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ABSTRACT. Let G be a finite group, let H be a core-free subgroup and let b(G, H) denote
the base size for the action of G on G/H. Let a(G) be the number of conjugacy classes of
core-free subgroups H of G with b(G, H) > 3. We say that G is a strongly base-two group if
a(G) < 1, which means that almost every faithful transitive permutation representation of
G has base size 2. In this paper we study the strongly base-two finite groups with trivial
Frattini subgroup.

1. INTRODUCTION

Let G < Sym(2) be a transitive permutation group on a finite set {2 with point stabilizer
H. A subset B of Q is a base for G if the pointwise stabilizer of B in G is trivial. We write
b(G, H) for the base size of G, which is the minimal size of a base for G. Here H is a core-free
subgroup of G and b(G, H) is the smallest positive integer b with the property that

b
ﬂ H9% =1
i=1
for some g; € G. We say that G is a base-two permutation group if b(G, H) = 2.

The base size of a finite permutation group is a classical invariant that has been studied
for many decades, finding a wide range of applications and connections to a diverse range of
problems in group theory and related areas (we refer the reader to the survey articles [3| 31]
and [10, Section 5] for more details). Determining the precise base size of a given group is
a difficult problem and there has been an intense focus on establishing strong bounds on
the base sizes of primitive groups (here each point stabilizer is a maximal subgroup). In this
direction, there have been several major advances in recent years, partly motivated by a circle
of highly influential conjectures due to Babai, Cameron, Kantor and Pyber, all of which have
now been resolved.

There has also been substantial interest in understanding the base-two primitive groups,
which is an ambitious project initiated by Jan Saxl in the 1990s. Although a complete
classification remains out of reach, there has been significant progress towards this goal, which
is best described in terms of the Aschbacher-O’Nan-Scott division of the finite primitive groups.
For example, there are strong results of Fawcett [21, 22] on diagonal groups and twisted
wreath products, and work of several authors [23] 24 29| [30] on affine groups with quasisimple
point stabilizers. The study of base-two product-type groups was recently initiated in [14]
and there is an expanding literature for almost simple groups. For instance, the base-two
almost simple primitive groups with solvable point stabilizers are determined in [9] and there
is a complete classification for the groups with socle an alternating or sporadic simple group
(see [11 [18] 27]). Some of these results have already found some interesting applications. For
example, see [12] for applications concerning strong 2-generation properties of almost simple
groups and [15] [I9] on the classification of extremely primitive groups. Base-two results also
arise in [17] in relation to bounding the diameter of the solvable graph of an almost simple
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T H Conditions
La(q) [Q]2:(q -1)/d d=(2,¢—1), (¢ —1)/d>T7is a prime
[

232(‘]) q°:(g —1) q — 1 is a prime
L2(3%) 3%:121

Jq Lo(11)

J3 L2(16):2

M 2.B

TABLE 1. The special simple groups

group (here the vertices are labelled by the nontrivial elements of the group, with two vertices
adjacent if they generate a solvable group).

In this paper we introduce and study the following family of groups.

Definition. Let G be a finite group and let «(G) be the number of core-free subgroups H
of G (up to conjugacy in G) such that b(G, H) > 3 with respect to the natural action of G
on G/H. We call G a strongly base-two group if a(G) < 1.

For example, if G = M is the Monster sporadic simple group and H is a proper subgroup,
then [8, Theorem 3.1] states that b(G, H) < 3, with equality if and only if H = 2.B is the
centralizer of a 2A involution. It follows that o(G) = 1 and thus the Monster is a strongly
base-two group. It is therefore natural to ask if other simple (or almost simple) groups share
this property and we will answer this question in Theorem [2| below. More generally, our main
aim is to study the strongly base-two finite groups with trivial Frattini subgroup.

Definition. Let G be a finite group and let H be a subgroup. We say that H is large if
H # G and |H|? > |G|

As a special case of Proposition below, every finite nonabelian simple group T has
a large subgroup. As an immediate consequence, we deduce that a(7") > 1 and this partly
explains why we adopt the condition «(G) < 1 in the definition of a strongly base-two group,
rather than the more restrictive property «(G) = 0. This observation also leads us naturally
to the following definition, which we will need in order to state some of our main results.

Definition. A finite nonabelian simple group T is special if it has a unique Aut(7)-class of
large subgroups.

First we classify the special simple groups and we use this to determine all the strongly
base-two almost simple groups. In Table |1}, we also identify a large subgroup H of T' (note
that H is a Borel subgroup of T in the first three rows of the table).

Theorem 1. Let T be a finite nonabelian simple group. Then T is special if and only if T is
one of the groups recorded in Table[1]

Theorem 2. Let G be a finite almost simple group with socle T. Then «(G) > 1, with
equality if and only if G =T is one of the following special simple groups:
(i) G =1La(q), ¢ > 23 is odd and (¢ — 1)/2 is a prime.
(ii) G =2Bsy(q) and ¢ — 1 is a prime.
(i) G =J; or M.

With Theorem [2] in hand, we now extend our analysis to a wider class of finite groups.
Initially, we were interested in the groups which admit a faithful primitive permutation
representation (that is to say, the groups with a core-free maximal subgroup). But it turns
out that the larger class of groups G with ®(G) = 1 can be studied with similar methods,
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where ®(G) is the Frattini subgroup of G. However, if we relax this condition on ®(G), then
the problem of understanding the core-free subgroups of G becomes much more complicated
and we do not pursue this here.

In the results presented below, we use F/(G) and F*(G) = E(G)F(G) to denote the Fitting
subgroup and the generalized Fitting subgroup of G, respectively, where E(G) is the layer of
G (the latter is the product of the subnormal quasisimple subgroups of G). First we handle
the groups with F(G) # 1. Note that the possibilities for 7" are determined in Theorem

Theorem 3. Let G be a finite group such that ®(G) =1 and E(G) # 1. Then a(G) > 1,
with equality if and only if
G=TxCp X xCp,

where E(G) =T is simple, a(T) =1, k > 0 and each p; is a prime.

Now assume ®(G) = E(G) =1, so F*(G) = F(G) is abelian. In order to state our main
results in this setting, we need to introduce some additional notation. Fix a prime p and note
that P = O,(G) is elementary abelian since ®(G) = 1, so we may view P as a G-module.
Let ¢,(G) be the maximal dimension of a cyclic G-submodule of P and let ¢(G) > 1 be the
maximum value of ¢,(G) over all primes p. Then a concise version of our main result is as
follows.

Theorem 4. Let G be a finite group such that ®(G) =1 and E(G) = 1.
(i) If ¢(G) = 5 then a(G) > 2.
(ii) If ¢(G) = 4 (respectively, 3) then o(G) > 1, with equality if and only if G satisfies all
of the conditions in Theorem (respectively, Theorem m)
(iii) If ¢(G) =1 then a(G) = 0.

For parts (i) and (iii), we refer the reader to Theorems and respectively. The
analysis of the groups with ¢(G) = 2 is more complicated and this explains why they are
excluded in the statement of Theorem [ Some partial results in this special case are presented
in Section |8 and we note that there are examples with «(G) = 0 and «(G) = 1.

We conclude by recording two corollaries of our main results. First we classify all the
nonsolvable strongly base-two finite groups with ®(G) = 1.

Corollary 5. Let G be a finite nonsolvable group with ®(G) = 1. Then «(G) > 1, with
equality if and only if one of the following holds, where k > 0 and each p; is a prime:
(i) G=T x Cp, x -+ x Cp,, where T is a simple group with a(T) = 1.
(ii) G = (C39)%:SLa(5) x Cp, x - -+ x Cp,, where (Cs9)?:SLa(5) < AGL2(59) is primitive
and p; # 2,59 for all 1.

Our final result describes the strongly base-two groups with a core-free maximal subgroup.
That is to say, we determine the strongly base-two finite groups which admit a faithful
primitive permutation representation. In part (iii), recall that an irreducible linear group
L < GLy4(p) is imprimitive if it preserves a nontrivial direct sum decomposition of the natural
module (F,)¢, otherwise L is primitive.

Corollary 6. Let G be a finite group with socle N and assume G has a core-free maximal
subgroup. Then a(G) < 1 if and only if one of the following holds:

(i) G = N is simple and a(G) = 1.
(i) G = N:Cp2py1 < AGL3(p), where N = (Cp)? and p # 1 (mod 3).
(iil) G = N:L < AGLy(p), where N = (Cp)? and one of the following holds:
(a) p=2 and L = C3 or Ss.
(b) p >3, LN Z(GLa(p)) =1 and L is either abelian or primitive.
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(¢c) p=7 and L = Do, is imprimitive, where r is an odd prime divisor of p — 1.
(d) p=3(mod4), |L| =2(p+ 1) and either L is cyclic, or Z(L) = Cy and L is
primitive.

(iv) G = N:L < AGL(p), where N = C)p, and L < GL1(p).

By inspecting the groups arising in Corollary @ we observe that «(G) < 1 only if N is the
unique minimal normal subgroup of G. Let us also record that «(G) =1 in parts (i) and (ii),
whereas a(G) = 0 for the groups in part (iv). In part (iii), we find that o(G) = 0 if and only
if (p, L) = (2,C3) or (b) holds.

Organization. In Section 2] we assume G is an almost simple group and we prove Theorems
and [2| For the remainder of the paper, we assume G is an arbitrary finite group with
®(G) =1 and we begin our analysis by presenting some general lemmas in Section |3, which
impose restrictions on the structure of the socle of a strongly base-two group. In Section
[] we prove Theorem [3| which describes the strongly base-two groups with trivial Frattini
subgroup and nonabelian socle. Next in Section [5| we handle a special family of groups with
abelian socle, which is then used in our analysis of the groups with E(G) = 1 and ¢(G) # 2
in Section [6] where we prove Theorem [l Corollaries 5] and [6] are established in Section [7] and
we finish by presenting some partial results on the strongly base-two groups with ¢(G) = 2 in
Section [8l

Notation. Let G be a finite group and let n be a positive integer. We will write C,,, or just
n, for a cyclic group of order n and G™ will denote the direct product of n copies of G. An
unspecified extension of G by a group H will be denoted by G.H; if the extension splits then
we may write G:H. We use [n] for an unspecified solvable group of order n. We adopt the
standard notation for simple groups of Lie type from [2§].
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suggestions on an earlier version of this paper. We also thank the Department of Mathematics
at the California Institute of Technology for their generous hospitality during a research visit
in spring 2022. Guralnick was partially supported by the NSF grant DMS-1901595 and a
Simons Foundation Fellowship 609771.

2. ALMOST SIMPLE GROUPS

In this section we prove Theorems [I| and [2l We begin by recalling the following result,
which is [25, Theorem A].

Theorem 2.1. Let G be a finite group of composite order. Then G has a proper subgroup H
such that |H|? > |G|.

Remark 2.2. The proof of this result relies on the classification of finite simple groups.
Indeed, by applying induction on |G|, it is straightforward to reduce the proof to nonabelian
simple groups, at which point one can inspect each family of simple groups in turn and
subsequently identify a maximal subgroup with the desired property. This extends earlier
work of Brauer and Fowler [0, Theorem 2D], who showed that every finite group G with even
composite order has a proper subgroup H with |H|[> > |G| (if |G| is odd and composite, then
G is solvable by the Feit-Thompson theorem and it is easy to identify a proper subgroup H
with |H|? > |G]).

Remark 2.3. Observe that b(G, H) > 3 if H is a core-free subgroup of G and |H|?* > |G].
This is clear if |[H|? > |G|, so let us assume |H|? = |G|. If b(G, H) = 2 then there exists g € G
such that the double coset HgH has size |H|?> = |G|, so G = HgH and thus G = HHY. Then
g=hk with h € Hand k€ HY, so H = H9%™" = H9 and we have reached a contradiction.
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We will need the extension of Theorem [2.1]for almost simple groups presented in Proposition
below. In order to state this result, we require the following definition. Recall that a
subgroup H of a finite group G is large if H # G and |H|? > |G].

Definition 2.4. Let G be a finite group and define 5(G) to be the number of conjugacy
classes of large core-free subgroups of G. Notice that a(G) > B(G).

Proposition 2.5. Let G be a finite almost simple group. Then B(G) > 1, with equality if
and only if G is one of the following:

(i) G (q) and (¢ —1)/(2,q—1) > 7 is a prime.
(i) G =<“Ba(q) and g — 1 is a Mersenne prime.
(111) G= L2(3 ) Jl, Jg, J312 or M.

Proof. Let Hy,...,Hy be a complete set of representatives of the conjugacy classes of the
core-free maximal subgroups of G, where |H;| > |H; 1| for all i. Let T be the socle of G.

First assume T is a sporadic simple group. If T = O'N then G contains subgroups
H = L3(7).2 and L3(7), both of which are large. In every other case, by inspecting the tables
of maximal subgroups in [33] it is routine to check that |Hi|?> > |G|, so 8(G) > 1. Similarly,
if T ¢ {J1,J3,M} then we also find that |H3|?> > |G| and thus B(G) > 2. If T = J; or J3
then max{1|H|? |H2|*} < |G| and we conclude that 3(G) = 1. Similarly, if G = M then
|Hs|? < |G| and we claim that |J|? < |G| for every maximal subgroup J of H; = 2.B, which
implies that S(G) = 1. To see this, first note that J contains Z = Z(H;) = Ca, so J/Z is a
maximal subgroup of Hy/Z = B. This implies that |J| < 2|2.2F¢(2):2| and we deduce that
|J|? < |G| as claimed.

Next suppose T' = A,, is an alternating group. If n = 5 then it is straightforward to check
that |Hz|? > |G| and thus B(G) > 2. Similarly, if n > 7 then G = S, or A, and by considering
the stabilizers of 1-sets and 2-sets (with respect to the natural action on {1,...,n}) we deduce
that |Ha| > (n — 2)!, which immediately yields |Hz|?> > |G|. Finally, if n = 6 then with the
aid of MAaGMA [5] it is easy to check that B(G) > 2 (in fact, |Hz|? > |G| unless G = PGL2(9)
or MlO)-

To complete the proof, we may assume 7' is a simple group of Lie type over F,, where
g = pf for a prime p and positive integer f. If T is a classical group, then let V be the natural
module. We divide the analysis into two cases according to the twisted Lie rank of T', denoted
by rk(T).

Case 1. 1k(T) =

We begin by assuming T has twisted Lie rank 1, so T' = La(q), Us(q), 2Ba(q) or 2Ga(q)’.
We consider each possibility in turn.

Suppose T' = La(q). Set d = (2,¢ — 1) and |G : T'| = m, so m < df. Since we have already
treated the alternating groups, we may assume ¢ > 7 and g # 9. The groups with ¢ < 19 can
be handled using MAGMA, so we will assume g > 23. Then H; is a Borel subgroup of order

q(q — 1)m/d, so |Hy|* > |G\ and B(G) > 1. If m > 1 then it is straightforward to check that
|H|? > fq(¢> — 1) > |G|, where H = H; NT has order q(q — 1)/d. Therefore, we may assume
G=T.

Suppose p = 2, so f > 5. If f is even then ¢ — 1 is divisible by 3 and |H|? > |G| where
H is an index-three subgroup of H;. Now assume f is odd and note that |Hs|? < |G| (see
[T, Tables 8.1, 8.2], for example). If ¢ — 1 is a prime then the largest proper subgroup of H;
has order ¢ and we deduce that §(G) = 1. Now assume ¢ — 1 is composite and let r be the
smallest prime divisor of ¢ — 1. Then the largest proper subgroup of Hj has order ¢(q — 1)/r,
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so B(G) > 2 if and only if
2 _gqlg—1)
< . 1
g+1 (1)
By [20, Lemma 2.6], there are no solutions to the equation 2f —1=rtwith¢>2,s0q—1

must be divisible by at least two distinct primes and thus r(r + 2) < ¢ — 1. This implies that
r < /¢ — 1 and one can now check that @ ) holds.

Now assume p is odd and ¢ > 23. If f is even then H = PGLy(¢'/?) is large, so let us
assume f is odd. Then |Hs|? < |G/, so we need to determine if H; has a proper subgroup H
with [H|? > |G|. If (¢ — 1)/2 is a prime then the largest proper subgroup of H; has order g
and we deduce that 5(G) = 1. Now assume (¢ — 1)/2 is composite and let 7 be the smallest
prime divisor of (¢ — 1)/2. Then S(G) > 2 if and only if

2 _alg—1)
re < g 1) (2)

If (¢—1)/2 # r* then r(r+2) < (¢—1)/2,s0r < y/(¢+1)/2—1 and (2) holds. Now assume

(g —1)/2 = r?%, so we are interested in solutions to the Dlophantlne equation
(1) =212

If f > 5 then [4, Theorem 1.1] implies that (p, f,r) = (3,5,11) is the only solution, whence
B(G) =1 when q¢ = 3°. If f =3 then (p? +p+1)(p — 1) = 2r? and this possibility is quickly
eliminated. Similarly, if f = 1 then p = 2(r?> — 1) + 3 and thus r = 3 and p = 19, which is
incompatible with our bound ¢ > 23. We conclude that ¢ = 3° is the only case that arises
here.

Next assume 7' = Uz(q), so ¢ = 3. Set d = (3,¢+ 1) and |G : T'| = m, so m < 2df and we
note that |H1| = ¢*(¢> — 1)m/d and |H;|? > |G| (here H; is a Borel subgroup). If m > 1 then
it is easy to check that |H|? > 2df|T| > |G|, where H = H; N'T, so we may assume G = T.
If d = 1 then H = GUj(q) is a maximal subgroup of G’ and one checks that |H|? > |G|. Now
assume d = 3, so ¢ > 5 and ¢ — 1 is divisible by 3. This implies that H; has a subgroup H
with |Hy : H| = 3 and it is easy to check that |H|? > |G].

Now suppose T = 2B5(q), so p =2, f > 3 is odd and |G : T| = m with m < f. Here H;
is a Borel subgroup and we have |Hi| = ¢*(q — 1)m and |H;|*> > |G|. If m > 1 then take
H = HiNT. Now assume G = T and note that |Hz|? < |G| (see [T, Table 8.16]). If ¢ — 1 is a
prime, then the largest subgroup of H; has order ¢? and thus 3(G) = 1. Now assume ¢q — 1 is
composite and let r be the smallest prime divisor of ¢ — 1. Then H; has a subgroup H of
index r and we have 8(G) > 2 if and only if

2 _ *lg—1)
re < 21 (3)

By arguing as above, we know that g — 1 is divisible by at least two distinct primes. Suppose
f is composite and let s be the smallest prime divisor of f. Then s < f/3 and 2° — 1 divides
g—1,s0r <2f/3 -1 and it is straightforward to check that the bound in is satisfied.
Now assume f is a prime, so Fermat’s Little Theorem implies that every prime divisor of
2/ — 1 is congruent to 1 modulo f. If v/ is the second smallest prime divisor of ¢ — 1 then
" > r+2f and thus r(r + 2f) < ¢ — 1. In turn, this implies that r < \/q+ f2 —1— f and
one can now check that the bound in is satisfied.

To complete the proof for rank 1 groups, let us assume T = 2Ga(q)’, so p = 3, f is odd
and |G : T| = m with m < f. If f = 1 then T = L(8), so we may assume f > 3. If we
take H to be an index-two subgroup of a Borel subgroup of T, then |H| = ¢3(¢ — 1)/2 and
[H|* > fIT| > |G], s0 B(G) > 2

Case 2. 7k(T) > 2
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Suppose T = L,(q) with n > 3 and set d = (n,q — 1). First we claim that |H|?> > |G|
when H is a P; parabolic subgroup of T' (that is, H is the stabilizer in T" of a 1-dimensional
subspace of V). Since |G : T| < 2df, |T: H| = (¢" —1)/(¢—1) < ¢" and

1 L 1 -
_ = n(n-1)/2 i + n*-1
7| =~ ZHQ(q 1) > o™

we deduce that [H|? > |G| if ¢"° ="' > 4d2f. One can check that the latter bound holds
unless n = 3 and ¢ € {2,4} and both of these cases can be handled directly since we have
|H| = ¢*(q — 1)(¢® — 1)/d. This shows that 3(G) > 1. Similarly, for n > 4 it is very easy to
show that |H|? > |G| when H is a P, maximal parabolic subgroup of T. For n = 3 we take
H = Py 5 to be a Borel subgroup of G, so |G : H| = (¢ + 1)(¢*> + ¢ + 1) and we deduce that
|H|? > |G| unless ¢ = 2. Finally, if (n,q) = (3,2) then we can take the subgroup H = 7:3 of
T.

Next assume T' = U, (q) with n > 4. Set d = (n,q+ 1) and let H = P, be the stabilizer in
G of a totally isotropic 2-dimensional subspace of V. Then

1
G H| <2 <q - > gin12
q

and it is straightforward to check that |H|? > |G| since |G| > %q"kl. If K is a P; parabolic
subgroup of G, then |K| > |H| and we conclude that 8(G) > 2.

Now suppose T'= PSp,,(¢)’ with n >4 even and set d = (2,¢—1). If n > 6 and H = P; is
the stabilizer in G of a totally isotropic 2-space, then

G : H <2<q >q2”5
qg—1

and the bound |G| > ﬁq"(”“)ﬂ implies that |H|?> > |G|. As in the previous case, we have
|K| > |H| when K = P;, whence 5(G) > 2. Now assume n = 4. Since PSp,(2)’ = Ag and
PSp4(3) = U4(2), we may assume g > 4. If H is a Borel subgroup of G then |G : H| =
(¢> +1)(g + 1)? and it is easy to check that |[H|? > |G|, which implies that 3(G) > 2.

Similarly, if T' = PQ,(¢) is an orthogonal group with n > 7 then it is a routine exercise to
check that |H|? > |G| when H is either a P; parabolic subgroup of T', or the stabilizer in T
of a nonsingular 1-space. We omit the details.

To complete the proof, we may assume T is an exceptional group of Lie type. If G = Ga(q)’
then we may assume g > 3 (since Go(2)' = U3(3)) and one can check that |[H|? > |G| if H is
a Borel subgroup of G (note that |H NT| = ¢°(g — 1)?). For each of the remaining exceptional
groups with rk(7) > 2, it is a straightforward exercise to exhibit two maximal parabolic
subgroups of distinct orders with the desired property. The result follows. O

As a corollary of Proposition (and its proof), we can determine all the special simple
groups. This establishes Theorem

Theorem 2.6. Let T be a nonabelian finite simple group. Then T is special if and only if
B(T) = 1.

Proof. If T'= Aut(T), then T is special if and only if 5(7") = 1. More generally, if 5(T) =1
then T is special, so we may assume T' # Aut(7T") and 5(T") > 2. We now inspect the proof of
Proposition noting that every group with 5(7") > 2 contains two large subgroups H and
K with H 2 K. Clearly, H and K are not Aut(7)-conjugate and thus 7" is not special. The
result follows. 0

Finally, we establish Theorem
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Proof of Theorem[9. Let G be a finite almost simple group with socle T In view of the bound
a(G) = B(G), we may assume G is one of the groups in Proposition 2.5( with 3(G) = 1. Let
H be a core-free subgroup of G.

First consider the sporadic examples listed in part (iii) of Proposition If G = Ly(3%)
then a(G) > 2 since b(G, H) = 3 when H = 3:11 is a proper subgroup of a Borel subgroup
of G. Similarly, if G = Jz:c with ¢ € {1,2} then b(G, H) = 3 for H = L(16).2c and Ly(16).c.
Next assume G = J;. If H is maximal, then the main theorem of [18] states that b(G, H) > 3
if and only if H = Ly(11) and it is straightforward to check (with the aid of MAGMA, for
example) that b(G, K) = 2 for every proper subgroup K of Lg(11). Therefore, o(G) = 1.
Similarly, a(G) = 1 for G = M by [8, Theorem 3.1].

Next assume G = 2By(q) and ¢ — 1 is a Mersenne prime. Let B = U:T be a Borel
subgroup of G with unipotent radical U = [¢?] and torus T = C,_1. Since |B|* > |G| we have
b(G,B) > 3. If H is not contained in a conjugate of B, then [16, Proposition 4.40] implies
that b(G, H) = 2, whence a(G) = 1 if and only if (G, H) < 2 for every proper subgroup H
of B. Since ¢ — 1 is a prime, every proper subgroup of B is contained in U or V:T', up to
conjugacy, where V' is the unique normal subgroup of U of order q. We claim that b(G, H) = 2
for H =U or V:T, which implies that a(G) = 1.

For H = U this is clear since UNUY =1 for all g € G\ B. Now assume H = V:T'. Let BY
be another Borel subgroup with U N UY = 1. By the Bruhat decomposition, we may assume
that g € Ng(T') and so BYN B =T. Let u € U be an element of order 4. Then H" = V:T"
and

HINH"<B'NB=T.
Therefore, HY N H* < T'N H" and we observe that T'N H" = 1 since T acts fixed point freely
on U/V, which yields b(G, H) = 2. We conclude that o(G) =1 if G =2B(¢q) and ¢ — 1 is a
prime.

Finally, let us assume G = La(q), where (¢ —1)/(2,q — 1) > 7 is a prime. If ¢ is even then
b(G, H) = 3 when H is a Borel subgroup and the same conclusion holds for H = Dy, by
[9, Lemma 4.8]. Therefore, a(G) > 2. Now assume ¢ > 23 is odd and write ¢ = p/ with p
a prime. Note that ¢ = 3 (mod 4), so f is odd. Let B = U:T be a Borel subgroup, where
U = (Cp)/ is the unipotent radical and 7' = Cl4—1)/2 is a torus. Here |B|* > |G| and thus
b(G, B) > 3. By combining results from [9] and [I3], we observe that b(G, H) = 2 if H is any
other maximal subgroup of G. More precisely, we apply [9, Lemma 4.7] if H = D,_; and
[9, Lemma 4.8] for H = D,41. The subgroups of type 2172.05 (2) are handled in [9, Lemma
4.10], while the subfield subgroups (noting that f is odd) and A5 subgroups are treated in
the proof of [13, Theorem 4.22]. Therefore, o(G) = 1 if and only if b(G, H) < 2 for every
proper subgroup H of B.

Let H be a proper subgroup of B. Then H is contained in either U or T', up to conjugacy,
so it suffices to show that b(G,U) = b(G,T) = 2. Since UNUY =1 for all g € G\ B we have
b(G,U) = 2. In addition, we have already noted that b(G, N) = 2 for N = Ng(T') = Dy_1,
whence b(G,T) = 2 and we conclude that a(G) = 1. O

3. SOME GENERAL LEMMAS

For the remainder of the paper, we will assume G is a finite group with trivial Frattini
subgroup and generalized Fitting subgroup F*(G) = E(G)F(G), where E(G) and F(QG)
denote the layer of G and the Fitting subgroup of G, respectively. Recall that the socle of G,
denoted soc(G), is the subgroup generated by the minimal normal subgroups of G.

Lemma 3.1. We have soc(G) = F*(G) = E(G) x F(G) and E(G) is a direct product of

nonabelian simple groups.

Proof. This is straightforward (see [1, Lemma 2.2], for example). O
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We will repeatedly apply the following elementary observation.

Lemma 3.2. Let N be a normal subgroup of G and let H be a proper subgroup of N with
|H|? > |N|. If H is core-free, then b(G,H) > 3. In particular, b(G, H) > 3 if N is a minimal
normal subgroup of G.

Proof. If g € G then HN HY < N and so the bound |H|? > |N| implies that H N HY # 1.
Therefore, b(G, H) > 3 if H is core-free. O

We now present a sequence of lemmas with the aim of obtaining strong restrictions on the

structure of the socle of a strongly base-two group. In the proofs, we will repeatedly apply
Lemma [3.2

Lemma 3.3. Suppose E(G) # 1. Then o(G) > 1, with equality only if
F*(G) =T xCp, x -+ x Cyp,,

where T' is a special simple group, k > 0 and each C),; is a minimal normal subgroup of G.

Proof. Let Ny = T™ be a minimal normal subgroup of GG, where T is a nonabelian simple
group and m > 1. In view of Proposition let J be a large subgroup of T
>

2 and consider the proper subgroups Hy = 7™~ ! x J and Hy = T™ 2 x J?

Suppose m
of N1. Then
Hil? > [T 41J1 > T2 > |y
and thus b(G, H;) > 3 by Lemma so a(G) > 2 and for the remainder we may assume
m = 1. Next suppose Ny = S is another minimal normal subgroup of G, where S is a
nonabelian simple group. Fix a large subgroup K of S and set H; = J and Hy = K. Then

the H; are core-free and non-conjugate, with b(G, H;) > 3 by Lemma so a(G) = 2.

We have now reduced to the case where E(G) = N; =T is simple. Note that b(G, J) > 3
by Lemma so a(G) > 1. Suppose T is non-special and choose a large subgroup K of T'
such that J, K are not Aut(7")-conjugate. Then b(G, K) > 3 and J, K are non-conjugate in
G since T is normal in G, whence a(G) > 2. Finally, let us assume 7 is special and G has a
minimal normal subgroup Ny = (Cp)® with a > 2. If we set Hy = J and Hy = J x (Cp)*71,
then |H1|?> > |N1| and |Ha|? > | N1||Na|, so the H; are core-free subgroups with b(G, H;) > 3
and thus a(G) > 2. O

Lemma 3.4. Suppose G has a minimal normal subgroup N = (Cp)* with a > 5. Then
a(G) = 2.

Proof. We can take subgroups Hy = (Cp)*~! and Hy = (C,)?2 in N, noting that |H;|> > |N|
for i =1,2. 0

Lemma 3.5. Suppose G has minimal normal subgroups N1 = (Cp)® and No = (C,)°, where
a>3andb> 2. Then o(G) > 2.

Proof. Set Hy = (Cp)* ' and Hy = (C,)?~! x (C,)*~!, with respective normal closures N;
and N7 x Na, respectively. Then |H1|? > |Np|, |[Ha|?> > |N1||N2| and each H; is core-free.
Therefore, b(G, H;) > 3 and thus o(G) > 2 as required. O

Lemma 3.6. Suppose G has minimal normal subgroups N1 = (Cp)* and Ny = C),, where
a>3. Then a(G) > 2.

Proof. Let H; and H be subgroups of Ni x Ny of order p®~! and p?®, respectively, where
H; < Ny and Hy has normal closure N1 X No. Then the H; are core-free and it is clear that
b(G, H;) > 3, so a(G) > 2 as required. O

Lemma 3.7. Suppose G has minimal normal subgroups N; = (Cp)* for i =1,2,3, where
ay = 2. Then o(G) > 2.
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Proof. There exist core-free subgroups H; < N1 X Na and Hy < N7 X N3 of index p, whence
b(G, H;) > 3 and the result follows. O

Note that if G has an abelian minimal normal subgroup N = (C})?, then we may view N
as an irreducible a-dimensional G-module over the field ).

Lemma 3.8. Suppose G has minimal normal subgroups N; = (Cp)* fori =1,2,3, which are
pairwise non-isomorphic as G-modules. Then a(G) > 1, with equality only if |0,(G)| = p?
and a; =1 for all i.

Proof. If a; > 2 for some i, then apply Lemma [3.7 so we may assume a; = 1 for all 7. Note
that N1 x Ny x N3 has a core-free subgroup H of index p, which implies that a(G) > 1. If
|0,(G@)| > p*, then G has a minimal normal p-subgroup M such that M # N; and M is not
isomorphic to Ny or N3 as G-modules. Then M x N5 x N3 contains a core-free subgroup of
index p whose normal closure is not equal to the normal closure of H. Therefore, a(G) > 2
and the result follows. O

Let N be an abelian normal subgroup of G. Since N N ®(G) = 1, it follows that N is
complemented in G (see [I, Lemma 2.1(vii)], which is attributed to Gaschiitz [26]), which
means that G = N:A for some subgroup A of G. Since Cq(F*(G)) = Z(F*(G)) (see [2,
(31.13)], for example) and Lemma [3.1] gives Z(F*(G)) = F(G), we deduce that

G=F(G):L, (4)
where L is isomorphic to a subgroup of Aut(F*(G)).

Lemma 3.9. Suppose that H is a core-free p-subgroup of F(G) such that |H|?> > |N|, where
N s the normal closure of H. Then o(G) > 1, with equality only if the following conditions
are satisfied:
(i) BE(G) =1.
(i) N,(H) =1 and L acts faithfully on N.
(ili) F(G) =N x Q, where Q@ = Oy (G) and every subgroup of Q is normal in G.

Proof. First observe that b(G, K) > 3 for every core-free subgroup K of G containing H. In
particular, b(G, H) > 3 and thus a(G) > 1. For the remainder, let us assume a(G) = 1. If
E(G) is nontrivial then it contains a core-free subgroup J with |J|? > |E(G)| (see the proof
of Lemma [3.3)), so b(G, J) > 3 and a(G) > 2. Therefore (i) holds.

Now H is a maximal core-free subgroup of G and the conditions in part (ii) hold since
F(G) =soc(G) and (H,N(H)) N F(G) = H, whence HN,(H) is core-free.

Next observe that N < O,(G). Write F/(G) = N x Q with @ normal in G. The maximality
of H among core-free subgroups of GG implies that every subgroup of @) is normal and so
it remains to show that @ = O, (G). The inequality |H|?> > |N| implies that N contains
a minimal normal subgroup B with |B| > p?. If Q # O,(G), then @ contains a normal
subgroup C' of order p and thus B x C contains a core-free subgroup D with |D| = |B|
and normal closure B x C # N. Therefore, b(G, D) > 3, which is incompatible with our
hypothesis a(G) = 1. Therefore Q = O, (G) and (iii) holds. O

We close this section with two elementary observations in the case E(G) = 1.
Lemma 3.10. Suppose E(G) =1 and A is an abelian subgroup such that AN F(G) = 1.
(i) If A acts semisimply on F(G), then b(G, A) < 2.
(ii) If b(G, A) = 3, then a(G) = 2.

Proof. Suppose A acts semisimply on F(G) and write F(G) = Ny X --- X N, where each
N; is a minimal normal subgroup of F(G):A. Fix z € F(G) so that the projection of x onto
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each N; is nontrivial and let J be the A-submodule of F(G) generated by x. Since x projects
onto each minimal normal subgroup of F(G), it follows that each N; is isomorphic to an
A-submodule of J and so A acts faithfully on J. Therefore, since C'4(z) acts trivially on
J, we deduce that C'4(x) = 1. Finally, suppose that a € AN A*. Then a* € aF'(G) N A, so
a® =a € Cy(z) =1 and we conclude that b(G, A) < 2.

Now suppose b(G, A) > 3. As in (@), write G = F(G):L and let Ay, be the subgroup of L
such that F'(G):Ar = F(G):A. Then the orbits of A and Ay, on F(G) are the same and thus
b(G,Ar) > 3. By (i), AL, does not act semisimply on F(G) and so Ay, is a proper subgroup
of L. Since b(G, L) > 3, we conclude that a(G) > 2. O

Corollary 3.11. If E(G) =1 and every subgroup of F(G) is normal in G, then o(G) = 0.

Proof. Let H be any core-free subgroup of G. Then H N F(G) = 1, so H acts faithfully and
semisimply on F'(G) and it follows that H is abelian. Now apply Lemma [3.10(1). O

4. B(G) #1

In this section, we prove Theorem |3} which describes the finite strongly base-two groups G
with ®(G) =1 and E(G) # 1.

Proof of Theorem[3 Let G be a finite group such that ®(G) = 1 and E(G) # 1. By Lemma
3.3l we have a(G) > 1, with equality only if

F*(GQ)=T x Cp, x -+ x Cp,,

where T is a special simple group, k > 0 and each (), is a minimal normal subgroup of G.
Let H be a representative of the unique Aut(T")-class of large subgroups of T'. For now, let
us assume «(G) = 1. By inspecting the possibilities for 7" and H (see Table , we observe
that T has a unique T-class of large subgroups. In turn, this implies that if 7' < A < Aut(T),
then A = Na(H)T and thus Na(H) # H.

If F(G) =1 then G is almost simple and the result follows from Theorem [2| Now assume
F(G) # 1 and write

F*(G) =Tx (Cpl)al X X (Cpt)at’
where the p; are distinct primes. Recall that G = F(G):L (see (4))) with
T L <A(F(GQ)) = Aut(T) x GLg, (p1) X - -+ X GLg, (pt)-

If x € Cr(T) is nontrivial then J = H X (x) is core-free and b(G, J) > 3. Therefore, we have
CL(T) =1 and thus the projection map 7 : L — Aut(7’) is injective, which implies that L is
an almost simple group with socle T'. Set K = N (H).

As noted above, if L # T then H < K and K is core-free in G, so b(G,K) > 3 since
b(G, H) > 3. Therefore, the condition a(G) = 1 implies that L = T" and thus G = T'x F(G) =
T x Z(QG). Finally, suppose «(T) > 2, say H, K < T are non-conjugate subgroups such that
b(T,H) > 3 and b(T, K) > 3. Then H and K are non-conjugate core-free subgroups of G and
we deduce that a(G) > 2 since b(G, H) = b(T, H) and similarly for K. Therefore, o(T) = 1
and the result follows.

To complete the proof, let us assume G =T x Z(G) and a(T") = 1. We need to show that
a(G) = 1. To see this, first observe that every core-free subgroup of G is of the form

Sy =A{(s,f(s)) : s € 5},
where S < T is a proper subgroup and f : S — Z(G) is a homomorphism. Note that
if b(T,5) = 2 then b(G,Sy) = 2 for every homomorphism f, so it suffices to show that
b(G,Hy) = 2 when f is nontrivial. Let us also note that

Hyn (Hp) = {(h, f(h") : he HNH', f(h) = f(h")}
for all t € T. We now consider each possibility for 7" and H (see Theorem [2{ and Table .
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First assume T' = Ly(q) and H = [¢]:(q¢ — 1)/2, where ¢ > 23 is odd and (¢ — 1)/2 is a
prime. Let f : H — Z(G) be a nontrivial homomorphism, which implies that ker(f) = [q]
and im(f) = C(4_1)/2- Fix t € T'\ H and note that H N H' = (h) = C(4_1)/2- Now H has
(g — 3)/2 distinct classes of elements of order (¢ — 1)/2, while there are (¢ — 3)/4 such classes
in 7. Therefore, we can choose t so that h and h! are not H-conjugate. This implies that
f(h) # f(h') and we conclude that Hy N (Hy)" = 1.

A very similar argument applies when T = 2By(q) and H = [¢%]:(¢ — 1) with ¢ — 1 a prime.
Here ker(f) = [¢%], im(f) = Cy—1 and HNH® = C,_; for all t € T\ H. We can now repeat the
previous argument since H has g — 2 classes of elements of order ¢ — 1, and there are (¢ —2)/2
such classes in T'. Finally, if (T, H) = (J1,L2(11)) or (M, 2.B) then H/N is nonabelian for
every proper normal subgroup N of H and thus every homomorphism f : H — Z(QG) is
trivial. This completes the proof of Theorem O

5. A SPECIAL CASE WITH E(G) =1

For the remainder of the paper, we will assume G is a finite group with ®(G) = E(G) = 1.
In this section, we handle a special case that will be useful in our general analysis. Our main
result is Theorem In the statement, we define r(G) to be the maximal rank of a minimal
normal subgroup of G (that is, r(G) is the maximal dimension of an irreducible G-module
contained in F(G)).

Theorem 5.1. Let G = F(G):L be a finite group with ®(G) = E(G) = 1. Assume that
r(G) = 2 and the derived subgroup of L has even order. Then «(G) > 1, with equality if and
only if all of the following conditions are satisfied:

(i) L has a unique involution x.
(ii) P = [z, F(G)] = (Cp)? = Ou(G) is a minimal normal subgroup of G and p = 3
(mod 4).
(ili) F(G) =P x Q, where Q = Oy (G) has odd order and every subgroup of Q is normal
in G.
(iv) |L| =2(p+ 1) and one of the following holds:
(a) L =2.Dpy1 ts a double cover of the dihedral group of order p+ 1.
(b) L =2.54 is a double cover of Sy and p = 23.
(¢c) L =SL2(3) and p = 11.
(d) L =SLa(5) and p = 59.

Proof. Let x € L' be an involution and observe that = acts as a scalar on every minimal
normal subgroup of G. Moreover, x centralizes every normal subgroup of prime order, so z
centralizes O2(G) and x € Z(L).

Let P = [z, F(G)] = [z, P] and let D < P be a subgroup such that |D|*> = |P| and D
is core-free in G. Set H = (D, z). Then x € Ng(D) and (P, x) is the normal closure of H,
whence b(G, H) > 3 and thus a(G) > 1. Now assume «(G) = 1.

We may write F(G) = P x Cp(g)(z). If some subgroup J of Cp(gy(7) is core-free in G, then
HJ is core-free and b(G, HJ) > 3, so the condition a(G) = 1 implies that every subgroup
of Cp(y(r) is normal in G. Next we claim that  is the unique involution in L as in (i). If
y € L is another involution, then y will normalize some diagonal subgroup D of P as above
and by considering the subgroup (D, z,y) we deduce that o(G) > 2, a contradiction. This
justifies the claim. It follows that a Sylow 2-subgroup S of L is generalized quaternion and S
acts faithfully on every rank two minimal normal subgroup of G.

Let R = O(G) < Cpg)(z). Since every subgroup of R is normal in G, it follows that
R < Z(G). If R # 1, then we can replace z by xy for some 1 # y € R and by arguing as
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above we see that b(G, J) > 3 with J = (D, zy), which implies that a(G) > 2 since z and xy
are not conjugate. Therefore, R = 1.

Write P = Py X -+ X Pp,, where each P; is a minimal normal subgroup of G with || = p?.
The above analysis shows that L acts transitively on the set X of all core-free subgroups D of
P with |D|? = |P| (indeed, we showed above that each subgroup D of this form gives rise to
a core-free subgroup H = (D, z) with b(G, H) > 3). Since N (D) = (x) for each D € X, this
implies that L/(x) acts regularly on X, so |L| = 2|X| = 2[[,(p; + 1) and |S| = 2[[;(pi + 1)2.
Since L has a regular orbit on P, it follows that L acts faithfully on P. In addition, the
transitivity of L on X implies that L acts primitively on each P; (indeed, if P; is imprimitive,
then L has at least two orbits on the lines of F;, which contradicts the fact that L is transitive
on X).

We claim that m = 1 and p; = 3 (mod 4). To see this, first assume p; = 1 (mod 4) for
all 4. Then an element of order 4 in S fixes a line in each P;, and hence an element of X,
contradicting the fact that (z) is the stabilizer in L of every element in X. Therefore, we
may assume p; = 3 (mod 4) for some 4. Then every orbit of S(x) on the set of lines of P; has
size |S|/2 = (p; + 1)2 and so S has an orbit on X of size |S|/2. This implies that m = 1 and
p1 = 3 (mod 4), which proves the claim.

Set p = p1. By inspecting the subgroups of GLy(p) of order 2(p+ 1) that act transitively on
lines (see [32, 6.25, Chapter 3]) with a generalized quaternion Sylow 2-subgroup, we conclude
that the possibilities for L are as described in part (iv).

Finally, we show that a(G) = 1 when G is a group satisfying all of the conditions in the
theorem. First observe that if H < F'(G) is nontrivial and core-free in G, then |H| = p and
thus b(G, H) = 2. Next, let us note that every nontrivial orbit of L on P is regular (since the
stabilizer of a line is (z), and « fixes no nontrivial elements of P), whence b(G, H) = 2 for
every nontrivial core-free subgroup H with H N F(G) = 1. It follows that if H is a core-free
subgroup of G and b(G, H) > 3, then H < N¢ (D), where D is a subgroup of P of order p.
Now every maximal core-free subgroup of Ng(D) is conjugate to (D, x) and thus o(G) =1
since all subgroups D of this form are conjugate in G. O

6. B(Q) =1, ¢(G) # 2

Let p be a prime divisor of |G| and set P = Op,(G). Recall that ¢,(G) denotes the maximum
rank of a cyclic G-submodule of P and we define ¢(G) > 1 to be the maximum value of ¢,(G)
over all primes p. Here we handle the groups with ¢(G) # 2 and we will establish Theorem
Throughout this section, we write G = F(G):L (see ({4])).

Theorem 6.1. Suppose E(G) =1 and ¢(G) = 5. Then o(G) > 2.

Proof. Let M = (C,)" be a cyclic G-submodule of O,(G), where t = ¢(G) > 5. Write
M = My x --- x My, where each M; = (Cp)* is a minimal normal subgroup of G. Seeking a
contradiction, suppose o(G) < 1.

By Lemma [3.4] we have k > 2, and by combining Lemmas and we deduce that
a; = 1 for all 4. The result now follows from Lemma |3.8 O

Next assume ¢(G) = 4. Our main result is the following.

Theorem 6.2. Suppose E(G) =1 and ¢(G) = 4. Then o(G) > 1, with equality if and only
if all of the following conditions are satisfied:
(i) F(G) = P x Q, where |P| =16 and every subgroup of Q@ = O« (G) is normal in G.
(ii) L acts regularly on the set of core-free subgroups of P of order 8.
(iii) One of the following holds:
(a) P = (Co)* is a minimal normal subgroup of G, L = (z) = C15 and (2°) acts
faithfully on Q. In particular, |Q| is divisible by a prime r with r = 1 (mod 3).
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(b) P =Ax B and L = (C3)?, where A = (C2)? and B = (Cs)? are minimal normal
subgroups of G that are non-isomorphic as G-modules and CL(Q) is contained
in Cp(A) or CL(B).

Proof. Write ¢,(G) = 4 for some prime p and set P = O,(G). Let V be a cyclic submodule
of P of order p*. Then V contains a core-free subgroup of order p? (indeed, the existence of
such a subgroup is equivalent to the cyclicity of the dual module V*, noting that V is cyclic
if and only if V* is cyclic, since V' is semisimple). In particular, a(G) > 1.

Now assume that a(G) = 1. This means that all core-free subgroups H with b(G, H) > 3
must form a single conjugacy class of subgroups of V of order p3. We claim that P = V.
Seeking a contradiction, suppose V < P and let A be a minimal normal p-subgroup of G not
contained in V. Since ¢(G) = 4, it follows that V = B x C where A = B as G-modules and
so A x B is a cyclic module of rank 4 with a core-free subgroup of order p® (not contained in
V). Therefore, a(G) > 2 and we have reached a contradiction, so P =V as claimed.

Let us also observe that a core-free subgroup of P of order p? is a maximal core-free
subgroup, whence F(G) = P x @ and every subgroup of @) = Op/(G) is normal in G. By
Lemmas and one of the following holds:

(I) P = (Cyp)* is a minimal normal subgroup of G.

(II) P = Ax B, where A = (Cp)? and B = (C,)? are minimal normal subgroups of G and
non-isomorphic as G-modules.

(IIl) P = A x B, where A = (C},)? and B = (C,)? are minimal normal subgroups of G
that are isomorphic as G-modules and G/Cg(A) is nonabelian.

Let X be the set of core-free subgroups of P of order p? and note that | X| coincides with
the number of subgroups of order p which generate P as a G-module. Since we are assuming
a(G) =1, it follows that L acts regularly on X and thus |L| = |X|. We now consider the
three cases (I), (IT) and (III).

First assume (I) holds, in which case |X| = (p* —1)/(p — 1). If p # 2, then | X| is even
and so L contains an involution. However, any involution stabilizes some subgroup in X,
which contradicts the fact that L acts regularly on X. Now assume p = 2 and note that
|L| = |X| = 15, so L = Cy5. Here the order 3 subgroup of L must act faithfully on @
(otherwise we can construct a core-free subgroup H of order 12 with b(G, H) > 3, which gives
a(G) > 2) and therefore G is described as in part (iii)(a).

Conversely, suppose that G satisfies the conditions in (i), (ii) and (iii)(a). We claim that
a(G) = 1. To see this, let H be a nontrivial core-free subgroup of G and set D = H N F(G).
Note that L has a regular orbit on F'(G), so b(G, H) =2 if D = 1. By (ii), G has a unique
conjugacy class of core-free subgroups of order 8, so it suffices to show that b(G, H) = 2 if
|D| =2 or 4. If |D| = 2, then Ng(D) = F(G) and thus H = D and b(G, H) = 2. Now assume
|D| = 4. First observe that F'(G) has 35 subgroups of order 4, comprising three L-orbits (two
of size 15 and one of size 5). It is straightforward to show that each orbit contains a pair of
subgroups D1, Do such that Dy N Dy = 1, whence b(G, D) = 2. So we may assume there exists
an element y € Np(D) of order 3, in which case we need to consider core-free subgroups of
the form H = (D, z), where z € yF(G) has order 3. Fix w € L such that DN D" =1 and let
R = (u) be a subgroup of F(G) of odd prime order such that y ¢ Cr(R). Then H* N H" =1,
so b(G, H) = 2 and we conclude that a(G) = 1.

Next suppose (II) holds and note that | X| = (p + 1)%(p — 1). First assume p is odd and let
S be a Sylow 2-subgroup of L. If S contains an involution which has a common eigenvalue
on A and B, then there exists an involution normalizing a core-free subgroup of P of order
p? and we deduce that o(G) > 2. Therefore, we may assume S contains a unique involution.
By Theorem S must be abelian and so S is cyclic. This implies that |S| divides p? — 1,
which is incompatible with the fact that L acts transitively on X.
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Now assume p = 2, in which case |X| = 9 and L < GL2(2)? = (S3)%, so L = C3 x Cs.
Suppose there exists a “diagonal” C3 subgroup of L which centralizes Q). Then P:L = Ay x Ay
contains a diagonal subgroup J = A4 with normal closure PJ. It follows that b(G,J) > 3
and thus a(G) > 2. Therefore, a(G) = 1 only if the conditions in (iii)(b) are satisfied.

Conversely, suppose that G satisfies the conditions in (i), (ii) and (iii)(b). Let H be an
arbitrary core-free subgroup of G with b(G, H) > 3 and note that D = HN F(G) # 1. In
particular, if we can show that |D| # 2,4 then o(G) = 1. If |D| = 2, then Ng(D) = F(G) and
b(G,H) =b(G, D) =2, a contradiction. Now assume |D| = 4. First observe that F(G) has
33 core-free subgroups of order 4, which are permuted in orbits of size 9,9,9,3 and 3 by L.
One computes that each orbit of size 9 contains a pair of subgroups with trivial intersection,
so if D is contained in one of these orbits then H = D and b(G, H) = 2. Now assume D is
contained in one of the orbits of size 3, which means that J = Ny (D) has order 3. We can
view P as a direct sum of two irreducible and isomorphic J-modules, which means that the
intersection of any two distinct J-invariant proper subgroups of P is trivial. In particular,
DN DY =1 for some (in fact all) w € L\ J. Now the conditions in (iii)(b) imply that H
acts nontrivially on @ and we may fix v € @ such that J € Cp(u). Then H¥ N H* =1, so
b(G, H) = 2 and we conclude that a(G) = 1.

Finally, let us assume (III) holds. We show that a(G) > 2 in this case. Note that

4
1
Xl="—7 —(p+1)*=p(p*—1)

is the number of core-free subgroups of P of order p?. First assume p = 2 and observe that
L = S5 since this is the only nonabelian group acting faithfully and irreducibly on Cy x Cs.
Since every subgroup of @ is normal, it follows that L’ centralizes Q. Now L’ normalizes five
subgroups of P of order 4, only three of which are normal. Therefore, there is a core-free
subgroup D of P of order 4 normalized by L’. Since the normal closure of DL’ is PL’, it
follows that b(G, DL’) > 3 and thus a(G) > 2.

Now assume p is odd. Since p divides | X|, it follows that L contains unipotent elements and
thus L = SLy(p) is the only possibility since L acts irreducibly on a 2-dimensional module.
Therefore, L' has even order and by applying Theorem we conclude that a(G) > 2 (one
could also argue directly in this case). O

Remark 6.3. Referring to cases (a) and (b) in part (iii) of Theorem we find that the
smallest groups with a(G) = 1 are of the form

((C2)* x C7):C15 and ((C2)* x (Ca)? x Cr):(C3 x Cs)
respectively.

Theorem 6.4. Suppose E(G) =1 and ¢(G) = 3. Then o(G) > 1, with equality if and only
if all of the following conditions are satisfied:

i) F(G) = P x Q, where |P| = p? and every subgroup of Q@ = O,/(G) is normal in G.
P
(ii) L acts regularly on the set of core-free subgroups of P of order p?, and in particular,
LN Z(GL3(p)) = 1.
iii) One of the following holds:
(iif) 9
(a) P =(Cp)? is a minimal normal subgroup of G, L = Cp2 11 and p # 1 (mod 3).
(b) P = A x B, where A= (C,)? and B = C, are minimal normal subgroups of G.
In addition, L acts primitively on A and it contains no nontrivial element that
acts as a scalar on A and acts trivially on B x Q. Furthermore, if p > 3 then
p =3 (mod 4) and |Q| is divisible by a prime r = 1 (mod 8).
(c) P=AxBxC andp > 3, where A, B and C are normal subgroups of G that
are pairwise non-isomorphic as G-modules. In addition, |Q| is divisible by an
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odd prime and L contains no nontrivial element that acts as a scalar on A x B
and acts trivially on C x Q (and similarly for any permutation of A, B and C').

Proof. Let p be a prime with ¢,(G) = 3 and let V be a subgroup of F(G) of order p? that is
cyclic as a G-module. Since V is cyclic, it contains a core-free subgroup H of order p? with
normal closure V. Therefore, b(G, H) > 3 and «o(G) > 1.

Now assume o(G) = 1 and set P = Op,(G). As in the proof of Theorem we deduce
that P =V and F(G) = P x @, where every subgroup of Q = O, (G) is normal in G. In
addition, we see that the possibilities for P are as follows:

(I) P = (C,)? is a minimal normal subgroup of G.
(Il) P = A x B, where A = (C,)? and B = C), are minimal normal subgroups of G.

(IIT) P = A x B x C, where A, B and C are normal subgroups of G that are pairwise
non-isomorphic as G-modules.

Let X be the set of core-free subgroups of P of order p? and note that |X| is the number of
subgroups of P of order p which generate P as a G-module. Since o(G) = 1, we deduce that
L acts regularly on X and thus G satisfies the conditions recorded in parts (i) and (ii) in the
statement of the theorem. We now handle cases (I), (II) and (III) in turn.

First consider (I), in which case |X| = p? + p + 1. If p = 1 (mod 3) then L contains
an element of order 3. But any element of order 3 stabilizes a subgroup in X, which is
incompatible with the fact that the action of L on X is regular, whence p # 1 (mod 3). Since
the only irreducible subgroup of GL3(p) of order p? + p + 1 is a cyclic maximal torus, we
deduce that (iii)(a) holds. Note that since L acts fixed point freely on the set of nontrivial
elements of P, any core-free subgroup of G is either contained in P or intersects F'(G) trivially.
It is clear that the only such subgroups H with b(G, H) > 3 are those contained in P with
order p?, whence a(G) = 1 since any two of these subgroups are conjugate by (ii).

Now let us turn to (II) and note that |L| = |X| = p? — 1. If p = 2, then L = C3 and it is
straightforward to see that the only core-free subgroups H with b(G, H) > 3 are the three
core-free subgroups of P of order 4, all of which are conjugate by (ii). Therefore, a(G) =1 in
this case.

Now assume p is odd. Let S be a Sylow 2-subgroup of L and note that S is abelian by
Theorem Thus L = M:S, where M is abelian of odd order. It is now straightforward
to see that a(G) = 1 if and only if all of the conditions in parts (i), (ii) and (iii)(b) in the
statement of the theorem are satisfied. Indeed, we have already noted that the conditions
in (i) and (ii) are equivalent to the existence of a unique conjugacy class in G of core-free
subgroups of P of order p?. So we need only show that there are no other core-free subgroups
H of G with b(G,H) > 3.

Seeking a contradiction, suppose G has such a subgroup H, which is not an order p?
subgroup of P. Set D = HNF(G). Since L acts regularly on X, L has a regular orbit on F/(G)
and thus D # 1, which means that |D| = p. First assume that the normal closure of D is P.
Then since L acts regularly on X (and hence, by duality, on the set of subgroups of P of order
p, which generate P as a G-module), it follows that Ny (D) =1, H = D and b(G,H) = 2.
The only other possibility is that the normal closure of D is A. Since L acts regularly on X
and |L| = p? — 1, the only elements of L which normalize such a subgroup D must induce
scalars on A and so the corresponding subgroup J of L acts faithfully on B x Q. Moreover,
J is abelian and so J has a regular orbit on W = B x (). One can reduce to the case where
Cw (J) = 1. Then since J is abelian and has order prime to p, it follows that H'(J, F(G)) = 0
and so we may assume that J is a (normal) subgroup of L and H = D:J. Then there exists
an element x € L with C* # C and an element v € W generating a regular J-orbit. It is
now straightforward to show that H* N H” = 1, so we have reached a contradiction and thus
a(G) = 1.
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Note that the transitivity of L on X implies that L acts transitively on the set of lines in
A. In particular, L must act primitively on A. Moreover, we claim that S is cyclic. If not,
then S contains an elementary abelian subgroup of order 4. But we have already noted that
S does not contain an involution acting as a scalar on P = A x B. Any involution in S which
does not act as a scalar on A must fix a subgroup in X, which contradicts the fact that L
acts regularly on X. Therefore, S contains a unique involution and thus S is cyclic (recall
that S is abelian). Since |S| = (p> — 1)2 > (p — 1), it follows that S acts faithfully on A and
the involution in S is trivial on B. However, S acts faithfully on B x ) and so on Q. Since
|S] = 8, it follows that |@Q| must be divisible by a prime r with 7 = 1 (mod 8), as recorded in
(iii) (b).

Finally we consider (III). Here p is odd and |L| = |X| = (p — 1)2. Since L acts regularly
on X, it does not contain any nontrivial scalars. If L contains an element x # 1 acting as
a scalar on A x B and centralizing C' x @, then J = (D, z) has normal closure (A x B, x),
where D is a diagonal subgroup of A x B. Therefore, b(G,J) > 3 and «(G) > 2. This shows
that «(G) = 1 only if the conditions in (iii)(c) are satisfied.

Note that if (III) holds and «(G) = 1, then the Sylow 2-subgroup of L is not cyclic (indeed,
if this subgroup is cyclic then |L|s < (p — 1)2, but we have |L|z = ((p — 1)2)?). Therefore, L
contains an involution acting as a scalar on A X B (or some other product) and so must act
nontrivially on C' x Q. In particular, L contains an involution acting as inversion on A x B
and centralizing C' (up to permutations of A, B and C). Therefore, this involution must act
nontrivially on @ and so |Q)] is divisible by an odd prime.

Conversely, suppose that G satisfies the conditions in (i), (ii) and (iii)(c). Let H be a
core-free subgroup of G with b(G, H) > 3 and set D = H N P, noting that D # 1 since L has
a regular orbit on P. If |D| = p? then N1(D) = 1 and G has a unique class of such subgroups.
Now assume |D| = p, in which case the normal closure of D has order p? or p?. Since L acts
regularly on X, it also acts regularly on the set of subgroups of order p which generate P
as G-module. So if the normal closure of D has order p?, then H = D and b(G,H) = 2,
a contradiction. Now assume the normal closure of D has order p?, say A x B. Then H
induces scalars on A x B and thus H/D acts faithfully on C' x Q. Write H = DH for some
complement Hy to D.

Let W = C x Q = [H,W] x Cw(H). By assumption, Hy acts faithfully on W and so
on [H,W]. As in the above analysis of case (II), we may assume that Cy (H) = 1 and Hy
is contained in L. Since Hy is abelian, it has a regular orbit on [H, W], say v € [H, W] is
contained in such an orbit and fix x € L with DN D* = 1. Then H" N H* = 1 and we
conclude that a(G) = 1. O

Remark 6.5. Let us consider the groups G in Theorem with a(G) = 1, which arise in
cases (a), (b) and (c) in part (iii). A minimal example in (iii)(a) is to take @ = 1, which
yields the primitive affine group G = (C)*:Cp24, 11 < AGL3(p). In (iii)(b), if p = 2, we can
take G = Ay x Co. More generally, we can take L = C)2_; acting irreducibly and faithfully
on A, with the Sylow 2-subgroup of L acting faithfully on @ = C,. Similarly, in (iii)(c) we
can take F'(G) = A x B x C x @ so that L = C,_1 x C,_1 acts faithfully on A x B and the
subgroup of L acting as scalars on A x B acts faithfully on QQ = C,., where r # p is a prime
and p — 1 divides r — 1. For example, if p = 3 and r = 5, then G = ((C3)3 x C5):(Cs)? and
a(G) =1 (here G is isomorphic to D3y x S3 x C3).

Theorem 6.6. Suppose E(G) =1 and ¢(G) = 1. Then a(G) = 0.

Proof. Since E(G) =1 and ¢(G) = 1, L is abelian and every subgroup of F/(G) is normal in
G. Now apply Corollary O

By combining Theorems and we obtain the following corollary.
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Corollary 6.7. Suppose E(G) =1, ¢(G) # 2 and a(G) < 1. Then G is solvable and either
c¢(@) € {3,4} and a(G) =1, or ¢(G) =1 and a(G) = 0.

7. PROOF OF COROLLARIES [B] AND [6]

In this section we prove Corollaries [5] and [6] As usual, we assume G is a finite group with
®(G) =1 and we write G = F(G):L as in (4).

Proof of Corollary[j. Let G be a finite nonsolvable group. If E(G) # 1 then Theorem
applies and thus G has the form given in part (i) of the corollary (note that the possibilities
for T' are recorded in Theorem .

Now assume E(G) = 1 and define ¢(G) and r(G) as before. Since G is nonsolvable it follows
that r(G) > 2, while Corollary [6.7) yields ¢(G) = 2. Therefore, r(G) = ¢(G) = 2. If L’ has
odd order, then L = J:S, where J = O(L) is the largest odd order normal subgroup of L
and S is an abelian 2-group. In particular, G is solvable and so we may assume L’ contains
an involution. We now conclude via Theorem noting that part (iv)(d) holds since G is
nonsolvable. g

Now let us turn to Corollary [6] We first establish a more general result on regular orbits.

Proposition 7.1. Suppose ¢(G) < 2, L' has odd order and L has no regular orbit on F(G).
Then F(G) = P x Q, where P = O32(G) has order 4 and L = S5 x Lo so that Ly = CL(P)
and S3 acts faithfully on P and trivially on Q. In particular, G = S4 X Go with Gy = Q:Ly.

Proof. Clearly if G = Sy x Gy, then the centralizer of any element of F(G) contains an
involution and so L does not have a regular orbit on F'(G). For the remainder, let us assume
L has no regular orbit on F(G).

Let p be an odd prime and set R = L/CL(O,(G)). We claim that R has a regular orbit on
Op(@). This is clear if R is abelian, so let us assume R is nonabelian. This implies that O,(G)
has order p? and so we may view R as a subgroup of GLa(p). We also observe that O(R) is
cyclic and the Sylow 2-subgroup of R is abelian. Since we are assuming L’ has odd order, it
follows that R’ also has odd order and thus |R| is indivisible by p. This implies that either

(a) R acts imprimitively on O,(G) and is therefore contained in the normalizer of a split
maximal torus in GLa(p); or

(b) R acts primitively and is contained in the normalizer of a nonsplit maximal torus.

First assume (a) holds and write R < N, where N = Ngp,,)(T) = Cp-11S2 and
T = (Cp—1)? is a split maximal torus of GLa(p). Here O,(G) has two lines whose union is
R-invariant and we claim that R has a regular orbit on the remaining p? — (2p —1) = (p—1)?
elements. These points lie on p — 1 distinct lines. Suppose y € N acts trivially on one of these
lines. Then y € N \ T is an involution and y acts trivially on a unique line. It follows that R
has no regular orbit on O,(G) if and only if R contains all such involutions. However, the
group generated by these involutions has a nonabelian Sylow 2-subgroup, a contradiction.

A very similar argument applies in case (b). Here R < N with N = N, () (T) = Cp2_;.Co.
There are p + 1 lines in total and the only elements in N that act trivially on a line are
involutions in N \ 7. So if R has no regular orbit, then all such involutions must be in R and
once again we reach a contradiction since the Sylow 2-subgroup of the group generated by
these involutions is nonabelian. This justifies the claim.

Now write F/(G) = O2(G) x Q and let K = C1(Q) be the subgroup of L acting trivially
on @. By the previous claim, L/CL(O,(G)) has a regular orbit on O,(G) for each odd prime
p, so there exists ¢ € @ such that Cp(q) = K. Now K acts faithfully on O2(G), and it has a
regular orbit unless K = S3 and O3(G) = Cy x Cy. So we may assume we are in the latter
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situation, in which case K does not have a regular orbit. Since K is normal in L, and since
K is its own automorphism group, we deduce that L = K x Cp(P). Therefore

G = (OQ(G):K) X Go = 54 X Go
and the result follows. O

Corollary 7.2. Suppose ¢(G) < 2, L' has odd order and L has no reqular orbit on F(G).
Then a(G) = 1, with equality if and only if G = Sq x A and A is an abelian group of odd
order.

Proof. Since L does not have a regular orbit on F(G), it follows that b(G, L) > 3 and thus
a(G) > 1. In addition, if G has the prescribed form, then it is easy to see that L is the only
core-free subgroup H of G (up to conjugacy) with b(G, H) > 3 and thus a(G) = 1.

To complete the proof, suppose a(G) = 1. By Proposition we have O3(G) = Cy x Cy
and L has a subgroup H = S3 with b(G, H) > 3. Since b(G, L) > 3, it follows that H and L
are conjugate and thus G = F(G):H = Sy x A, where A is a complement to O2(G) in F(G).
Therefore, A is abelian and we note that co(G) > 3 if |A| is even, so the hypothesis ¢(G) < 2
implies that |A| is odd. O

We will also need the following proposition, which handles a family of groups with a
primitive permutation representation of degree p? for some prime p.

Proposition 7.3. Let G = F(G):L be a primitive affine group, where F(G) = (Cp)? and
L < GLsy(p) is irreducible. Assume L' has odd order.
(i) If p=2, then a(G) =0 if L =C3, and a(G) =1 if L = S5.
(ii) Suppose L is abelian. Then a(G) = 0 if and only if LN Z(GLa(p)) =1, and a(G) =1
if and only if p=3 (mod 4) and L = Co(p4 1.
(iii) Suppose L is nonabelian and acts imprimitively on F(G). Then o(G) > 1, with
equality if and only if L = Do, and r is an odd prime divisor of p — 1.
(iv) Suppose L is nonabelian and acts primitively on F(G). Then o(G) = 0 if and only if
LN Z(GLa(p)) =1, and a(G) =1 if and only if p =3 (mod 4), |L| =2(p+ 1) and
Z(L) = Cs.

Proof. The result is clear if p = 2, so let us assume p is odd and H is a nontrivial core-free
subgroup of G. If H N F(G) =1 then b(G, H) = 2 since L has a regular orbit on F(G) by
Proposition In particular, if b(G, H) > 3 then H N F(G) has order p.

Since L’ has odd order, it follows that |L| is indivisible by p. In particular, H'(L, F(G)) = 0
and thus any two complements of F'(G) in G are conjugate. Let Z = L N Z(GL2(p)) < Cp—1
be the group of scalars in L.

First assume L is abelian and let D be a subgroup of order p. Then b(G, D) = 2 and
Np(D) = Z. If Z # 1 then b(G,H) > 3 for any subgroup of the form H = D:Y with
1 #Y < Z, whence a(G) > 2 if Z has composite order. On the other hand, if Z = 1 then
a(G) = 0. Now assume Z has prime order, so (G) > 1. Clearly, o(G) = 1 only if L/Z acts
regularly on the set of order p subgroups of F'(G), in which case |L| = (p+1)|Z] is even. Since
any involution in L fixes a line, this implies that |Z| = 2 and L is cyclic of order 2(p + 1). In
addition, since Z is the stabilizer of any line, this forces p = 3 (mod 4) and we conclude that
(ii) holds.

For the remainder we may assume L is nonabelian. We divide the analysis according to
whether or not L acts imprimitively (as a linear group) on F(G).

First assume L acts imprimitively on F(G). Then L has a normal abelian subgroup
Lo < (Cp—1)? of index 2. If K < Ly is any nontrivial normal subgroup of L, then clearly
b(G,DK) > 3, where D = C), is one of the two lines in F(G) fixed by L. This implies that
a(G) = 1, with equality only if Ly contains no proper nontrivial normal subgroups of L. This
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observation, together with the fact that L’ has odd order, implies that Ly = C, for some
odd prime r and we deduce that (iii) holds. Here it is straightforward to see that the only
core-free subgroups H of G with b(G, H) > 3 are of the form D:Lg, where D = C), is one of
the two lines fixed by Lyg.

Now let us assume L is nonabelian and primitive on F(G). Since L’ has odd order, this
implies that L is contained in the normalizer of a nonsplit torus in GLg(p) and L has an
abelian subgroup Lo < Cp2_; of index 2.

If Z =1, then Lg has odd order and no element of L fixes a line, which implies that L is
a dihedral group and |L| divides p 4+ 1. Therefore, the stabilizer of a line in L has order at
most 2. Since the involutions in L are self-centralizing, we deduce that the stabilizer of a pair
of conjugate lines is trivial and thus b(G, H) = 2 for every nontrivial core-free subgroup H of
G. In particular, we conclude that a(G) = 0.

Now assume Z # 1, so a(G) > 1. Let us assume «(G) = 1. Then Z has prime order
and L/Z acts regularly on the set of lines of F(G), so |L/Z| = p+ 1. We also deduce that
D:Z is a maximal core-free subgroup of G for any subgroup D of order p, so Z must be
the stabilizer of every line in F'(G). Since L has even order, this implies that |Z| = 2 and
|L| = 2(p + 1). Moreover, every involution in L must be in Z and no element in L of order 4
fixes a line. Therefore, the Sylow 2-subgroup of L is cyclic of order 4 and thus p = 3 (mod 4)
as in (iv). O

Proof of Corollary[fl Let G be a finite group with socle N and a core-free maximal subgroup.
Then N = S? for some simple group S and positive integer d. If S is nonabelian, then
Theorem (3| implies that a(G) > 1, with equality if and only if G = N = S and «(S5) =1, so
we may assume S = C), is abelian. Then N = (C,)? = F(G) and G = F(G):L < AGL4(p),
where F'(G) is the unique minimal normal subgroup of G.

If d =1 then ¢(G) = 1 and thus a(G) = 0 by Theorem On the other hand, if d > 5
then ¢(G) > 5 and thus a(G) > 2 by Theorem Now assume d € {2,3,4}. If d = 4 then
Theorem implies that «(G) > 2, while for d = 3 we can appeal to Theorem , which
shows that a(G) = 1 if and only if L = C)24,,11 and p # 1 (mod 3).

Finally, let us assume d = 2, in which case 7(G) = ¢(G) = 2. If L’ has even order, then
Theorem implies that a(G) > 1, with equality if and only if p = 3 (mod 4) and either
L = 2.Dp 4 has a unique involution, or (p, L) = (11, SL2(3)), (23,2.54) or (59, SLa(5)). These
cases are all included in part (iii)(d) of Corollary [6] Finally, if L’ has odd order then we apply
Proposition [7-3] O

8. B(G) =1, ¢(G) =2

In this final section we consider the strongly base-two groups with ®(G) = E(G) = 1 and
¢(G) = 2. Recall that 7(G) denotes the maximal rank of a minimal normal subgroup of G.
Since 7(G) < ¢(G), we see that every minimal normal subgroup of G has rank 1 or 2. As
usual, write G = F(G):L as in (4).

Remark 8.1. Recall that if ¢(G) > 3, then one can always find a core-free subgroup H of
F(G) with b(G, H) > 3. But this need not be the case when ¢(G) = 2. Indeed, we may have
b(G, H) = 2 for every nontrivial core-free subgroup H, which means that a(G) = 0.

We have already handled several special cases in this setting. For instance, the nonsolvable
strongly base-two groups were determined in Corollary |5, while the examples with a core-free
maximal subgroup are recorded in Corollary 6} The latter result shows that we can find groups
with ¢(G) = 2 and a(G) = 0 or 1, and further examples can be constructed by combining
these groups. Let us also observe that if L’ has even order, then 7(G) = 2 and Theorem
classifies the groups with a(G) < 1. One can also construct examples where |L'| is odd and
a(G) = 1, analogous to those in Theorem
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For the remainder, let us assume |L'| is odd and let O(L) be the largest odd order normal
subgroup of L. Then O(L) is abelian and L = O(L):S for some abelian 2-group S. Note that
the condition ¢(G) = 2 implies that if G has a minimal normal subgroup P = (Cj)? on which
G acts as a nonabelian group, then P = O,(G).

In view of Corollary we may assume that L has a regular orbit on F(G). As a
consequence, it is straightforward to show that there are no core-free subgroups H of G such
that b(G,H) >3 and HN F(G) = 1.

The following result gives necessary and sufficient conditions for a(G) = 0. In view of
Theorem note that «(G) = 0 only if the derived subgroup of L has odd order.

Theorem 8.2. Suppose E(G) =1, ¢(G) =2 and L' has odd order. Then o(G) = 0 if and
only if all of the following conditions are satisfied:

(i) L has a regular orbit on F(G).
(ii) If H is a core-free subgroup of F(G), then H N H* =1 for some z € L.

(iii) L does not contain a subgroup J = (y) of prime order such that F(G) =V x Cp)(y),
where

V=[yFG]=Vx---xV
and the following conditions are satisfied:
(a) Each V; = (Cy,)? is a cyclic G-module.
(b) y acts as a nontrivial scalar on each V;, unless V; is imprimitive as a G-module
and y acts nontrivially on V;, stabilizing each of the two lines permuted by G.

(iv) L does not contain a subgroup J = Ss such that
V = [, F(G)] = 0s(G) x U,

where U = Uy x - - - x Uy with each U; = (Cp,)? a cyclic G-module, and J acts faithfully
on O2(G) = (Cs)? and by inversion on U.

Proof. The necessity of (i) is clear (otherwise, b(G, L) > 3). The condition in (ii) is equivalent
to the property that b(G, H) < 2 for every core-free subgroup H of G contained in F(G).

Let us assume there exists an element y € L satisfying (iii). Let U; = C), be a y-invariant
subgroup of V;. Note that if y acts as a scalar on V;, then every subgroup of V; is y-invariant,
otherwise there are exactly two choices for U; (corresponding to the two lines in V; permuted
by G). Set U = Uy X --- x Uy, and let Y be the normal closure of (y) as a subgroup of L.
Note that each nontrivial element of Y either acts as a scalar on each V;, or it preserves the
two lines in V; permuted by G and acts trivially on Cp(g)(y). Therefore, Y normalizes U and
we deduce that VY is the normal closure of H = UY in G. Since |H|? > |[VY| we conclude
that b(G, H) > 3 and thus a(G) > 1.

Now suppose that there exists a subgroup J as in (iv). Let W; < U; be a subgroup of order
p; that is not normal in G and set W = Wy x --- x Wy and H = W .J, noting that VJ is the
normal closure of H. Then |H|? = 36|U| > 24|U| = |V J| and thus b(G, H) > 3.

We have now shown that if a(G) = 0 then all of the conditions in (i)-(iv) are satisfied.
So it remains to show that the converse holds. To do this, let us assume (i)-(iv) holds and
suppose a(G) > 1. Let H be a maximal core-free subgroup of G with b(G, H) > 3 and set
X = H N F(G), noting that X is a nontrivial proper subgroup of H by conditions (i) and
(ii). Let V be the normal closure of X and write V=17 x --- x V and X = X x -+ x X,
where V; = (Cp,)? for some prime p; and X; = X NV; = €, is normalized by H.

Suppose p; is odd. Then since the group induced by the action of L on V; has a derived
subgroup of odd order, it follows that every element in L of order p; acts trivially on V;. In
particular, H acts completely reducibly on V;. And for p; = 2 we note that |V;| = 4 and
H/Cr (V)] < 2
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Next observe that if V; (as an L-module) is either reducible, or irreducible and primitive,
then the intersection of the stabilizers of distinct L-conjugate lines in V; consists of scalars
(indeed, if the action of L on Vj is abelian, then the stabilizer of any line that is not L-invariant
just consists of scalars). On the other hand, if V; is irreducible and imprimitive, then either the
pair of conjugate lines form an L-orbit, or the intersection of the stabilizers consists of scalars.
By (ii), we can choose x € L so that X # X; for all 4, which implies that HNH*NF(G) = 1.
In addition, the above remarks show that if h € H N H?, then either h acts as a scalar on V;,
or V; is imprimitive as an L-module and h stabilizes each of the two lines permuted by L. If
we now write F'(G) =V x W, where W is a normal subgroup of G, then there are two cases
to consider.

First assume that H/Cy (W) has a regular orbit on W, which means that Cy(w) = Cy(W)
for some w € W. Then H*" N H N F(G) = 1 and each element in H*" N H centralizes W
and acts as a scalar on each V;. By (iii), it follows that H** N H = 1, a contradiction.

Now suppose that H/Cg(W) does not have a regular orbit on W. By Proposition
this implies that W = O2(G) x U and H/Cg(V x U) acts on O2(G) as Ss. By a further
application of Proposition it follows that there exists u € U such that Cy(u) centralizes
U (that is, H/Cy(U) has a regular orbit on U). Then by arguing as in the previous paragraph,
we see that H*™ N H acts as scalars on each V; and contains an S35 subgroup whose elements
of order 3 centralize V. This contradicts (iv) and completes the proof. U

Remark 8.3. Let us note that we may modify conditions (iii) and (iv) in Theorem 8.2]so that
the subgroup J is normal in L. This is clear in case (iv) and indeed we note that L = JCL(J).
Now consider (iii). If y acts as a scalar on each V;, then y is central in L and thus J = (y) is
normal. So let us assume y is not central in L. Then (y') satisfies the conditions in (iii) for
any element y' € [y, L] < L' < O(L) of prime order and either ¢y acts trivially on V;, or V;
is imprimitive as a G-module. Let Y be the normal closure of {y') in L. If x € L, then x?
centralizes Y and so L acts on Y as an elementary abelian 2-group. In particular, Y is a
completely reducible L-module with 1-dimensional summands and therefore we can choose 3/
so that (y') is normal in L.

By inspecting the proof of Theorem [8:2] together with the relevant proofs in Sections [4]
and [6 we obtain the following characterization of the groups with a(G) > 1.

Theorem 8.4. Let G be a finite group with ®(G) = 1. Then a(G) > 1 if and only if there
exists a core-free subgroup H of G with |H|?> > |N| and b(G,H) > 3, where N is the normal
closure of H in G.

The next result shows that a(G) = 1 only if b(G, H) = 2 for every nontrivial core-free
subgroup H of G contained in F(G).
) =
(G,

=1, ¢(G) =2 and L' has odd order. If F(G) contains a
) > 3, then o(G) > 2.

Proposition 8.5. Suppose E(G
core-free subgroup H of G with b(G

Proof. Seeking a contradiction, let us assume «(G) = 1 so H is a maximal core-free subgroup
of G. In particular, N (H) = 1 since HN(H) is also core-free. Also note that if K is a
proper subgroup of H, then K N K* =1 for some = € L.

Let V < F(G) be the normal closure of H in G and write V =V x Vj x - -+ x Vj, where
[Vo| € {1,4} and for i > 1 we have V; = (C,)? for some odd prime p;. Set W; = V; N H and
let K; be the group induced by the action of Nz (W;) on W;. In addition, let J < S3 be the
group induced by the action of L on V. There are two cases to consider.

First assume that J # S3. We claim that for each ¢ > 0, there exists a proper nontrivial
subgroup U; of V; with U; # W; and N (U;) = N (W;). If |K;| > 3 then L acts imprimitively
on V; and the claim clearly holds in this case. For |K;| = 2 we can take U; to be the other
eigenspace of K; on V;, and if K is trivial then we can choose any line U; # W; in the L-orbit
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of W; in V;. This justifies the claim and we set U = Uy X - - - X Uy. Since N (U;) = Np(W;)
for all 4, it follows that b(G,U) = b(G, H). Therefore, the condition a(G) = 1 implies that H
and U are L-conjugate and so there is some element z € L with U; = W' for all 7. But this
gives H N H* = 1, a contradiction.

Finally, suppose J = S3 and fix y € L’ acting as an element of order 3 on Vj. Set Uy = Wj.
As in the previous case, for ¢ > 1 we choose U; to be a line in V; such that N (U;) = Np(W;).
In addition, we claim that we can choose the lines so that U; # W/ for all ¢ > 1. This is clear
if y acts trivially on V;, and more generally if y stabilizes W;. If |K;| = 2, then y centralizes
K; and therefore preserves each of the two eigenspaces of K; on V;. And if K; = 1, then we

take Uy = WY £ WY,

Let U = Uy X - -+ X Ug. Since N (U;) = Nr(W;) for all 4, it follows that b(G,U) = b(G, H)
and so U = H” for some = € L. Therefore, W;* = U; for all 7 > 1 and thus  must normalize
Wo. Setting z = zy~!, we have W§ = Wé’_l # Wy and also W7 = Uiy_1 # W; for ¢ > 1. This
implies that H N H? = 1 and once again we have reached a contradiction. O

To conclude, let us briefly explain how one can use Theorem and Proposition to
analyze the groups with E(G) = ®(G) =1, ¢(G) = 2, L' of odd order and o(G) = 1.

First observe that if H represents the unique conjugacy class of core-free subgroups of GG
with b(G, H) > 3, then H must intersect F'(G) nontrivially, but it cannot be contained in
F(G). Furthermore, there exists a normal subgroup J of L, as described in parts (iii) or (iv)
of Theorem m (see Remark . Then H = AJ, where A = C), x --- x Cp, is as described
in the proof of the theorem.

Now N (A) = J (since ANL(A) is core-free and b(G, AN (A)) > 3) and every subgroup
C of Cp(g)(J) must be normal in G (otherwise H x C' is core-free and b(G, H x C) > 3).
Moreover, L must act transitively on the set of subgroups B < [J, F(G)]| with the property
that B is normalized by J and the subgroups BJ and AJ have the same normal closure in
G. In particular, L/J acts simply transitively on the set of such subgroups. These conditions
essentially describe all the groups with a(G) =1 in this setting, imposing various conditions
on the cyclic summands of [J, F(G)].

For example, if J = (y) has the properties described in part (iii) of Theorem and F(G)
has a subgroup W = (C,)? that is imprimitive as an L-module, then F(G) = W x Cra ()
and every subgroup of Cr()(y) is normal in G. Therefore, in case (iii) we may assume that
y acts as a scalar on each V; and G has no imprimitive minimal normal subgroups. We leave
the task of describing the precise structure of the groups with a(G) = 1 to the interested
reader.
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