so
Cho(y) = By, dim(y“ N (H \ H®)) = 44 and by arguing as in the proof of [5, Proposition 5.11]
we deduce that y is contained in the G-class A}. Since dim(y% N H) = 40, we conclude that
dim(y% N H) < 40 + 462, and thus (G, H,y) < (20 + d2,,)/42 as claimed.

Now suppose H = A2.4. Once again, we can compute dim(y“ N H®) by inspecting [17], so we
may assume p = 2 and y € H \ H? is an involution. By considering the restriction of V to H"
(see [26, Table 5]) we deduce that y induces a graph automorphism on both A, factors of HY,
so Cpo(y) = B2, dim(y“ N (H \ H°)) = 28 and we calculate that y is in the G-class labelled
A} (see the proof of [6, Lemma 4.4], for example). Since dim(y“ N H®) = 24, we conclude that
(G, H,y) < (24 + d2,)/50 when y € Af.

Next let us turn to the case H = D?.(S3 x 2). Here H® < Dg < G and the embedding of H°
in Dy is transparent. Therefore, we can identify the G-class of each unipotent element in H® by
appealing to [I7, Section 4.13]. In turn, this allows us to compute dim(y“ N H°) and so the
analysis of this case is reduced to the situation where p € {2,3} and y € H \ H° has order p.

First assume p = 3 and y € H \ H° has order 3. Here y induces a triality graph automorphism
on both Dy factors and thus Proposition implies that dim(y% N (H \ H°)) < 40. Next observe
that

VIH =LH (U oU)® (U@ Us) @ (Us ® Us)

(see [26], Table 5]), where £L(H") is the Lie algebra of H® and Uy, U and Us denote the three
8-dimensional irreducible modules for Dy (that is, the natural module and the two spin modules).
Now y cyclically permutes the three 64-dimensional summands in this decomposition, which
means that the Jordan form of y on V has at least 64 Jordan blocks of size 3. By inspecting
[18, Table 9], it follows that y is not contained in any of the G-classes labelled Ay, A2, A3, A% or
As. And if y € A3A?3 then the bound dim(y“ N H) < 40 yields (G, H,y) < 13/32. Similarly,
we get a(G, H,y) < 1/3 if y € A3A2.

Now assume p = 2 and y € H \ HY is an involution. Then up to conjugacy, y either
interchanges the two Dy factors, or it acts as a graph automorphism on both factors. If y swaps
the two factors, then y embeds in Dg as an involution of type (44;)" or (4A4;)” in the notation
of [I7, Table 8] (that is, y € Dg is an involution of type ag or ag in the notation of [I]) and by
inspecting [17, Section 4.13] we deduce that y is in the G-class A3 or Af. Similarly, if y acts
as a bi-type graph automorphism on both factors, then y € Dg is of type Do and is therefore
contained in the G-class A? (this corrects an error in the proof of [5, Proposition 5.11], where
it is incorrectly stated that y is in the class A7). And if y acts as a b3 graph automorphism
on both factors, then y is contained in the Dg-class 241 + D5 and is therefore in the G-class
A%, Similarly, if y acts as a b; automorphism on one factor and b3 on the other, then y is in
the G-class A3$. So for p = 2 we conclude that dim(y“ N (H \ H°)) < 30 if y € A} (since the
class of b3 graph automorphisms of Dy has dimension 15) and thus dim(y“ N H) = 26 + 642,
which in turn yields (G, H,y) = (15 + 62,)/32. Similarly, if y € A2 then dim(y“ N H) = 20
and o(G, H,y) = 5/8. On the other hand, if y € A% then dim(y“ N H) < 28 and we deduce that
a(G, H,y) < 9/16.

Now suppose H = A35.GLy(3). Here H? < A3FEg and so we can work with the information in
[17, Sections 4.9, 4.15] to compute dim(y“ N H®). Now assume p € {2,3} and y € H \ H° has
order p. Suppose p = 2. If y € A? then the proof of [3, Lemma 3.11] shows that dim(y“NH) = 8
and we deduce that (G, H,y) = 11/18. For y € A3, A} we observe that dim(y“ N (H\ H®)) < 20
(maximal if y acts as a graph automorphism on each Ay factor of H°) and the result follows
since dim(y“ N H®) = 12, 16, respectively. Finally, suppose p = 3. By arguing as in the proof of
[3, Lemma 3.11] we see that there are at least 54 Jordan blocks of size 3 in the Jordan form
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of y on V and so by inspecting [I8, Table 9] we deduce that y is not contained in any of the
G-classes labelled Ay, A2, A3 or A}. Moreover, by considering the action of y on the simple
factors of H?, we see that dim(y® N (H \ H®)) < 22 (with equality if y cyclically permutes three
of the factors and acts as a regular element on the fixed factor). By comparing this estimate
with dim(y% N H), it follows that dim(y“ N H) < 22 for y € Aa, A2 A3, while dim(y® N H) < 24
for y € A3A2. In each case, this gives the bound a(G, H,y) < 3 presented in Table

Next assume H = A;G2%.2 and note that p > 3, so each y € H of order p is contained in
HY. Since H° = H\Hy < FyGy < G with H = A1Gy < Fy and Hy = G5, we can use the
information in [I7, Sections 5.3, 5.12] to compute dim(y“ N H) and the result follows.

Now suppose H = A$.AGL3(2) and note that dimy’ < 16ify € HO. If p € {2,3,7}
and y € H \ H° then y induces a nontrivial permutation of the A; factors of H° and it is
straightforward to check that dim y*! ® < 16 for the elements of order p we need to consider. For
example, if y has cycle-shape (32,12) on the set of A; factors, then dim yHO <6+6+4=16,
with equality if i acts nontrivially on the two fixed factors. And if p = 7 and y induces a 7-cycle
on the A; factors, then by considering the restriction of V' = Wg(Ag) to H° we deduce that y
has at least 32 Jordan blocks of size 7 on V', which is incompatible with the Jordan form of
the elements we are interested in (see [I8, Table 9]). We conclude that dim(y“ N H) < 16 and
this gives the bound (G, H,y) < 8 in Table|11| unless y € A} and p > 3. In the latter case,
we can argue as in the proof of Proposition (for the case H = A7.GL3(2)) to show that
y“ N H =y“N H° and dim(y“ N H) = 8, which yields «(G, H, y) = 13/28.

Finally, if H = T.W then the trivial bound dim(y“ N H) < 8 is sufficient unless y € A} and
p > 3. In the latter case, by arguing as in the proof of Proposition we deduce that y& N H
is empty and thus a(G, H,y) = 0. This completes the proof of the proposition. O

We are now ready to prove Theorem (1| for G = Eg. In view of [3, Theorem 7], we may assume
t € {2,3,4}. First we handle the cases recorded in Table

Proposition 5.23. The set A is empty if X is one of the cases in Table[B

Proof. Write C; = y& and first assume ¢t = 4, so (C1,C2,C3,Cq) = (A1, A1, A1, A2). Here we
may embed each y; in a subgroup L = F7 such that M = Ng(L) = A; E7 is a maximal closed
subgroup of G. Set D; = yZM = yiL and note that the L-class D; and the G-class C; have the
same labels (see [I7, Section 4.14]), so dimC; = 58 and dimD; = 34 for i = 1,2,3, dimCy = 92
and dim D4 = 52. By Theorem we may assume that the y; topologically generate L. It is
now straightforward to check that all of the conditions in Proposition [2.10] are satisfied and we
conclude that A is empty.

Next assume ¢ = 3. By considering Proposition [2.6]and the closure relation on unipotent classes
(see [25]), it suffices to show that A is empty for (C1,Ca,C3) = (A1, A1, A3) and (A;, A2, Ag).
Suppose (C1,C2,C3) = (A1, A1, A3). As before, we may embed each y; in L = FE7, where
M = Ng(L) = A1 E7 and the classes C; and D; = yiM = yZL have the same labels. Moreover,
by applying Theorem we may assume that the y; topologically generate L. If we set
Y = D; x Dy x Ds, then dim X = 264, dimY = 152 and thus A is empty by Proposition [2.10]
The case (C1,Ca,C3) = (A1, A2, Ay) is entirely similar.

For the remainder we may assume ¢t = 2. Suppose C; = A;. By considering Proposition
and the closure relation on unipotent classes in G, we may assume that Co € {D5, D4As}.
Suppose Co = Ds5. Here we may embed y; and y, in L = E7 so that M = Ng(L) = A1 E7 and
the classes D; = yZM = yZL and C; have the same labels. In addition, we may assume that the y;
topologically generate L (see Theorem and we now apply Proposition , noting that
the condition in part (iii) holds since dim X = 258 and dim Y = 146.

Now assume (C1,C2) = (A1, D4A3). This case requires a slight variation of the usual argument
(this is analogous to the case we considered in the final paragraph of the proof of Proposition
. First we embed the y; in M = A1 E7 = Ng(L), where L = E7. More precisely, we take y;
to be in the A;-class of L and we choose y» = usvy € A E7, where us is an element of order
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p in the A; factor and vy € L is contained in the Er-class labelled D5(a1)A; (see [I7, Table
23]). Set D; = yZM and Y = Dy x Dy, so dim X = 256 and dimY = 144. By Theorem we
may assume that y; and vy topologically generate L. Setting y = (y1,y2) € X, this implies that
G(y)? = L and we have G(z)? < L for all z € Y. We now apply Proposition to conclude,
noting that dim X —dimY = dim G — dim M.

By considering the closure relation on unipotent classes, it remains to show that A is empty
when (C1,Co) = (A2, Dy) or (Ag, A3). In both cases, this is a straightforward application of
Proposition where we embed each y; in L = E7. We omit the details. O

Theorem 5.24. The conclusion to Theorem (1| holds when G' = Eg and t = 4.

Proof. By combining Corollary [3.2] and Propositions [2.8 and we see that it suffices to show
that X x(H) < 3 for all H € M whenever X is not one of the cases in Tables [A| and Bl By
Theorem this inequality holds if H € P, so we may assume H € R.

Fix an element y € G of order p. If H # A; E; then [3, Theorem 3.1] states that a(G, H,y) <
7/9 if y € Ay, otherwise a(G, H,y) < 2/3. Therefore, ¥x(H) < 3-7/9+ 2/3 = 3 as required.
Finally, if H = Ay E7 then by considering closures we may assume

(Cla C27 C37 C4) = (Ah A17 A17 A?) or (A17 Al? A%? A%)a
and in both cases we deduce that ¥ x (H) < 3 by inspecting Table O
Theorem 5.25. The conclusion to Theorem [1| holds when G = Eg and t = 3.

Proof. Set C; = y&. By Corollary and Proposition we know that A is empty for each
case in Tables [A] and [B] Therefore, it remains to show that A is non-empty in all the other
cases. As usual, to do this we will work with Proposition and Theorem which imply
that it suffices to show that X x(H) < 2 for all H € R.

If C; # A; for all i, then [3, Theorem 3.1] gives a(G, H,y;) < 2/3 and thus Xx(H) < 2.
Therefore, we may assume C; = Ay and H € £, which brings the bounds in Proposition [5.22
into play.

First assume Cy = A;. By considering Proposition [2.6] and the closure relation on unipotent
classes, we may assume C3 = AsA? and the desired bound Yx(H) < 2 now follows via
Proposition Similarly, if Co = A? then we may assume C3 = A} and once again the bounds
in Proposition are good enough. Finally, if Co # A1, A? then by considering closures we
may assume Ca = C3 = A3 and the result follows by applying Proposition (|

Theorem 5.26. The conclusion to Theorem |1 holds when G = Eg, t =2 and p > 3.

Proof. Write C; = in . In the usual way, by combining Corollary and Proposition we
observe that A is empty for each pair (C1,Cq) in Tables |Aland B} In order to show that A is
non-empty in each of the remaining cases, it is enough to verify the bound X x(H) < 1 for all
HeR.

First assume C; = Ay. If H & L then «(G, H, 1) = 0 and the desired inequality clearly holds,
so we may assume H € L. By considering the possibilities for Co and the closure relation on
unipotent classes (see [25, Chapter 4]), it suffices to show that ¥ x(H) < 1 for C3 = A4 A3 and
this follows immediately from the upper bounds in Proposition [5.22

Next assume C; = A2. By considering closures, we may assume Co = A3A2. If H € £ then
the bounds in Proposition imply that ¥ x (H) < 1 as required. On the other hand, if H ¢ £
then either H N C; is empty (and thus ¥x(H) = a(G, H,y2) < 2/3 by [3, Theorem 3.1]), or
by inspecting [8, [I7] we deduce that H = Fy and p = 3 (as noted in the proof of Theorem
if H= Ay x S5 and p > 7, then the elements of order p in H are contained in the class
Eg(a7)). For (H,p) = (F4,3), the information in [§, Table 2] yields a(G, H,y1) = 30/49 and
a(G, H,y2) = 16/49, whence X x(H) = 46/49.

Now suppose C; = A3 or As. In the usual way, by considering closures, we may assume
Co = Ay A3. If HN(Cy is empty then X x(H) < 2/3 by [3, Theorem 3.1], so we may assume H
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meets the class C;. By arguing as in the previous paragraph, we deduce that H € £ and one
can check that the upper bounds on a(G, H,y;) in Proposition are sufficient in all cases.

Finally, let us assume C; & {Ay, A3, A3, Ay} for i = 1,2. Here the closure of C; contains the
class A}, so we may assume C; = Co = A}. If H € £ then the bounds in Proposition are
sufficient (recall that p > 3). On the other hand, if H ¢ £ then by arguing as above we see that
we may assume H = Fy and p = 3, in which case the fusion information in [8, Table 2] yields
(G, H,y) = 45/98 for y € A} and thus Yx (H) = 45/49. O

This completes the proof of Theorem [l| for G = Eg, which in turn completes the proof of
Theorem (1] in full generality.
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6. THE TABLES

Here we present Tables [A] and [B] from Theorem [} We refer the reader to Remark [I] for
comments on the notation for unipotent classes adopted in the tables.

Q

(C1y...,C)

Gy 3 (A, AL A) B
2 (A1, A1), (A1, Ar), (Ar, (Ar)s), (Ar, Ga(ar))

(A1, A1, A1, An) 3 .

(A1, A1, Ar), (A1, Ay, Ay, (Ar, A, (Ar)e), (A, Ar, AAy), (Ar, Ay, Ag)

2 (A1, A1), (A, Ay, (A, AlA), (A As), (Ar, Ag), (Ar, A2 A, (A, AsAv), (Ar, Ba), (A, Ca(an))
(A1, Fu(as)), (A1, Bs), (A1, A), (A1, A1 Ay), (A, Ag), (A1 A1, A1 Ay), (A1 Ay, Ap), (Ag, Ag)

Es 4 (A1, A1, A1, A)

(A17A1aA1)7(A1aA17A2) (AlaAhAS) (A17A1’A2)7(A17A%’A%)

2 (A1,A1),(A1, A2), (A1, A3), (A1, As), (A1, A2Ay), (A, A3), (A1, A A3), (A1, A3), (A1, A3A7)
(A1’A3A1)5(A17D4(a1)) (AlaA‘l)v(AlaD4)7(A%A%)a(AiA%)’(A%aAQ)v(A%’AQAl)
(A%aAQA%)a(A%’AB)v(A?aA?)’(Ai)vAQ)a(A2>A2)

(A1, A, Ay, Ay)

(Al’ Ala ) (Al’ Al’ A%)v (Al’ Al’ (A?)(l))a (Alv Alv (A%)(Q))’ (A17 Alv AQ)’ (Ala A17 Azll)
(A, Ay, A Ay), (Ag, A2, A2)

(Alv ) (A17 A2) (Al’ (Ai{))(l))v (Ala (A?)Q))a (Ala A2)7 (Ala A%)? (Alv AQAl)a (Al, AZA%)
(Alv A2 ) (Alﬂ A2)7 (A1, A3)7 (Ah (ASAI)(I))7 (Ala A%Al)a (Alv (A3A1)(2))7 (Alv D4(a1))
(A1, A3A3), (A1, Dy), (A1, Dy(ar)Ar), (A1, AsA), (A1, As), (A1, AsAs Ay), (A1, DsAy)

(Alv A4A1) (Alv D5(a1))’ (A%a A%)v (A%’ (Aij)(l))7 (A%7 (Alls)(z)% (A%v A2)7 (A% Azll)’ (A%7 A2A1)
(A1, 4243), (A3, A2 A), (A3, Az), ((AD)M), (AD D), (A7), As), ((AD)®), (A7)

((Ad)(Q AQ) ((A:{))@)? A%)v ((Aig)(z)a AQAl)v (A27 A2)7 (AQa Aéll)’ (A27 A2A1)

FEg 4 (Al,Al,Al,Al)

(Alv Ala Al) (Ala A17 A%)v (Ala Ala A?)’ (Ah Ala A2)a (Alv Alv Azll)a (Alv A%v A%)

(Al’ ) (Alv A%)’ (A17 A(13)7 (Al’ A2)7 (Alv Azll)v (A17 A2A1)7 (Al’ AQA%)’ (Al, A3)7 (Al’ AQA?)
EAla ) (Ala AgAl)v (Ala A3A1), (A17 D4(a1))a (Ala D4)a (Ah A%A%)v (Alv A3A%)
(
(

w

A1, Dy(ar)Ar), (A1, AzAz), (A1, Ag), (A1, A3AzAr), (A1, DyAyr), (A1, Dy(a1)Az)
A17 A4A1) (Ab Ag)? (A%, A%)? (A% A?)v (A% A2)7 (A%v Aéll)7 (A% A2A1)7 (A%7 AQA%)
Ai A3) <A17 AQA?)a (A:fa A?)7 (A%a A2)a (Afli7 Aéll)a (A2a A2)7 (A2a Aéll)

TABLE A. The varieties X = C; X -+ x C; in Theorem [I| with A = (), Part I

Cl7 )
A1,A1,A1) (A1, A1, (A1)2), (A1, (Ar)2, (A1)2)

Fy ) P A
Ay, Ay), (A, A2 Ay), (A1, By)
A%,A2)

AhA%,( D), (Ag, (AH D, (AH D)

(
(
(
Es (
(
(A1, (45)1), (A, A3), (A, (A341)D), ((Ag)“)?(A?)(”) ((AH)D, A) (AWM, Ax4;)
( (41)
(
(
(
(

N W NN WS

(AW, A,47), (AW, A247), ((ADD), 43), (AW, A), ((AT)D), (A541) D)
Al,Al,A17A2)

A1, Aq, AsAy), (Al,Al,AQA%),(Al,Al,Ag),(Al,A%7A‘;))7(A1,A%,A2)

A1, Ds(a1)), (A1, AgA3), (A1, AgA2), (A1, AgAs Ay), (A1, Ds(a1)Ar), (Ar, As), (A1, DyAs)
Ay, Eg(az)), (A1, Ds), (AT, A3), (A3, A3 A1), (AT, A3A1), (AT, Da(ar)), (AT, Dy), (A3, ApAy)
(A%aAQA ) (A:{7A3)a(A27A2A1>7(A27A2A%)7(A2a"43)

TABLE B. The varieties X = C; x --- x C; in Theorem [1) with A = (3, Part 11

Esg

W =
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