ON THE UNIFORM SPREAD OF ALMOST SIMPLE
LINEAR GROUPS

TIMOTHY C. BURNESS AND SIMON GUEST

ABSTRACT. Let G be a finite group and let k be a non-negative integer. We say that G
has uniform spread k if there exists a fixed conjugacy class C' in G with the property that
for any k nontrivial elements z1,. ..,z in G there exists y € C such that G = (z;,y) for
all i. Further, the exact uniform spread of G, denoted by u(G), is the largest k such that
G has the uniform spread k property. By a theorem of Breuer, Guralnick and Kantor,
u(G) > 2 for every finite simple group G. Here we consider the uniform spread of almost
simple linear groups. Our main theorem states that if G = (PSLy(q), g) is almost simple
then u(G) > 2 (unless G 2 Sg), and we determine precisely when u(G) tends to infinity
as |G| tends to infinity.

1. INTRODUCTION

Let G be a group and let d(G) be the minimal number of generators for G. We say
that G is d-generated if d(G) < d. It is well known that every finite simple group is 2-
generated, and in recent years a wide range of related problems on the generation of simple
groups has been studied. For example, in [18, 31, 36] it is proved that the probability that
two randomly chosen elements of a finite simple group G generate G tends to 1 as |G|
tends to infinity, confirming a 1969 conjecture of Dixon [18]. In a different direction,
various generalizations have been investigated by imposing restrictions on the orders of
the generating pairs (see [38, 39, 40, 43], for example).

Following Steinberg [45], a finite group G is said to be 3/2-generated if every nontrivial
element of G belongs to a generating pair. In [45], Steinberg conjectured that every finite
simple group has this strong 2-generation property, and this was later proved by Guralnick
and Kantor in [25], using probabilistic methods. More generally, G is said to have spread k
if, for any k nontrivial elements 1, ...,z € G, there is some y € G such that G = (x;,y)
for all ¢ (this notion is originally due to Brenner and Wiegold [6]). We define s(G) to be
the exact spread of G, which is the largest k such that G has the spread k property. In
particular, G is 3/2-generated if and only if s(G) > 1.

The stronger notion of wuniform spread was introduced in [25]. We say that G has
uniform spread k if there exists a fixed conjugacy class C' in G such that for any k£ nontrivial
elements z1,...,x € G, there is some y € C' with G = (x;,y) for all i. We define the
exact uniform spread of G, denoted by u(G), in the obvious way. Clearly s(G) > u(G),
and in general these numbers are distinct. For example, if G = SL3(2) then s(G) = 4 and
u(G) = 3.

Let G be a finite simple group. In [25, 27] it is proved that s(G) > 2 for all but at
most finitely many G, and that there are infinitely many examples with s(G) = 2. This
has been extended in [7], where it is proved that every finite simple group G satisfies the
bound u(G) > 2, with equality if and only if G = Sp,,,(2) (with m > 3), As, Ag or O (2)
(see [7, Theorem 1.2]). Related results for almost simple groups are also obtained in [7]
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(recall that a group G is almost simple if Gy < G < Aut(Gyp) for some non-abelian finite
simple group Gg, which is the socle of G). Of course, if G is almost simple and G/Gy is
non-cyclic then s(G) = 0 since G # (z,y) for all z € Gy, y € G. However, the following
slightly weaker spread-two property is established in [7, Corollary 1.5]: if 1,29 € G are
nontrivial then there exists y € G such that Gy < (x;,y) for i = 1,2.

In this paper we consider the spread of almost simple groups. An important motivation
comes from the following conjecture concerning the spread of an arbitrary finite group (see
[7, Conjecture 1.8]):

Conjecture 1. A finite group G is 3/2-generated if and only if G/N is cyclic for every
nontrivial normal subgroup N of G.

Clearly, the cyclic condition on quotients is necessary for 3/2-generation. For the con-
verse, Guralnick [22] has established a reduction to the case where G is almost simple
with socle Gg, and some special cases have recently been established. Indeed, if Gg is a
sporadic group then the conjecture follows from [7, Table 9 and Lemma 6.1], while the
result for alternating groups follows from [7] (for G = A,, and Gy = Ag) and [3] (for the
case G = S,,). Therefore, to complete the proof of Conjecture 1 we may assume G is a
simple group of Lie type.

The above conjecture can also be interpreted in terms of the generating graph of a finite
group G, which is defined as follows. Let I'(G) be the graph defined on the set of nontrivial
elements of G so that two vertices x,y are joined by an edge if and only if G = (z,y).
Then G is 3/2-generated if and only if there is no isolated vertex in I'(G). Similarly, G
has spread 2 if and only if the diameter of I'(G) is at most 2. An even stronger conjecture
is proposed in [8]: if |G| > 4 then I'(G) contains a Hamiltonian cycle (a path that visits
each vertex exactly once) if and only if G/N is cyclic for every nontrivial normal subgroup
N of G (see [8, Conjecture 1.6]). For example, it is known that all sufficiently large finite
simple groups have this remarkable property (see [8]).

The purpose of this paper is to establish a stronger version of Conjecture 1 in the case
Gy = PSL,,(¢). Our main theorem is the following:

Theorem 2. Let G = (PSL,(q), g) be an almost simple group. Then either u(G) > 2, or
G = PSL(9).2 = Ss and u(G) = 0.

In a similar spirit to [25, 7], probabilistic methods play an essential role in the proof of
Theorem 2. Indeed, our main theorem is an easy corollary of Theorem 3 below on random
generation. To state the result we require some additional notation. Let G be a finite
group, let C' be a conjugacy class of G and let z € G. We write P(G = (z,y) | y € C) for
the probability that = and a randomly chosen element of C' generate G.

Theorem 3. Let G = (PSL,,(q),g) be an almost simple group. Then either there exists a
G-class C C gPSLy,(q) such that

B(G = (5,9) | y € C) > 1/2
for all nontrivial x € G, or
G e {PSLQ(Q).2, PSL3(4).21, PSL4(2).2, PSL4(3).22} (1)

where PSLy(9).2 = Sg, PSL3(4).21 is an extension of PSL3(4) by a graph-field automor-
phism and PSL4(3).22 = (PSL4(3), 1) where v is the inverse-transpose graph automorphism.

The groups in (1) are genuine exceptions, but in each case it is easy to check directly
that u(G) > 2, unless G = PSLy(9).2 where we have u(G) = 0 and s(G) = 2 (see Section
2.7). Note that PSLy(2).2 2 Sg and PSL4(3).22 = PGO{ (3).
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It is interesting to consider the asymptotic behaviour of s(G) and u(G) for infinite
sequences of simple groups G. In [27] it is proved that s(A,) tends to infinity if and
only if the smallest prime divisor of n tends to infinity. More generally, [27, Theorem 1.1]
states that if G; is a sequence of simple groups such that |G;| — oo, then s(G;) — oo if
and only if there does not exist an infinite subsequence of the GG; consisting either of odd
dimensional orthogonal groups over a field of fixed size, or alternating groups A,, with
each n; divisible by a fixed prime. In fact, if we exclude these exceptional cases then the
proof actually shows that u(G;) — oo (this observation is originally due to Guralnick and
Kantor [25]). Here we extend the analysis to sequences of suitable almost simple groups
with socle PSL,(q).

Theorem 4. Let G; = (S, gi) be a sequence of almost simple groups, where S; = PSLy,(g;)
and |G| tends to infinity. Then u(G;) is bounded if and only if there exists an infinite sub-
sequence of the G; where n; is odd, q; is fired and each g; is either a graph automorphism,
or a graph-field automorphism involving an odd order field automorphism.

Our final result concerns the minimal generation of almost simple groups. Recall that
every finite simple group is 2-generated. More generally, if G is almost simple with socle
Gy then a theorem of Dalla-Volta and Lucchini [16] states that

d(G) = max{2,d(G/Gy)} < 3.
As an easy corollary of Theorem 3 we recover this result in the case Gy = PSL,(q).

Corollary 5. Let G be an almost simple group with socle Gy = PSL,(q). Then
d(G) = max{2,d(G/Gy)} < 3.

Let G = (PSL,,(¢), g) be an almost simple group. Bounds on fixed point ratios play an
essential role in the proof of Theorem 3 (from which Theorem 2 quickly follows). Recall
that if 2 = G/H is a transitive G-set then the fized point ratio of an element x € G, which
we denote by fpr(xz, G/H), is the proportion of points in 2 fixed by z. Our approach relies
on the following easy observation (see Theorem 2.3). Suppose there exists s € PSLy(q)

such that
> fpr(x,G/H) < 1/2 (2)
HeM(gs)
for all z € G of prime order, where M (gs) is the set of maximal subgroups of G containing
gs. Then the conclusion to Theorem 3 holds with C' = (gs)“. In almost all cases we will
show that there exists such an element s.

There are several steps in estimating the summation in (2). Firstly, we need to choose
s in such a way that we can determine the subgroups in M(gs); the basic idea is to choose
s so that gs is contained in very few maximal subgroups, and we use a combination of
tools to do this. For example, we frequently apply the main theorem of [24] (and related
results in [23, Section 2]) on subgroups containing elements of large prime orders (see
Section 2.5), and we use the theory of Shintani descent in the case where g is a field or
graph-field automorphism (see Section 2.6). Next we require upper bounds on fixed point
ratios for elements of prime order in primitive actions of G (see Section 2.4). Fortunately,
such bounds have been widely studied in recent years (see [9, 10, 11, 12] and [25, Section
3], for example). Our aim is to obtain an explicit bound of the form

Z fpr(z,G/H) < F(n,q)
HeM(gs)

for some function F' with the property that F(n,q) < 1/2 for all suitable values of n and
g. In addition, if F(n,q) tends to 0 as n or ¢ tends to infinity then the conclusion to
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Theorem 4 also follows. For some small values on n and ¢ we frequently require a more
detailed analysis; in these cases it is often convenient to verify the desired bound directly,
with the aid of MAGMA [4] (see Section 2.7 for further details).

In a forthcoming paper we extend our techniques and analysis to the other almost
simple groups of Lie type. Combined with Guralnick’s reduction theorem [22], and earlier
work on groups with an alternating or sporadic socle, this will complete the proof of the
Breuer-Guralnick-Kantor conjecture on 3/2-generated finite groups.

Let us make some comments on the organization of this paper. In Section 2 we fix
notation and we present a number of results which will be required in the proofs of the
main theorems. More precisely, in Section 2.2 we describe the probabilistic methods at the
heart of our proof of Theorem 3 — the main result here is Theorem 2.3. Next, in Section
2.3 we give a brief overview of the subgroup structure of almost simple groups with socle
PSL,(q), based on Aschbacher’s main theorem [1]. Various bounds on fixed point ratios are
presented in Section 2.4, and some useful results on primitive prime divisors are recalled
in Section 2.5. The theory of Shintani descent plays an important role in our analysis —
this is explained in Section 2.6. Finally, in Section 2.7 we discuss the role of MAGMA in
the proofs of the main theorems.

The proofs of Theorems 2 — 4 is given in Sections 3 — 6. Here the analysis naturally
splits into 4 cases, according to the various possibilities for g. In Section 3 we quickly
handle the case where ¢ is a diagonal automorphism (this is essentially given in [7]). Next,
in Sections 4 and 5, we assume g is a field or graph-field automorphism, and we complete
the proof in Section 6 where we deal with graph automorphisms. Finally, the short proof
of Corollary 5 is presented in Section 7.

Acknowledgments. The authors would like to thank Bob Guralnick for bringing this
problem to their attention, and for many helpful discussions relating to this work. The first
author would also like to thank the University of Southern California and the California
Institute of Technology for their generous hospitality during a research visit in Spring
2008. The first author was supported by EPSRC grant EP/1019545/1.

2. PRELIMINARIES

2.1. Notation and terminology. We start by fixing some of the notation we will use
throughout the paper. Let G be a finite group and let n be a positive integer. We write G™
for the direct product of n copies of G, Z(G) for the centre of G and |z| for the order of an
element = € G. The exact spread and exact uniform spread of G are denoted by s(G) and
u(@Q), respectively. The cyclic group of order n is denoted by Z,, (or just n), while F, is
the finite field of order ¢. For integers a and b, (a,b) denotes their highest common factor,
and d,p is the familiar Kronecker delta (so that dqp = 1 if a = b, otherwise o = 0). We
adopt the standard terminology and notation of [33] for finite classical groups and their
subgroups. In particular, we write GL;! (q) = GL,(q), GL;, (q¢) = GU,(q) and we extend
this notation to the projective groups PGL, (¢) and PSLY,(¢) in the obvious way. We will
often represent an element of (P)GL(V') as a matrix with respect to a fixed basis of V; it
is convenient to write [A1,..., A;] to denote a block-diagonal matrix with blocks A;. We
will also write J,, for a standard unipotent Jordan block of size m.

Let Go = PSL,(q), where n > 2 and ¢ = p/ for a prime p. By a theorem of Steinberg
(see [46, Theorem 30]), every automorphism of Gy is a product of the form idfg, where
e i is an inner automorphism (induced by conjugation in Gy);
e d is a diagonal automorphism (induced by conjugation in PGL,(¢) \ Go);
e fis a field automorphism (induced by an automorphism of F,); and
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e g is a graph automorphism (induced by the order-two symmetry of the associated
Dynkin diagram of type A,,_1, with n > 3).

As the terminology suggests, an inner-diagonal automorphism is the product of an inner
and a diagonal automorphism. Naturally, we identify Gy and PGL,,(¢) with the subgroups
of Aut(Gg) comprising the inner and inner-diagonal automorphisms of Gy, respectively.
The full automorphism group has structure

Aut(GO) = (GO A Z(n,q—l)) X (Zf X Za)a

where a = 2 if n > 3, otherwise a = 1.

2.2. Probabilistic methods. Let G be a finite group. For z,y € G we define

o eedf G ={m)] eyl |G £ m A
Bloy) =1 W - W |

the probability that = and a randomly chosen conjugate of y do not generate G.

Lemma 2.1. Suppose there exists an element y € G and a positive integer k such that
P(x,y) < 1/k for all nontrivial v € G. Then u(G) > k.

Proof. Let P(E) be the probability that an event E occurs, and let E¢ denote the com-
plementary event, so P(E¢) =1 —P(FE). Suppose 1, ...,z € G are nontrivial and let E;
be the event that G = (z;, z), where z is a randomly chosen G-conjugate of y. Clearly, it
suffices to show that P(F) > 0, where £ = F1 N --- N Ey. Now

k
P(E)=1-P(E)=1-P(E{U---UEf) >1-Y P(Ef)
i=1
and P(Ef) = P(z,y) < 1/k, so P(E) > 1 —k(1/k) = 0 as required. O

Consequently, we see that Theorem 3 implies Theorem 2 (modulo checking the four
exceptions in (1)).

Clearly, we need to estimate P(x, y) in order to apply effectively Lemma 2.1. To do this,
we will use the bound provided in Lemma 2.2 below, but first we require some additional
notation. For y € G let M(y) denote the set of maximal subgroups of G containing y. Let
Q = G/H denote the set of (right) cosets of a subgroup H in G, and let fpr(z, G/H) be
the fized point ratio of x € G with respect to the natural transitive action of G on G/H,
so fpr(z,G/H) is the proportion |Cq(x)|/|€2| of points in Q that are fixed by z, where
Cao(z) = {w € Q| wr = w} is the set of fixed points of x on Q. It is straightforward to
show that

Lemma 2.2. For any x,y € G we have

P(z,y) < > fpr(z,G/H).
HeM(y)

Proof. Suppose z € y“ and G # (x,2z). Then (z',y) < H for some H € M(y) and
2’ € 2%. The bound now follows since fpr(z,G/H) is the probability that a randomly
chosen G-conjugate x’ of z has the property (2/,y) < H. O

Clearly we have

Z fpr(z,G/H) < Z fpr(z’, G/H)

HeM(y) HeM(y?)
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for all positive integers ¢, j. In particular, Theorem 3 follows immediately from the next
result.

Theorem 2.3. Let G = (PSL,,(q),g) be an almost simple group and assume G is not one
of the groups listed in (1). Then there exists an element s € Gy such that

Z fpr(x,G/H) < 1/2

HeM(gs)

for all x € G of prime order.

Our strategy therefore is to find a suitable element s € G so that we can determine the
maximal subgroups in M (gs), or at least the subgroups in the superset M((gs)?) for some
suitable positive integer i. The basic idea is to choose s so that gs is contained in very
few maximal subgroups of G. Moreover, if we set a(x) = }_ e p(gs) fPr(z, G/H), then in
order to prove Theorem 4 it suffices to show that a(z) — 0 as |G| — oo for all relevant G,
and all x € G of prime order. In general we do this by obtaining an explicit upper bound
of the form a(x) < F(n,q) with the property that F(n,q) — 0 as n or ¢ tends to infinity.

Finally, we record a general result on the number of points in € fixed by an element
x € G.

Lemma 2.4. Let G be a finite transitive permutation group on a set ) with point stabilizer
H. Suppose x € G and % N H is the union of v distinct H-classes, with representatives
T1,...,x-. Then

[Ca(z)| = |Ca(z IZ\CH (@)™ = [Ca(wi) : Crlxs)).
=1

Proof. By (3) we have

IL'G
Cote)| = g 16 1) = S S el = (@) 3 e

The final equality holds since |Cq(x)| = |Cq(z;)]| for all i. O

Corollary 2.5. Let G be a finite group, let H be a self-normalizing subgroup of G and let
x € H. Let N be the number of distinct G-conjugates of H containing x. Then N =1 if
and only if Cg(z) = Cy(x) and 2N H = 2H.

Proof. Suppose %N H is the union of r distinct H-classes, with representatives 1, . .., .
Since Ng(H) = H, Lemma 2.4 implies that
G T
" NH
N = “IG G Hl = [Cala) : Chlxs)]
i=1
and the result follows. O

2.3. Subgroup structure. Let G be an almost simple group with socle Gy = PSL,(q)
and natural module V' over F,;. The main theorem on the subgroup structure of finite
classical groups is due to Aschbacher. In [1], nine subgroup collections are defined, labelled
C; for 1 < ¢ <9, and the main theorem states that if H is a maximal subgroup of G not
containing GGy then H is contained in one of these collections. A rough description of the
various C; collections is given in Table 1.

We refer the reader to [33] (and [33, Table 3.5.A], in particular, for the case Gy =
PSL, (q) we are interested in here) for a detailed analysis of these various subgroup collec-
tions. Throughout this paper we adopt the standard notation and terminology of [33]. In
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C1 Stabilizers of subspaces, or pairs of subspaces, of V'

Co Stabilizers of decompositions V = @221 Vi, where dimV; = a

C3 Stabilizers of prime index extension fields of F,

C4 Stabilizers of decompositions V =V} ® V,

Cs Stabilizers of prime index subfields of I,

Cs Normalizers of symplectic-type r-groups in absolutely irreducible representations
C; Stabilizers of decompositions V = ®§:1 Vi, where dimV; = a

Cs Stabilizers of non-degenerate forms on V'

Cy Almost simple irreducible subgroups of G

TABLE 1. The C; collections

particular, if H is a maximal subgroup of G then the type of H provides a rough group-
theoretic description of H. For example, if n = 6 and H is the G-stabilizer of a direct sum
decomposition V =V} & Vo ® V3 with dim V; = 2 then we say that H is a Ca-subgroup of
type GL2(q) 1 Ss.

2.4. Fixed point ratios. Let G = (Gy, g) be an almost simple group with socle Gy =
PSL,(q), where ¢ = p/ for a prime p. Recall that in order to prove Theorem 2.3 we need

to estimate the sum
Z fpr(xz,G/H)
HeM(gs)

for certain elements gs in the coset gGp, where x € G has prime order. As previously
described, Aschbacher’s theorem (combined with the analysis in [33]) provides us with
detailed information on the possible subgroups in M(gs). Given a maximal subgroup
H € M(gs) our attention now turns to the corresponding fixed point ratio fpr(z, G/H),
where © € GG is an arbitrary element of prime order. To prove Theorem 2.3 we require
good upper bounds on fpr(z, G/H).

The study of fixed point ratios dates back to the early days of group theory in the
nineteenth century, and in recent years our understanding of fixed point ratios for almost
simple primitive groups has advanced greatly. For example, if n > 5 then Liebeck and
Saxl prove that fpr(z, G/H) < 4/3q for all x € G of prime order (this is a special case of
[35, Theorem 1]), and there are examples (for arbitrary n and ¢) where this upper bound
is essentially sharp. For instance, if H is the stabilizer of a 1-dimensional subspace of V,
then fpr(xz, G/H) is roughly 1/q when z is a transvection. However, we can establish much
better bounds when H is a so-called non-subspace subgroup of G, which essentially means
that H acts irreducibly on V' (see [9, Definition 1] for the precise definition).

Theorem 2.6. Let G be a primitive permutation group with socle Go = PSL,(q) and
point stabilizer H, where n > 3 and H is a non-subspace subgroup of G. Assume (n,q) #
(4,2),(3,2). Then

fpr(z,G/H) < |xG|_%+%+E
for all x € G of prime order, where e = 1/n if H is of type Sp,,(q), otherwise € = 0.

Proof. This is a special case of [9, Theorem 1]. O

For the remaining subspace subgroups we will use Theorem 2.7 below. Here the notation
P, denotes a maximal parabolic subgroup of G corresponding to the G-stabilizer of a k-
dimensional subspace of V. In addition, Pj,_; denotes the G-stabilizer of a pair of
subspaces U C W of V, where dimU = k and dimW = n — k (such a subgroup is
maximal in G whenever G £ PT'L,(q)).
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Type of H Conditions g(n,q)
GL1(q) x GLp—1(q) m odd q 2

GLy2(q%) n even 2482
Sp,,(q) n even 2¢>7"
05.(q) q odd 2¢""

TABLE 2. Some fixed point ratio bounds, for n > 5

Theorem 2.7. Let G be a primitive permutation group with socle Go = PSL,,(q) and point
stabilizer H, where n > 3. Let H be a subgroup of type Py, Py n—k or GLi(q) x GL,—£(q),
where k < n/2, and let x € G be an element of prime order. Then

min{1/2,¢ ' +¢' "} ifk=1
fpr(z, G/H) < { 2" otherwise.

Proof. This follows from [25, Proposition 3.1, Lemma 3.12]. O

The next result provides sharper, or more explicit, bounds in some specific cases.

Proposition 2.8. Let G be a primitive permutation group with socle Gy = PSL,(q) and
point stabilizer H, where n > 5 and H is one of the subgroups listed in Table 2. Then
fpr(z, G/H) < g(n,q) for all x € G of prime order, where g(n,q) is given in the final
column of Table 2.

Proof. Let © € G be an element of prime order r. If z € H NPGL(V) then z is either
semisimple (if » # p) or unipotent (if » = p), otherwise x is either a field automorphism
(in which case r divides log, ¢ = f), or 7 = 2 and x is either a graph-field automorphism
(this requires f to be even) or a graph automorphism. For z € H N PGL(V) we define

v(z) = min{dim[V,\%] | A € K*}, (4)
where # is a pre-image of z in GL(V), V = V®K with K = F, and [V, AZ] is the subspace
(v —vA% | v € V). In particular, v(x) is simply the codimension of the largest eigenspace
of # on V. Various bounds on |2%| in terms of v(z) are presented in [10, Section 3]. We
will use the notation [Aq,..., A;] to denote a block-diagonal matrix with blocks A;, and
we write Jp, for a standard unipotent Jordan block of size m.

First assume H is a non-subspace subgroup, so H is of type GLn/Q(QQ), Sp,,(q), or
0%, (q). Here the desired result quickly follows from Theorem 2.6. For example, suppose
H is of type Sp,(¢). For now, let us assume n > 8. If 2 € H \ PGL(V) then |2%| >
%q("Q_”_‘l)/z by [10, Corollary 3.49], and the bound in Theorem 2.6 is sufficient. Now
assume z € HNPGL(V). If v(z) > 2 then [2%| > $¢*"~® by [10, Corollary 3.38] and once
again the result follows from Theorem 2.6. Finally, if v(z) = 1 then z = [Ja, 2] is a
transvection and using (3) we calculate that fpr(z, G/H) < 2¢>~" since

5P, (9)]

G n
[ H| = Son @1 ¢ !
and
26| = |GLn(q)] _ @ =" —1)
|GLn—2(¢)||GL1(q)|g* 3 q—1

If n = 6 then we can analyse the various possibilities for z in more detail, following the
proof of [10, Proposition 8.1]. We leave the details to the reader. In the same way we can
deal with the other non-subspace subgroups in Table 2.
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For the remainder let us assume n is odd and H is of type GLj(q) x GLy—_1(g). Let
x € H be an element of prime order r. There are several cases to consider, distinguished
by the various possibilities for 7.

First assume € H N PGL(V). Suppose r =2 and p > 2. If v(x) =1 then
Cloal@l ;@ =1
|GL1(q)||GLn—2(q)] ¢—1
26| = |GLx(q)| _ ¢ ")
|GL1(9)[|GLn—1(q)| q—1
and the result follows. Similarly, if v(x) = s > 2 then the bounds
|GLn71(Q)| + ’GLnfl(QN
|GLS(Q)||GLn7571(Q)| |GL371(q)||GLnfs(Q)‘

and 2] > iq”, where v = 2ns — 2s2, are good enough.

29N H| <1+

2% N H| < <2q7(q 72" 4+ ¢7%)

Next suppose r = p. Let a; denote the number of Jordan blocks of size ¢ in the Jordan
form of 2 on V. Then a; = 0 for all i > p, and a; > 1 (since r = p and z € H). Let t
denote the number of non-zero a; terms, and note that ¢ > 2. If a; = 0 for all i > 2, say
x = [J5,J %] for some s > 1, then it is easy to see that

fpr(z,G/H) < (¢"* - 1)/(¢" = 1)

and the result follows. In the remaining cases (with r = p) we may assume p > 2. By
applying [10, Lemma 3.18] we deduce that

’xG N H’ < 2t71q772n+2 DG
and 29| > 1¢7, where v = n? — 23 icjlaa5 — > ia?, whence
fpr(z, G/H) < 2tq~ 2220,

If ¢t = 2 then we may assume a; > 0 for some i > 2, hence ZZ a; < n — 2 and thus
fpr(z,G/H) < 22¢~* < ¢72 as required. On the other hand, if ¢ > 3 then Y ,a; <
n —t(t — 1)/2 and this yields

fpr(z, G/H) < 2tq—2n+2(n—t(t—1)/2) _ 2tq—t(t—1) < q2t—t2 < q—3_
Now assume 7 # p and r > 2. Let 4 > 1 be minimal such that r divides ¢ — 1. Then
Ca(x) is of type
d
GLi(q) x | GLa, (¢")
j=1
for some d > 1, where n = l—l—z'Ej aj and aj > 1 for all j. Set v = n2—12 —izj a?. First
assume i > 2, s0 | > 1 (since € H). Then |z N H| < 2%¢"~2("=1 and |2%| > 3¢, so
pr'(IL’,G/H) < 2d+1q—2(nfl) < q173d < q72

since n — [ > 2d and d > 1. Now assume i = 1 (so ¢ > 4). If d = 1 then we may argue
as in the case r = 2 with p > 2, so let us assume d > 2. Without loss, we may assume
> ay. Then |29 > 147! and

|GL7L71(Q)| < Qd(d + 1)qy—2(n—l).

G .
AL @) G (T 1O, (@)

Therefore

fpr(a:, G/H) < 2d+1(d + 1)q172(n7l) < qd+1+172d — q2fd
and we reduce to the case d < 3. If (i,d) = (1,3) then ¢ > 11 (since r > 5) and the above
bounds give fpr(z, G/H) < 64¢~° < ¢3. Finally, suppose (i,d) = (1,2). If n — [ > 2 then
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n —1 > 3 and thus fpr(z, G/H) < 24¢~° < ¢ 2 since ¢ > 4. Otherwise, if n — [ = 2 then
2¢ N H| < 4¢""710 4+ 4¢?"1, 29| > £¢*"6 and the result follows.

Finally, suppose € H\PGL(V). First assume z is an involutory graph automorphism,
so %] > %q(”2+”_4)/2 (see [10, Table 3.11]). Now z induces a graph automorphism on
the factor of H of type GL,_1(q), so by considering the centralizer types listed in [10,
Table 3.10] we deduce that if p = 2 then

G |GLn*1(q)‘ |GLH*1(Q)| L(n?2=3n+2) In(n—-1)
7 NH| < + < q? +q2 ;
N HIS e Wl T s @)

where ¢ € Sp,,_1(q) is a transvection, while

GLy-1(9)] \GLi—l(Q)! (CLn1(@)] _ tm2-sn+2) 4 o tnin-1)
Spra(@)] - [SO;_1(g)l 18O, 4(q)]

if p > 2. These bounds are sufficient unless n = 5 and ¢ < 3; here the desired result is
quickly obtained through direct calculation.

lt¥ N H| <

If  is an involutory field or graph-field automorphism then ¢ = q% and the bounds

G < |GL1(q)| ) |GLn-1(g)] L(n2—2n+2) G 1 _ 1) 1lg3(n*=1)
N H| < |GL1(q0)| |GLn—1(qo) <A o |>2(n7q b

are sufficient. Finally, if x is a field automorphism of odd prime order r then ¢ = ¢ and

)

26 1 H| < 4g0+0-0(=3) [56] 5 Lgn-n(1-3)-1
’ 2
hence
fpr(z, G/H) < 8¢B~2M (=741 < 8g3~3m < g5,
The result follows. -

Corollary 2.9. Suppose n > 3, H is a non-subspace subgroup and (n,q) # (4,2),(3,2).
Also assume n > 6 if H is of type Sp,,(q). Then fpr(x,G/H) < f(n,q) for all x € G of
prime order, where

(@ =" -1\
_(\q — g - "
f(n,q>—< i ) . (5)
Proof. If H is not of type Sp,,(¢) then this follows immediately from Theorem 2.6 since
G |GLn(9) _ @ =" 1)
j27] = m—3
[GLn—2(9)||GLa ()¢~ q—1

for all x € G of prime order (minimal if x is a transvection). Now assume H is of type
Sp,(q). If + € HNPGL(V) and v(z) = 1 then fpr(z,G/H) = (¢ — 1)/(¢" "' — 1) (see
the proof of Proposition 2.8), which is less than f(n,q). If n > 8 and x € H is not
a transvection, then |29 > 1¢'"~8 (see [10, Corollaries 3.38 and 3.49]) and the bound
in Theorem 2.6 is good enough. Finally, the case n = 6 can be dealt with directly, by
considering each possibility for x in turn. The reader can check the details. O

More accurate bounds when n = 3 or 4 are given in Lemmas 2.10 and 2.11 below.

Lemma 2.10. Suppose n =3 and x € G has prime order.
(i) If H is of type O3(q), GL1(q) 1S3, GL1(¢®) or GL3(q1), where ¢ = ¢} for an odd
prime r, then fpr(x, G/H) < (¢* + ¢+ 1)~ 1.
(i) If H is of type GLS(¢"/?) then fpr(x, G/H) < (3,q — 1)g~/?(¢+ 1)~ ".
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Proof. This is a straightforward calculation. For example, suppose H is of type O3(q), in
which case ¢ is odd. Set d = (3,g — 1) and let x € H be an element of prime order r.
Suppose z € H NPGL(V). If » = p then z is conjugate to [J3], so |2 N H| < ¢* — 1,
2G| > éq((f —1)(¢® — 1) and the result follows. Similarly, if 7 = 2 then x is conjugate to
[—I, I1] and we calculate that fpr(z, G/H) < (¢*> + q¢ + 1)~! since

_ 80s(g)] | 80s(q)]

2805 ()|~ 2[8O5 (q)]
where i2(SO3(g)) denotes the number of involutions in SO3(g). Next suppose r # p and
r is odd. Let ¢ > 1 be minimal such that r divides ¢ — 1, s0¢ = 1 or 2. If ¢ = 2
then |2¢ N H| = q(q — 1) and [2¢] = ¢?(¢® — 1), otherwise |z¢ N H| = ¢q(q¢ + 1) and
2G| > éqS(q +1)(¢?> + ¢+ 1). In both cases the desired bound holds. Finally, suppose
x € H\PGL(V). If r is odd then ¢ = ¢ and « is a field automorphism; here the bounds
|2¢ N H| < [SO3(q) : SO3(go)] and |2%| > 1[PGL3(q) : PGL3(qo)] are sufficient. Now
assume 7 = 2. If x is a field or graph-field automorphism, then ¢ = ¢3 and

1SO3(q)| 1 |[PGL3(g)] 1
1SO3(¢*/2)| d|[PGUs3(¢*/?)| d

otherwise z is a graph automorphism and we have

2% N H| < i5(SOs(q)) =¢% 2% =P +q+1),

29N H| < =q¢"?(¢+1), [2¢] > ¢*2(q+1)(¢*? - 1),

1
|26 N H| <i2(S03(q)) +1=¢*+1, [z > qu(qi” —1).

It is easy to check that these bounds are sufficient.

The other cases are very similar and we leave the details to the reader. Note that if H
is of type GL3(¢'/?) and = € H is an involutory graph-field automorphism, or if H is of
type GU3(¢'/?) and « € H is an involutory field automorphism, then

G ‘PGLg(ql/Qﬂ o .3]2 G 1 [PGLs(q)| 1 30 3/2 _
2" NH| < 505(¢17)] q(q €), |7 > APGL(/2)] (g+1)(q €),
whence fpr(z, G/H) < dqg~'/?(¢+1)~" as claimed. O

Similarly, we compute the following bounds when n = 4. We omit the proof.

Lemma 2.11. Suppose n = 4. Let Hy, Hs and Hs be mazimal subgroups of G of type
GLa(q?), Spa(q) and Of (q), respectively. Then fpr(z,G/H;) < fi(q) for all x € G of
prime order, where

di(@®+2¢+1) B 7 _ 4d
fl(q)_ q2(q3—1) ) f?(Q)_ d ) f3(Q)_ q3_1

2(¢* — 1)
with dy = (4,9 — 1) and d2 = (2,9 — 1).

2.5. Primitive prime divisors. Let ¢ = p® be a prime power and let r be a prime
dividing ¢¢ — 1. We say that r is a primitive prime divisor (ppd for short) of ¢ — 1 if r
does not divide ¢* — 1 for all 1 < i < e. A well known theorem of Zsigmondy [48] states
that if e > 3 then either ¢° — 1 has a primitive prime divisor, or (g,e) = (2,6). Primitive
prime divisors also exist when e = 2, provided ¢ is not a Mersenne prime. Note that if r
is a primitive prime divisor of ¢° — 1 then » = 1 (mod e).

Let G be an almost simple group with socle Gy = PSL,(q) and let r be a primitive
prime divisor of ¢¢ — 1, where n/2 < e < n. In [24], the subgroups of PGL,,(¢q) containing
an element of order r are determined. As described in [24, Examples 2.1-2.9], it turns
out that such a subgroup belongs to one of nine specific subgroup collections. In [23],
Guralnick and Malle prove the following useful corollary.
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Theorem 2.12. Let G be an almost simple group with socle Gy = PSLy,(q) and natural
module V', where n > 3. Let r either be a primitive prime divisor of ¢¢ — 1, where e > n/2
and r > 2e + 1, or a product of two (possibly equal) primitive prime divisors of ¢¢ — 1.
Suppose H is a mazimal subgroup of G such that H NPGL(V') acts irreducibly on V and
contains an element of order r. Then one of the following holds:

(i) H is of type GU(¢'/?), Sp,(a) or Og(q);
(ii) H is of type GLn/k(qk), where k is a prime dividing (n,e);
(iii) H is of type GLy(qo), where ¢ = g for some prime k.

Proof. This follows immediately from [23, Theorem 2.2]. O

Recall that our basic strategy for proving Theorem 2.3 is to find an element s € Gy
such that gs is contained in very few maximal subgroups of G = (G, g). If we can choose
s so that some power of gs has order r, where r is a primitive prime divisor of ¢ — 1 with
e > n/2, then we can use the aforementioned results in [23, 24] to restrict significantly the
possible subgroups in M(gs).

2.6. Shintani descent. Let G be a simple group of Lie type over F, and set G = (G, g)
for some g € Aut(Gp). In order to study the uniform spread of G we need to consider
conjugacy classes in the coset gGo; as previously stated, our aim is to identify a class (gs)“
such that gs is contained in very few maximal subgroups of G. In the cases where g is a
field or graph-field automorphism, a key tool to do this is the theory of Shintani descent,
which we outline below (following Kawanaka [32, Section 2]).

First, let us set up the notation we will use for the remainder of this section. Let X be a
connected linear algebraic group over an algebraically closed field and let o : X — X be a
Frobenius morphism, so o is a bijective endomorphism of algebraic groups with finite fixed
point subgroup X, = {x € X | 7 = z}. Let e be a positive integer and set G = X e and
H = X, < G. Note that G is o-stable, so the restriction o : G — G is an automorphism.
Let A = (¢) be a cyclic group of order e and let ¢ : A — Aut(G) be the homomorphism
such that ¢(c’) = o. In the following we will abuse notation by writing o for ¢’. Let
AG = A x G be the corresponding semidirect product with multiplication

(0, 5) (o7, 1) = (67, s7¢).

2

Let 0s be an element in the coset oG in AG. Then (0s)? = 0255 and using the fact

that A has order e we quickly deduce that

(0s)° = s T s el (6)
By the Lang-Steinberg Theorem (see [21, Theorem 2.1.1]), there exists a € X such that
s=a "a. (7)

e —1

Using the expression for (os)¢ in (6), it is easy to check that a(os)a™ is fixed by o,
so a(0s)®a™t € X, = H. This observation allows us to define a map f from the set of
AG-classes in the coset oG to the set of H-classes in H by

f:(09)4% = (a(os)¢a™HH,

which we call the Shintani map of G corresponding to o. We will frequently abuse notation
by writing f(os) for an arbitrary representative of the H-class of a(os)®a™!. In addition,
to avoid any possible ambiguity we will sometimes write fg, rather than f, for the above
map.

We must check that f is well-defined. First, note that the element a € X given in (7)
is not unique in general. However, if b € X also satisfies s = b=7b then ab™! € X, = H
and thus the elements a(os)®a™! and b(0s)°b~! are H-conjugate; so f is independent
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of the choice of a in (7). We also need to show that f is independent of the choice
of AG-class representative. To see this, suppose ot € oG is AG-conjugate to os, say
ot = (o'w)Los(ow) for some w € G and integer i > 0. Now

ot = (ot)(c'w) tos(oc'w)(ot) ™ (8)

and (c'w)(ot)™" € G, so 05 and ot are in fact G-conjugate. (Consequently, f is a map from
the set of G-classes in the coset oG to the set of H-classes in H.) Therefore, there exists
z € G such that ot = 27 'osz, hence ot = 027 %sz and t = 2~ %sz. Since s = a~%a we have
t = (az)"%az and thus f(ot) = az(ot)®z"ta~!. But (ot)¢ = 27 !(0s)°2 by assumption,
hence f(ot) = a(ot)®a™! = f(os) and f is well-defined.

The next lemma is a key result (see [32, Lemma 2.2]).

Lemma 2.13. With the notation above, the following hold:

(i) We have
Ca(os) = a”'Cr(f(os))a = Cy1ha((05)).
In particular, |Ca(os)| = |Cu(f(os))| for all s € G.
(ii) The Shintani map f is a bijection.

Proof. First consider (i). If g € Cg(os) then sg = ¢°s and clearly we have aga™' €
Cx(f(os)). Further, since a” = as™! (see (7)), we see that aga™! € X,, and thus aga™! €
Cu(f(os)). Conversely, suppose h € Cy(f(0s)). Then a~tha centralizes (0s)¢ and using
(6) we deduce that (0s)¢ = a=°"a. Therefore

(e tha)®" = a " ha’" = (0s)%a tha(os) ¢ = a tha
and thus a 'ha € X,e = G. Further, it is straightforward to check that a~'ha centralizes
os, whence a~tha € Cg(os). This proves (i).

Now let us turn to (ii). First we claim that
(05)2| = [£(05)"] - [G - H]. )

This follows easily from (i) since we have already observed that (o5)4¢ = (55)¢ (see (8)).

Let y € H. By the Lang-Steinberg Theorem (applied to X and o¢) there exists b € X
such that y = bb~7". Since ¢ fixes y it follows that o¢ fixes b=7b, whence b=7b € G. By
definition, f maps the AG-class of ob~7b to the H-class of b(cb~7b)°b~!, and using the
expression in (6) we calculate that

bob™b)b L = b7 bb L = y.
This proves that the Shintani map f is surjective.

Finally, let {c1,...,c:} be the set of H-classes in H. Since f is surjective, there exist
AG-classes C; in oG such that f(C;) = ¢; for all i. By (9) we have |C;| = |¢| - [G : H], so

t ¢
DGl =[G H]Y el =G| = oG]
i=1 i=1
and thus {C1,...,C;} is the complete set of AG-classes in 0G. We conclude that f is a
bijection. 0

Theorem 2.14. With the notation above, let Y be a closed connected o-stable subgroup
of X and let K =Y,e and L =Y,. Let Q = G/K and A = H/L. Then

[Ca(os)| = [Ca(f(os))]
for all s € G.
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Proof. Since K is o-stable, we may form the semidirect product AK. In addition, we
obtain a well-defined action of AG on Q via (Kg¢)? = Kg°. Also note that since Y is
o-stable and connected, the Shintani map f = fg on G naturally induces a Shintani map
fr from the set of AK-classes in the coset oK to the set of L-classes in L.

First assume |Cq(os)] = 0. If (65)¢ N oK is non-empty then g~sg € K for some
g € G and thus Kg~!' € Cq(os), a contradiction. Therefore (¢5)¢ N oK is empty. We
claim that fg(os)” N L is also empty. To see this, suppose there exists h € H such that
fa(os)" € L. By the Shintani correspondence given by fr, there exists k € K such that
frx(ck) = fg(os)", where fx(ok) = a(ok)a™" for some a € Y with a=7a = k. Since a is
also in X, we may assume that fg(ok) = a(ck)®a™', so fa(ok) = fg(os)" and thus the
Shintani correspondence given by fg implies that ok and os are G-conjugate. This is a
contradiction since (0s)% N oK is empty. This justifies the claim and we conclude that
|Ca(f(os))| = 0, as required.

Now suppose |Cq(os)| > 1, say Kg € Cq(os). Then ¢g°sg~! € K and
(Js)ff1 =0g¢°sg e (08)° NoK

is non-empty. Replacing os by a suitable G-conjugate if necessary, we may assume that
0s € 0K; that is s € K. Let 0sy,...,0s, represent the distinct AK-classes in (o5)“NoK.
By considering the Shintani map fx, and by applying Lemma 2.13(i), we deduce that

ICk(0si)] = |CL(fk(08:))| = [CL(fa(osi))]

for all i. (Here we may choose fa(osi) = fix(os;) € L to represent each of the relevant
H-classes, so we can write f for both fg and fx, when convenient.)

Evidently, AG acts transitively on 2 with point stabilizer AK, and we note that the os;
represent the distinct AK-classes in (05)4¢ N AK since (05)4¢ = (05)¢ and (0s;) =
(0s;) for all i. Therefore Lemma 2.4 yields

ICa(os)| =Y [Cac(osi) : Cax(osi)] =Y [Calosi) : Ck(osi)].
i=1 i=1
By Lemma 2.13(i), the Shintani maps fg and fx preserves centralizer cardinalities so

Ca(os)l =Y [Cr(f(os) : CL(f(os))]. (10)

i=1

Finally, we observe that f(os) N L is the union of the distinct L-classes f(os;)*. To
see this, suppose that | € L is H-conjugate to f(os) = fa(os) = fx(os) € L. Since fx is
surjective, there exists t € K such that | = fx(ot). We may assume that fg(ot) = fx(ot)
and fg(os) = fx(os), and since fg(os) and fg(ot) are H-conjugate it follows that os
and ot must be G-conjugate elements in 0 K. Thus ot must be K-conjugate to some os;
and therefore | = fx(ot) must be L-conjugate to fx(os;), which proves our claim. Now a
further application of Lemma 2.4 yields

r

Ca(f(os) = [Cu(f(os:)) : CL(f(os:))]

i=1
and thus |Cq(os)| = |Ca(f(os))| by (10). O

Corollary 2.15. Let X = A,_1 and let Y be a o-stable subgroup of X, where Y is either
a parabolic subgroup, or a Levi subgroup of type A;_1Ap_1-;T1 with 1 < i <n/2. Assume
f(os) € L for some s € G. Then the number of H-conjugates of L containing f(os) is
equal to the number of G-conjugates of K that are normalized by os.
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Proof. First observe that Nx(Y) =Y and Ng(K) = K. Now os normalizes a G-conjugate
K9 if and only if

(gilKg)”s =g 'Kg < ¢°s¢g” ' e Ng(K) =K < K¢’s= Kg,

which is true if and only if os fixes the coset Kg € . Moreover, since Ng(K) = K we
have K9 = K9 if and only if K¢ = Kg2 and so |Cq(os)| is the number of G-conjugates
of K that are normalized by os. Similarly, |Ca(f(cs))| is the number of H-conjugates of
L containing f(os), and the result follows by Theorem 2.14. O

Corollary 2.15 will be an important tool in our later analysis. To explain how it applies,
let o be a Frobenius morphism of X = PSL,(K) such that X, = PGL,(q) has socle
Go = PSL,(q), where K is the algebraic closure of F,. Now ¢ induces an automorphism
of Gy (afield, or a graph-field automorphism, for example) and we may consider the almost
simple group G = (G, o). Fix an element = € X, and let os € 0 X,e be a representative
of the corresponding X,-class under the Shintani map f (see Lemma 2.13). By modifying
x if necessary, we may assume that os € 0Gg. As before, let M(os) denote the set of
maximal subgroups of GG containing os.

We can often use Corollary 2.15 to determine the reducible subgroups in M(os). For
example, if ¢ is a field automorphism of Gy then the corollary tells us that there is a
bijection between the set of maximal parabolic subgroups of X, = PGL,(qo) containing x
(we choose z so that these subgroups are easy to identify) and the set of maximal parabolic
subgroups of G containing os. Moreover, this bijection respects the type of the parabolic
subgroups involved. For example, if  belongs to unique maximal parabolic subgroups of
PGL,,(qo) of type Pi, P5, P,,—1 and P,, then os is contained in exactly 4 maximal parabolic
subgroups of G, which again are of type P;, P», P,—1 and P,.

The final proposition of this section provides some useful information on the non-
parabolic subgroups in M(os).

Proposition 2.16. With the notation above, let H € M(os) be a non-parabolic subgroup.

(i) There are at most |Cx,(f(os))| subgroups of type H in M(os).

(ii) Suppose e is prime, o is a field automorphism and H € M(os) is a subfield
subgroup of type GL,(qo), where ¢ = qf. Further, assume that f(os) € X, is
reqular semisimple and either irreducible over Fy,, or block-diagonal of the form
[A, B], where A and B are irreducible blocks (over Fy,) of distinct dimensions.
Then there are respectively at most e or €2 subgroups of type GLy(qo) in M(cs).

Proof. Let G1 = (Xye,0) = (PGLy(q), o) and observe that all maximal subgroups of type
H in G are Gp-conjugate (see [33, Proposition 4.0.2(i)]). In particular, if N is the number
of subgroups of type H in M(os) then
|(05)%* N H] |(05)%* N H||Cg, (09)]

|(0s)%1] [Ne, (H) '
To prove (i), first observe that |(as)1 N H| < |H|/e since (05)C1 is contained in the coset
(08)PGL,(q) = cPGL,(q), while the (0s)"(PGL,(¢) N H) (with 1 < i < e) are distinct
cosets in H. Now |Cg, (0s)| = e|Cx,(f(os))| by Lemma 2.13, and the result follows.

Now let H be a maximal subfield subgroup of G of type GL;,(qo) containing os, where
q = ¢§. To prove (i), set H; = Ng,(H) and note that |(¢5)% N H| < |(¢s)% N Hy|. To
estimate this upper bound, observe that some Gi-conjugate of H; is equal to (o) x X,
so without loss of generality we may assume that H; = (o) x X,.

Let & = {A\{, A, ..., A%} be the set of eigenvalues of f(os), and suppose ot € Hj is an

element such that (ot)¢ = t¢ and f(os) have the same eigenvalues, where t € X,. Then ¢
has eigenvalues {j1, ..., un}, where puf = A¢ for all 1 < i < n. In particular, there are e

N= (G : Ne, (H)] =
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choices for each p; (in the algebraic closure K), so there are at most e distinct X, -classes
in (05)%1 N Hy. We claim that each of these X,-classes has size |f(os)X7|.

To see this, let ot € (05)* N Hy. As above, let {y1, ..., iun} be the set of eigenvalues of
t, where puf = X¢ for all 4. First assume f(os) is irreducible over Fy,. Then f(ot) is also
irreducible over Fy,, and so is (0t)¢ = t® € X,. Further, each eigenvalue ¢ of f(os) is
contained in Fgr and in no smaller field extension of Fy,. Similarly, since ¢ € X, the p;
are also in Fgn and no smaller field extension, so ¢ is irreducible over Fg,. Therefore

Cx,(ot)| = (a5 —1)/(q0 — 1) = |Cx, (f(os))]-
Moreover, since t € GLy,(qo) is irreducible over F,, the eigenvalues of ¢ must be of the form

n—1
{p1, 1L, ..., i } and so in fact there are at most e distinct X,-classes in (os)%t N Hj.

Now assume that f(os) is block-diagonal of the form [A, B], where A is irreducible over
[y, of dimension n—k and B is irreducible of dimension k (where n—k # k). By relabeling
the eigenvalues of f(os) if necessary, we may assume that Af,...,\S_, are contained in

F -+ (and no smaller field extension of Fy,), while the remainder are contained in Fox
0

(and no smaller field extension). Now the A{ are also the eigenvalues of (¢0t)¢ = t¢, and
it follows that ¢ is either irreducible, or ¢ is also block-diagonal of the form [C, D] where
C and D are irreducible over [y, of dimensions n — k and k, respectively. However, t is
not irreducible since it has eigenvalues with distinct multiplicative orders. Therefore ¢t is
of the form [C, D], hence |Cx, (ot)] = |Cx,(f(os))|. Moreover, since the eigenvalues of ¢
are of the form

0 qn—k—l qk—l
0 0
{Ml?#l yeees M 7Mnfk+17-~-7,u/n_k+1}a

it follows that there are at most e? distinct X,-classes in (os)“1 N Hy. This proves the
claim.

Consequently, if f(os) is irreducible then
(05)“ N H| < el f(o5)*| = e[X, : Cx, (f(09))]
and thus

2
N < XellCa(os)] _ Xl _
[H1||Cx, (f(os))]  |Hi
since |Cq, (0s)] = e|Cx,.(0s)] = e|Cx,(f(os))| (see Lemma 2.13). The result follows.

Similarly, if f(os) is of the form [A, B] then we replace e by €2, and once again the result
follows. O

2.7. Computational methods. For small values of n and ¢ our general techniques are
less effective and it is convenient to use a computer package such as MAGMA [4] to obtain
the desired results in these situations. Here our main result is the following:

Proposition 2.17. The conclusion to Theorem 2.3 holds for all (n,q) with n < 10 and
q < f(n), where f(n) is defined as follows:

n 2 3 4
fn) 128 16 9

0

5 6 7 8 9 1
4 4 2 2 2 2

The next result handles the exceptional cases in the statement of Theorem 3. Here
PSL2(9).2 = S, PSL3(4).21 is an extension of PSL3(4) by a graph-field automorphism,
and PSL4(3).22 = (PSL43,¢) where ¢ is the inverse-transpose graph automorphism.

Proposition 2.18. Let G be one of the following groups
PSL2(9).2, PSL3(4).21, PSL4(2).2, PSL4(3).29.
Then either u(G) > 2, or G = PSL(9).2 and (s(G),u(G)) = (2,0).
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Remark 2.19. For the relevant groups G in Proposition 2.18, one can check that the
G-classes C' with the uniform spread 2 property are the following (here we adopt the
standard ATLAS [15] notation for the conjugacy classes in G):

G C

PSL3(4).2; 6A,8A4,8B,8C

PSL4(2).2 8A

PSL4(3).2, 6P,8G,10B,10C, 12D, 12E,12F, 184, 18B

To establish Propositions 2.17 and 2.18 we adopt methods similar to those used in [7];
the main difference being that we use MAGMA rather than GAP. Let us briefly outline our
basic approach.

Let G = (Gy, g) and fix an element s € Gy. Recall that we are interested in computing

> fpr(z, G/H),

HeM(gs)

where x € G has prime order and M(gs) is the set of maximal subgroups in G' containing
gs. First we use MAGMA to construct Gy as a permutation group on (¢"—1)/(¢—1) points
(this is the representation of Gy on the set of cosets of a maximal parabolic subgroup
Py; it is the standard representation of PSL,(¢) in MAGMA). We then use the MAGMA
commands AutomorphismGroup (which is based on the algorithm of Cannon and Holt [13])
and PermutationGroup to obtain Aut(Gy) as a permutation group of reasonable degree.
This is effective in most of the cases we consider in Proposition 2.17. However, if G
is large, say Gy = PSL1o(2) or PSLg(4) for example, then it is much more efficient to
construct Aut(Gy) directly, using the natural permutation representation of PI'L,(q) =
(PGL,(q), ) on (¢" —1)/(¢—1) points (this is the subgroup of Aut(Gp) generated by the
inner, diagonal and field automorphisms of Gg). To do this, we first construct the direct
product A = PTI'L,(q) x PTL,(¢) and the subgroup B = {(¢z,¢z~ 1) | z € PGL,(q)}
of A. Note that B = PI'L,(q) and the inverse-transpose automorphism ¢ acts on B by
swapping ¢x and ¢z~ 1. This gives Aut(Go) = (B,t) as a permutation group of degree
2(¢" = 1)/(¢ = 1).

Next we identify G as a suitable subgroup of Aut(Gy) (with the aid of the command
LowlndexSubgroups), and we compute representatives of the conjugacy classes of both
elements and maximal subgroups of G via the commands ConjugacyClasses and Maximal-
Subgroups, respectively (the latter denotes the MAGMA implementation of an algorithm
of Cannon and Holt [14]).

Let C be a set of representatives of the G-classes of maximal subgroups of G and let
H € C. Tt is straightforward to calculate the fixed point ratio

12 N H|

for all z € G. Indeed, we first compute a set of representatives for the H-classes of H, and
then we add up the lengths of the classes that are represented by G-conjugates of = (these
are determined using the IsConjugate command). This gives [#% N H| and fpr(z, G/H)
quickly follows.
For each H € C let Ny be the number of distinct G-conjugates of H containing gs.
Then
Npg = fpr(gs,G/H) - |G : H|

and we can compute

a(z) == Z fpr(z,G/H) = Z Ny - fpr(z,G/H)

HeM(gs) HeC
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for all x € G of prime order. If we can find an element gs € gG( such that the maximum
value of a(z) is less than 1/2 (as we run through a set of G-class representatives of prime
order) then u(G) > 2.

For the vast majority of the groups we consider in Proposition 2.17, there exists a
suitable element gs with a(xz) < 1/2 for all z € G of prime order. Indeed, the only
exceptions are the groups appearing in the statement of Proposition 2.18. For these
groups, we attempt to show that u(G) > 2 directly (which is expensive). Our strategy is
to choose a good candidate gs € G' (based on the elements we use in the proof of Theorem
2.3 in Sections 3-6) and then we check that for all nontrivial z1,xze € G, there exists
y € (gs)“ such that

G = (r1,y) = (22,9). (11)
Of course, here we may assume z; and xo have prime order. Further, it is easy to see
that it suffices to check that (11) holds when z2 belongs to a set of representatives of the
G-classes containing elements of prime order.

3. DIAGONAL AUTOMORPHISMS

Let Gy = PSL,(q), where n > 2 and q = p/ for a prime p. Recall from Section 2.1 that
every automorphism of Gy is a product of the form idfg, where ¢ is inner, d is diagonal
and f and g are field and graph automorphisms, respectively. More precisely,

Aut(Go) = (Go X Z(n,q—l)) bl (Zf X Za),

where a = 2 if n > 3, otherwise a = 1. Consequently, in order to prove Theorems 2 — 4
we may assume G = (G, g), where g € Aut(Gy) is one of the following:

(i) g € PGL,(q) is a diagonal automorphism;
(ii) g = ox, where o is a nontrivial field automorphism and =z € PGL,(q);

(iii) g = wox, where ¢ is the inverse-transpose graph automorphism, o is a nontrivial
field automorphism and z € PGL,(q);

(iv) g = wx, where ¢ is the inverse-transpose graph automorphism and =z € PGLy(q).

Theorem 3.1. Theorems 2, 3 and 4 hold in case (i).

Proof. The proof of the main theorem of [7] provides an explicit semisimple element s € G
such that

P(Go = (z,y) | y € s7) > 2/3
for all nontrivial z € Gp. Moreover, since G < PGL,(q) we observe that there exists
s1 € G such that G = (Gy, s1) and s* = s for some integer m. The proof of the above
bound in [7] now goes through unchanged (see [7, Proposition 5.23], for example) and we
conclude that

P(G = (z,y) |y € s7) > 2/3

for all nontrivial x € (G. Therefore Theorem 3 holds and Theorem 2 follows in the usual
way (note that u(G) > 3 in this case).

Now let us turn to Theorem 4. In [25] it is proved that if G; is a sequence of simple
groups isomorphic to PSLy,(¢;), then u(G;) — oo if |G;| — oo (see also [27, Propositions
3.6 and 3.9]). As in [7], an explicit semisimple element s € Gy = PSL,(q) is given in [25]
and it is shown that P(Go = (z,y) | y € s°) is bounded below by a function of n and g,
which tends to 1 as n or ¢ tend to infinity. In particular, if PSL,,(¢;) < Gi < PGLy,(¢:)
then we can choose s; € G; as in the previous paragraph so that the argument in [25] also
yields u(G;) — oo. O

We will deal with cases (ii)—(iv) in the next three sections.
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4. FIELD AUTOMORPHISMS

In this section we consider the case G = (Go, g), where g = oz with o a field automor-
phism of Gg of order e > 1 and = € PGL,(q). Here ¢ = ¢§ for some p-power qg, and by
fixing a suitable basis for the natural Gyp-module V' we may assume that o is standard in
the sense that o : (a;;) = (af}). In addition we may write 2 = dt, where ¢ € G and J is
a diagonal matrix of the form ¢ = [A, I;,—1] (modulo scalars) for some A € Fy. Therefore
G = (G, g9) = (Go,00), so without any loss of generality we may assume that g = 4.

The main result of this section is the following (recall that M(gs) is the set of maximal
subgroups of G containing gs):

Theorem 4.1. Let Gy = PSL,,(¢) and G = (Gy, g), where g = ox with o a nontrivial
field automorphism of Gy and x € PGL,(q). Assume G # PSLy(9).2. Then there exists
s € Gy such that
Z fpr(z,G/H) < 1/2
HeM(gs)
for all z € G of prime order. In particular u(G) > 2, and u(G) — oo as |G| — oo.

Our approach is based on the theory of Shintani descent (see Section 2.6). Let X =
PSL,,(K) be the ambient simple algebraic group over the algebraic closure K of F,. We
may view o as a Frobenius morphism of X with fixed point subgroups X, = PGL,(qp) and
Xye = PGL,(q). By Lemma 2.13, the corresponding Shintani map f provides a bijection
between the set of PGLy,(g)-classes in the coset cPGL,,(¢) and the set of PGLy,(go)-classes
in PGLy,(q0). As before, for s € Gy we abuse notation by writing f(os) for a representative
of the PGL,(qo)-class corresponding to the PGL,(q)-class of os, so f(os) is X-conjugate
to (os)¢. In view of (6), we note that if s € G then f(gs) = f(0ds) has determinant \*,

where a = (¢ — 1)/(qo — 1).

Lemma 4.2. Suppose y € PGL,,(qo) has determinant A\*. Then there exists s € Gy such
that f(gs) is PGLy(qo)-conjugate to y.

Proof. Since the Shintani map f is a bijection, the PGL,(qo)-class of y corresponds to
the PGL,(¢)-class of ot for some ¢t € PGL,(¢). Let u be the determinant of ¢ and fix a
generator w for F;. Since f(ot) and y are PGLy,(go)-conjugate, it follows that u® = \“

and thus g = w@=17) for some integer 0 < j < a. Let z € PGL,,(¢q) be an element
with determinant w’/. Then (0t)® = oz °txr and z~ °tr has determinant \. Therefore
x~%x € 0Gy, so there exists s € Gy such that cx™%tx = 0ds = gs € G corresponds to y
under the Shintani correspondence. ]

We also need the following number-theoretical result. In the statement, for a positive
integer n we write ng for the largest power of 2 dividing n. In addition, recall that (a,b)
denotes the greatest common divisor of the positive integers a and b.

Lemma 4.3. Let ¢ > 2 be an integer. For all integers n,m > 1 we have
(" —1,q" = 1) =¢"™™ — 1
(@ —Lgm 1= 9L i 2me <ng
’ (2,qg—1) otherwise;
q(n,m) +1 if mo = N2

n+1’ m+1 _
(4 1 ) {(2,q—1) otherwise.

Proof. This is a straightforward calculation. O

Proposition 4.4. Theorem 4.1 holds when n > 5.
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Proof. Set y = [J2, A] € PGL,(qo), where J> denotes a standard unipotent Jordan block
of size 2 and A € GLj_2(qo) is a semisimple irreducible element with determinant A“,
where a = (¢ — 1)/(qo — 1) as before. More precisely, we take A to be a suitable power
of a Singer cycle in GL,_2(qo) of order ¢i 2 — 1, so A has order (g5~ 2 — 1)|A*|/(q0 — 1),
where |A\*| denotes the multiplicative order of A* in the cyclic group Fj . Note that if
(n,q0) # (8,2) then the order of some suitable power of y is a primitive prime divisor of
qg_Q — 1 (see Section 2.5). In addition, y has determinant A%, so by Lemma 4.2 there
exists s € G such that the corresponding Shintani map sends the PGL,, (q)-class of gs to
the PGL,,(go)-class of y. In particular, y and (gs)¢ are X-conjugate. We can write

£ = {1,wk,wqok,wqgk, .. ,wqoigk} (12)

for the set of eigenvalues of (gs)¢, where w is a generator of IE‘Zn_Q and k = (g0 — 1)/|A“].
0

Our first task is to determine the maximal subgroups of G containing gs; as before, we
write M = M(gs) to denote this set of subgroups. (In part (i) of the following lemma we
use P; to denote the G-stabilizer of an i-dimensional subspace of the natural Go-module.)

Lemma 4.5. Suppose H € M. Then one of the following holds:

(i) H is a maximal parabolic subgroup of type Py, Py, Py_o or P,_1, and there is exactly
one subgroup of each type in M.
(ii) H is an imprimitive Co-subgroup and one of the following holds:
(a) H is of type GL2(q) 1S, /2 and e > (n —2)/2. There is a unique subgroup of
this type in M.
(b) H is of type GL1(q) 1 Sy, where q is even, e is odd and e > n — 2. There are
at most qo/2 subgroups of this type in M.
iii) H is a subfield subgroup of type GL,(q1), where ¢ = q] with r a prime divisor of e.
1
For each prime r there are at most qo(q()“2 — 1) corresponding subfield subgroups

m M.

Proof. By Corollary 2.15, there is a bijective correspondence between the reducible sub-
groups in M and the reducible subgroups of PGL,(qy) containing y. Therefore, the
maximal parabolic subgroups P;, P>, P,_o and P,,_1 are the only possibilities. Moreover,
there is exactly one subgroup in M of each type since y clearly fixes a unique i-dimensional
subspace of the natural PGL,,(go)-module for each i € {1,2,n —2,n — 1}.

For the remainder, let us assume H € M is irreducible. Recall from Section 2.3 that a
maximal irreducible subgroup of G belongs to one of eight subgroup collections, labelled
C; (where 2 < ¢ < 9). From the Shintani set-up, (gs)¢ is X-conjugate to y, so a suitable
power of (gs)€, say z = (gs)™¢, is a long root element (i.e. a transvection [Ja, I,,_o]). This
useful observation allows us to restrict significantly the possibilities for H.

Suppose H is a field extension subgroup of type GL,, /k(qk) for some prime k (recall
that these subgroups comprise Aschbacher’s Cs collection). By the proof of [37, Lemma
4.2], we have v(z) > k for all x € H NPGL(V) of prime order (see (4)), so z ¢ H since
v(z) = 1. Similarly, by applying [37, Lemma 3.7] we deduce that there are no C4 or C7
subgroups in M, while Cg-subgroups are ruled out by [10, Lemma 6.3].

Next let us turn our attention to the imprimitive Ca-subgroups in M. If (n, qp) # (8,2)
then a suitable power of y, say "™, has order r where r is a primitive prime divisor of
qg_2 —1. Set © = (gs)™¢, so x has order 7, and note that » > n—1 since r = 1 (mod n—2).
On the other hand, if (n, o) = (8,2) then y'8 has order 7 and we set x = (gs)'®¢. Suppose
H € M is of type GLy,/;(q) 1 St with t > 2 an integer dividing n, so H is the G-stabilizer
of a decomposition of V' of the form

V=VoVoe oV, (13)
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where dim V; = n/t for all i.

First we claim that x fixes each of the subspaces in the above decomposition (13). To
see this, suppose x induces a nontrivial permutation m € S; on the V;. Since x has prime
order r > n — 1, it follows that n =t and r € {n — 1,n}. Further, since z is a transvection
it induces a nontrivial permutation p € S; on the 1-spaces (in fact, we must have p = 2
with p a transposition). Now p and m commute (since z and z are both powers of gs), but
this is a contradiction since Cg, (7w) = (). This justifies the claim.

Next we reduce to the case dimV; < 2. To do this, first observe that = and (gs)°
commute, so (¢s)€ fixes each of the eigenspaces of x (over the algebraic closure K). Further,
x is semisimple with n — 1 distinct eigenvalues (1 occurs with multiplicity two), so (gs)©
fixes all of the subspaces in the decomposition (13) on which z acts nontrivially (also
recall that x fixes each V; by the previous claim). Seeking a contradiction, let us assume
dim V; > 3. Here x acts nontrivially on each V;, so (gs)¢ fixes each V;. Next observe that
if £ € F, is an eigenvalue of (gs)¢, then gs = 0ds sends a corresponding &-eigenvector to a
&D-eigenvector of (gs)€. Indeed, if v € V; is a -eigenvector for (gs)¢ then

(v-gs)-(gs)° = (v-(g5)°) - gs = (§v) - gs = (v - gs).
In particular, gs maps 1-eigenvectors to 1-eigenvectors. Without loss of generality, we may
assume that V; is a subspace containing a 1-eigenvector. Since the geometric multiplicity
of 1 as an eigenvalue of (¢gs)¢ on V is 1, it follows that the algebraic multiplicity of 1 as
an eigenvalue of (gs)® on Vj is 2. Therefore gs fixes V1, but this contradicts our earlier
observation that the only parabolic subgroups containing gs are of type Pi, P», P,—1 and
P,, (obtained via Corollary 2.15). For the remainder we may assume dim V; < 2.

First assume dimV; = 1. Here H is of type GL1(gq) S, and we note that ¢ is even
since H contains the transvection z = (gs)™°. Recall that (gs)¢ fixes each V; in (13) on
which z acts nontrivially, so all the eigenvalues of (gs)¢ are in F, (hence e > n — 2 since
the eigenvalues of (gs)¢ are contained in [, n-2, and in no proper subfield (see (12))). In
particular, the V; are simply the eigenspaces of (gs)¢ corresponding to the n—2 eigenvalues
¢ € F, with £ # 1, together with the 2-dimensional fixed space of z, say Cy (z) = Vi & V5.
Now z (and therefore (gs)¢ and also gs) interchanges V; and V3, and so e must be odd.

We claim that there are precisely go/2 distinct possibilities for the 1-spaces {V1,V5} in
the 2-dimensional fixed space of z, so gs can belong to at most gg/2 distinct Ca-subgroups
of type GLi(q) ! S,. Fix an Fy-basis {u,v} for Cy(x) and suppose Vi = (au + bv) and
Va = {cu + dv) for some a,b,c,d € F,. Since (gs)? fixes V; and V2 we may assume that
a,b,c,d € Fy, (note that e is odd and ({(au + bv)) = (au + bv), (¢(cu + dv)) = (cu + dv)
for all £ € F}). Evidently, there are go + 1 possibilities for V1; either V4 = (u + §v) for
some £ € Fy,, or Vi = (v). Now ¢p is even and (gs)® interchanges V; and Va, so there are
qo/2 possibilities for the pair {Vi, Va2}, as claimed.

To complete the analysis of Cy subgroups, let us assume dim V; = 2. By Corollary 2.15,
gs belongs to a unique maximal parabolic subgroup of G of type P», so there is a unique
2-dimensional subspace of V' fixed by gs. Recall that (gs)¢ fixes each V; on which = acts
nontrivially. Clearly, either x acts nontrivially on each V;, or one of the V; coincides with
Cy(x). It follows that each eigenvalue of (gs)® belongs to Fy2 (and thus e > (n —2)/2).
Now, if every nontrivial eigenvalue of x belongs to F,2 \ F, then the V; are 2-spaces fixed
by (gs)¢. In particular, the decomposition is unique and thus gs belongs to a unique Ca-
subgroup of type GLa(q) 1 S,,/2- Finally, let us assume that all the eigenvalues of (gs)® are
in F,. By Galois theory, gs acts transitively on the set of roots of the minimal polynomial
of (gs)¢ that are not equal to 1, which immediately implies that gs acts transitively on
the n — 2 nontrivial eigenvalues of (gs)°. In particular, gs induces an (n — 2)-cycle on
the corresponding eigenspaces {(v;) | 1 < i < n — 2}, so there is a unique gs-invariant
partition of (v1) @+ -+ @ (v,—2) into 2-spaces. The remaining 2-space is Cy (), so gs fixes a
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unique decomposition of type (13) and once again we conclude that gs belongs to a unique
Ca-subgroup of type GLa(q) 1 Sy, /-

We have now dealt with the subgroups in the C1,Cs, Cs,Cy4,Cg and C7 collections. Clearly
there are no Cg-subgroups of type O (g) (with ¢ odd) in M since these subgroups do not
contain transvections. To eliminate any subgroups in the Cy collection we can either appeal
to [26, Theorem 7.1] (if n > 6), or we can use the main theorem of [30]. In this way, we
deduce that any additional H € M is one of the following:

(i) H is a Cs-subgroup of type GL,(q1), with ¢ = ¢] for some prime r.
(ii) H is a Cg-subgroup of type Sp,,(q), with n even.

(iii) H is a Cg-subgroup of type GU,(¢'/?).

We claim that there are no subgroups in M of type (ii) or (iii). To see this, first suppose
H € M is a Cg-subgroup of type Sp,,(q). Recall that the set of eigenvalues of (gs)€ is given
in (12), where IFZn,Q = (w) and k = (go—1)/|\?|. The presence of the Jy block in y implies

0
that (gs) is in PSp,,(¢), so we must have {1 € & for all § € €. However, wk ¢ &. Indeed,
if there exists 1 < i < n— 3 such that w™* = w%* then ¢4k = —k (mod q8_2 —1) and thus
q6“2 — 1 divides (g, + 1)k. This is a contradiction since k < gy — 1. We conclude that
there are no subgroups of type Sp,,(¢) in M.

Now suppose H € M is a Cg subgroup of type GU,(q'/?). Then ¢ is an even power of
p and 5*‘11/2 € & for all £ € £. In particular, there exists a non-negative integer i <n — 3
such that w= %% = w0k where f = e/2, so qg_2 —1 divides k(qgfqé). Since k < qq —1, we
have q(]; > qg_S and thus f > n—3 >1i. But (qg_2 -1, k(qg +q)) < k:(qg_2 —1,qp "+1)
and by Lemma 4.3 this is at most k(2,go — 1) unless 2(f —i)2 < (n — 2)2, in which case
it is at most k:(q((]ffz’"ﬂ) +1) < k(q((]nﬂ)/2 +1) < g0~ ? — 1. This contradicts the fact that
qg_2 — 1 divides k(q(]; + q}), so there are no subgroups of type GU,(¢"/?) in M.

Finally, suppose H € M is a subfield subgroup of type GL,(q1), where ¢ = ¢} with
r prime. Since y € PGL,(q1) N PGL,(q0) we quickly deduce that Fo, NF, = Fg, so
@1 = q* for some m > 1. Therefore e = mr (recall that ¢ = ¢f) and thus the number
of possibilities for r is equal to the number of distinct prime divisors of e (which is less
than log(e) + 1). By Proposition 2.16(i), there are at most |Cpqr,, (q0)(¥)| = qolgp 2 —1)
subfield subgroups of type GL,(q1) in M. O

We are now in a position to proceed with the proof of Proposition 4.4. Let z € G be
an element of prime order and set

a(z) = Z fpr(z,G/H). (14)
HeM
For the parabolic subgroups in M, Theorem 2.7 gives fpr(z, G/H) < ¢! + ¢' ™" if H is
of type Py or P, 1, and fpr(z,G/H) < 2¢~2 if H is of type P, or P,,_5. Therefore, the
contribution to «(z) from the reducible subgroups in M is less than
2 +2¢" " + 4q72.
For the remaining subgroups H € M, Corollary 2.9 states that

n—1 _ n __ _§+%
fpr(z,G/H) < <(q . 1_)(1(1 1)> = f(n,q). (15)

In view of Lemma 4.5, using the fact that there are less than log(e) 4+ 1 distinct prime
divisors of e, we conclude that

a(z) <2¢7'+2¢"" +4¢7% + (;CJU + 1+ (log(e) + D)golqy > — 1)) - f(n.q).  (16)
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If e > 3 then this bound implies that a(z) < 1/2 unless (n, qo, €) = (5,2, 3). Here we may
omit the term log(e), and this gives a(z) < 1/2 as required. Similarly, if e = 2 and g9 > 3
then the above bound (again, with log(e) omitted) is sufficient unless (n,qo) = (5, 3).

Suppose (n, o, €e) = (5,3,2). As above, we calculate that the contribution to «(z) from
non-subfield subgroups is less than 0.285. Therefore, we need to show that the remaining
contribution, which we will denote by 3(z), is at most 0.215. Let H € M(gs) be a subfield
subgroup of type GL5(3). Since B(z) < 3(3% — 1) - fpr(z,G/H), it suffices to show that
fpr(z,G/H) < 0.0027 for all z € H of prime order. This is a straightforward calculation.
For example, suppose z € H is semisimple. If v(z) > 2 (see (4)) then [29| > 312 by [10,
Corollary 3.38] and the desired bound follows from Theorem 2.6. On the other hand, if
v(z) =1 then

T IGLsB)] [GLa9)IIGLi(9)] 1
29 IGLa(3)[|GL(3)] IGLs(9)] 4941

The other cases are very similar.

fpr(z,G/H)

Next suppose ¢ = 4. If n = 5 or 6 then Proposition 2.17 applies, so we will assume
n > 7. Let k < n/2 be maximal such that n — k is odd and (n,n — k) = 1. We claim
that k& > n/4. If n is even then take k to be a prime in the range n/4 < k < n/2 (such a
prime exists by Bertrand’s Postulate), so n — k is odd and (n,n — k) = 1. Now suppose
n is odd (we may as well assume n is reasonably large, say n > 100). Let k¥’ be a prime
in the range n/8 < k' < n/4 and set k = 2k’. Then n — k is odd and we may choose &’
so that it does not divide n (indeed, if k¥’ divides n then n = 5" or 7k’, but there are at
least 3 possibilities for k' since we are assuming n > 100; see [42], for example). Therefore
(n,n — k) =1 as required.

Let y = [A4, B] € GL,,(2), where A € GLg(2) and B € GL,,_,(2) are Singer cycles, so
|A] =2F —1 and |B| = 2"7% — 1. Let d be the largest divisor of 2"~% — 1 that is relatively
prime to 2 — 1 for all 1 < i < n — k. Note that every prime divisor of d is a primitive
prime divisor of 2% — 1, and is therefore congruent to 1 modulo n— k. Since n—k > 5 is
odd, [23, Lemma 2.1] implies that d > 2(n — k) + 1. In addition, since k < n — k it follows
that d and 2¥ — 1 are coprime, and that some power of y has order d. Moreover, since
n — k is odd it follows that a primitive prime divisor of 2% — 1 is also a primitive prime
divisor of 4% — 1. Now, if d is a prime then a power of y has order a primitive prime
divisor 7 of 4"~F —1 with r > 2(n — k) + 1. On the other hand, if d is composite then some
power of y has order a product of two (not necessarily distinct) primitive prime divisors
of 47=% — 1. Consequently, Theorem 2.12 applies and we obtain a short list of possible
subgroups H € M, where M is the set of maximal subgroups of G' that contain gs (using
the Shintani correspondence we choose s € G so that (gs)? is X-conjugate to y):

(i) H is a parabolic subgroup of type Py or P,_j; there is exactly one subgroup of
each type in M.
(ii) H is a Cg-subgroup of type GU,(2) or Sp,,(4).
(iii) H is a subfield subgroup of type GL,(2); by Proposition 2.16, there are at most
ICpar,2)(y)| = (27=k —1)(2% — 1) subgroups of this type in M.

In fact, it is easy to see that there are no Cs-subgroups in M. Indeed, if H is of type
GU,(2) then |H| is not divisible by a primitive prime divisor of 2?~% —1. Similarly, we can
eliminate subgroups of type Sp,,(4) since y is irreducible on an odd dimensional subspace
of V. We deduce that if z € G has prime order then

a(z) < 47F 42k 1) (28 — 1) f(n,4) <4V 427 f(n,4) < 1/2

for all n > 8, where f(n,4) is defined as in (15). Finally, if n = 7 then k£ = 3 and the first
inequality yields a(z) < 1/2 as required.



24 TIMOTHY C. BURNESS AND SIMON GUEST

To complete the proof of Proposition 4.4 it remains to show that u(G) — oo as |G| — 0.
If ¢ > 49 then the bound in (16) implies that a(z) < ¢~/* for all n > 5, so we may assume
q (and therefore e) is bounded and n tends to infinity.

Assume n is large and let k be an integer such that n/4 < k < n/2, n — k is odd and
(n,k) = (n—k,e) =1 (note that k exists since e is bounded). Set y = [A4, B] € PGL,(qo),
where A € GLg(qo) and B € GL,_r(qo) are irreducible (take suitable powers of Singer
cycles so that det(y) = A¥). Choose s € G such that (gs)¢ is X-conjugate to y.

There is a suitable power of (gs)¢, say z = (gs)™¢, such that x has order r, where r

is a primitive prime divisor of qgfk — 1. Moreover, since (n — k,e) = 1 it follows that
r is a primitive prime divisor of ¢" % — 1. Now [23, Lemma 2.1] implies that either
r > 2(n — k) + 1, or some other power of (gs)¢ has order /, with " a product of two
(not necessarily distinct) primitive prime divisors of ¢" % —1. In particular, by combining
Theorem 2.12 and Corollary 2.15, we see that the only possibilities for H € M are the
following;:

(i) A maximal parabolic subgroup of type Py or P, _; there is exactly one subgroup
of each type in M.
(ii) A Cg-subgroup of type Sp,(q), O (q) or GU,(¢'/?).
iii) A subfield subgroup of type GL;,(q1), where ¢ = ¢f for some prime divisor a of e.
1

Since r is a primitive prime divisor of ¢" % —1, and we have chosen k so that n—k is odd,
it follows that = does not belong to a Cs-subgroup of type Sp,,(¢) or O (g), so there are no
such subgroups in M. Next we observe that there are no Cg-subgroups of type GUn(ql/ )
in M. Since r is a primitive prime divisor of ¢"* — 1, it follows that r does not divide
IPGU,,(¢"/?)|. Indeed, suppose r divides ¢//2 — (—1)J for some 2 < j < n. If j is even then
r divides ¢//2 — 1, which is absurd since r is a primitive prime divisor of ¢" % — 1. On the
other hand, if j is odd then Lemma 4.3 implies that r divides (¢?/241,¢" % —1) = (2,¢—1),
which once again is a contradiction.

Finally, note that for each prime divisor a of e there are at most |Cpgr,,(g) (V)| =
(g5~ —1)(gf —1)/(q0 — 1) < ¢"/¢ subfield subgroups of type GL,(q1) (where ¢ = ¢f) in
M (see Proposition 2.16(i)). Therefore, by applying Theorem 2.7, we conclude that if n
is sufficiently large and z € G has prime order, then

a(z) < 2¢7% + 2657 + (log(e) + 1)¢™° - f(n,q).

Now f(n,q) < ¢ " 2/™ and ¢ is bounded, hence a(z) — 0 as n — oo and the result
follows. O

To complete the proof of Theorem 4.1, it remains to deal with the small dimensional
groups with n < 4.

Proposition 4.6. Theorem 4.1 holds when n = 4.

Proof. In view of Proposition 2.17, we may assume g > 16. Take y = [A, u] € PGL4(qo),
where A € GLj3(qo) is irreducible of order g3 — 1 and p = A%/ det(A). By Lemma 4.2 there
exists s € G such that (gs)€ is X-conjugate to y. Note that a suitable power of (gs)¢, say
x = (gs)™¢, has order r, where r is a primitive prime divisor of qS - 1.

Let M be the set of maximal subgroups of G containing gs, and let H € M. We claim
that one of the following holds:

(i) H is a parabolic subgroup of type P; or Ps; there is a unique subgroup of each
type in M.

(ii) e =0 (mod 3) and H is a Ce-subgroup of type GLi(q) 1 Sy; there is a unique such
subgroup in M.



ON THE UNIFORM SPREAD OF ALMOST SIMPLE LINEAR GROUPS 25

(iii) H is a subfield subgroup of type GL4(q1), where ¢ = ¢f for some prime divisor a
of e; for each ¢ there are at most |Cpgr,, () ()| = gs — 1 such subgroups in M.

By Corollary 2.15, the only reducible subgroups in M are parabolic of type P; or Ps;
there are unique such subgroups because y fixes a unique ¢-dimensional subspace of the
natural PGL4(go)-module, for ¢ = 1, 3. Part (iii) on subfield subgroups follows in the usual
way from Proposition 2.16(i).

Next suppose H € M is a Co-subgroup. If (3,e) = 1 then r is a primitive prime divisor
of ¢> — 1 and thus Ca-subgroups are ruled out by the main theorem of [24]. Now assume e
is a multiple of 3, so the eigenvalues of (gs)¢ are contained in F,. Note that » =1 (mod 3)
and thus r > 7. In particular, if (¢s)¢ stabilizes a decomposition V =V, @ Va @ V3 @& Vj
then x must fix each V;, so the V; are simply the eigenspaces of x and we conclude that
there is a unique Co-subgroup of type GLj(g) ¢ Sy in M.

Now assume g¢gs stabilizes a decomposition V = V| & Vo, with dimV; = 2. By the
same reasoning, x must fix V7 and V5. Without loss of generality, let us assume that the
restriction of x to Vi has eigenvalues 1 and &, while z restricted to Vo has eigenvalues
&9 and 5‘13. As observed in the proof of Lemma 4.5, since gs commutes with z it sends
1-eigenvectors of x to 1-eigenvectors of (gs)¢ and thus gs fixes V7. This is a contradiction
because we have already observed that gs does not fix a 2-dimensional subspace of V.
Therefore, there are no Co-subgroups of type GLa(q) 1 S in M.

The Cy4,Cs and C7 families are empty, and the same is true for the Cy family since q # p
(see [5, Table 7.9]). We can quickly eliminate Cs-subgroups of type GLa(q?) because the
eigenvalues of (gs)¢ do not consist of two pairs, with elements in each pair having the same
multiplicative order (as elements of ]F;S). Therefore it remains to deal with the subgroups
in Cg.

Suppose H € M is a Cg-subgroup H of type GU4(q1/2), so ¢ = q§ is an even power of
p and we may write ¢/2 = q{;. Let £ = {u,w, wqo,wq%} be the set of eigenvalues of (gs)€,
where ]F;g = (w), and let T be a maximal torus of H containing (gs)¢. The conjugacy

classes of maximal tori of GU4(qg ) are parametrized by the conjugacy classes in Sy, which
is the Weyl group of the corresponding root system of type As. For example the class of

transpositions in Sy corresponds to a class of maximal tori with structure Z; x Z; x Zj,

'~ 1 and j = q(]; + 1. The eigenvalues of elements in such a torus are of

f

where i = qg

the form {a, a% ,b, c}, where a has multiplicative order dividing qg — 1 and b and ¢ have

multiplicative order dividing qg + 1. In particular, the two eigenvalues corresponding to

the qgf — 1 factor have the same multiplicative order. Now three of the four eigenvalues
of (gs)¢ have multiplicative order qg’ — 1 and so these must correspond to cyclic factors

7 _ 1. Therefore the only possible tori are of the form qéf -1

of T of order qgf —1lor q(Q)
or (qgf —1) x (qgf — 1), but the eigenvalues of any element in such a torus either all
have the same multiplicative order, or they occur in pairs having the same order. This
contradiction rules out Cg-subgroups of type GUy(¢'/2) in M.

Next assume H € M is a Cg-subgroup of type Sp,(q). Now (gs)¢(%—1) has eigenvalues
{1,¢,&, 5‘18 } for some £ € Fqg of multiplicative order qg +qo—+1, but this is a contradiction
since the nontrivial eigenvalues of semisimple elements in H N Gy occur in pairs with the
same multiplicative order. The same argument also rules out Cg-subgroups of type Of(q).

Putting all this together, and applying Corollary 2.9 and Theorem 2.7, we deduce that
if z € G has prime order then

a(z) <2¢7 ' 4+2¢7° 4+ (1+ (1 +log(e)) (g — 1)) - f(4,q)
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with f(4,q) defined in (15). If e > 3 then this bound implies that a(z) < 1/2 (recall that
we are assuming g > 16). Now, if e = 2 then by Proposition 2.16(ii) we may replace the
term (1 + (1+1log(e))(gg — 1)) in the above bound by e? = 4, and subsequently we deduce
that a(z) < 0.187 for all g > 4. Finally, the reader can check that the above bounds
imply that a(z) < g Y4 for all ¢ > 27, hence u(G) — 00 as ¢ — 0. O

Proposition 4.7. Theorem 4.1 holds when n = 3.

Proof. If ¢ < 16 then the result follows from Proposition 2.17, so let us assume g > 25.
In fact, if ¢ <49 then the desired result can be verified using MAGMA, so we will assume
q > 49. Set y = [A, u] € PGL3(qo), where A € GLa(qo) is irreducible of order g3 — 1 and
p=A"/det(A), and fix s € Gg such that (gs)¢ is X-conjugate to y. As before, let M be
the set of maximal subgroups of G containing gs. We claim that if H € M then one of
the following holds:

(i) H is a parabolic subgroup of type P; or Py; M contains a unique subgroup of each
type.

(ii) eiseven and H is a Ca-subgroup of type GL1(¢)1Ss; there is a unique such subgroup
in M if gqp # 2, and there are at most 3 when gy = 2.

(iii) H is a subfield subgroup of type GL3(q1), where ¢ = ¢f for some prime divisor a
of e; for each g1 there are at most |Cpgr,(q) (¥)| = g3 — 1 such subgroups in M.

(iv) H is a Cg-subgroup of type GUz(¢'/?) or O3(q). In both cases there are at most
qg — 1 such subgroups in M.

The argument here is very similar to the one given in the proof of the previous proposi-
tion, so we will only give details for Cy and Cy subgroups (note that in parts (iii) and (iv)
we use Proposition 2.16(i) to bound the number of subgroups of the given type in M).

Suppose H € M is a Co-subgroup of type GL1(q)tS3, say H preserves the decomposition
V=VieVed Vs If eis odd then A € GLa(q) is irreducible, so (gs)¢ must swap two
of the V;. Therefore |(gs)¢| divides 2(¢ — 1), but this is a contradiction since Lemma 4.3
implies that (g3 — 1,2(qf — 1)) < 2qp — 2 < g2 — 1. Now assume e is even. If gy = 2 then
Proposition 2.16(i) implies that there are at most [Cpgr,(qy)(¥)| = 3 subgroups of type
GL1(g) 1S3 in M, so let us assume gy > 2. Since e is even, the eigenvalues of (gs)¢ are
in F,. Now |(gs)¢] = g5 — 1 > 3 so either (gs)* or (gs)3¢ fixes each V;, hence the V; are
simply the (distinct) Fg-eigenspaces of this element. It follows that there is a unique such
subgroup in M.

Finally, suppose H € M is a Cg-subgroup. Since ¢ # p, the only possibility is ¢ = p?
(so gqo = p and e = 2), with p = 2,3 (mod 5) (p # 3), and H has socle Ag (see [5, Table
7.4]). We are assuming g > 49, so the congruence condition implies that gy > 13. By
considering the eigenvalues of (gs)? we deduce that |(gs)?| > 2go + 2 > 28, but no element
in Aut(Ag) has order greater than 10, so there are no Cy-subgroups in M.

Let z € G be an element of prime order. By applying Theorem 2.7 and Lemma 2.10 we
deduce that

(log(e) + 1)(g5 = 1) +3d =3 23,4~ 1)(g5 ~ (- 1)
¢>+q+1 q?(q+1)

where d = (2, e). In particular, if e > 3 then a(z) < 1/2 for all ¢ > 49. Now assume e = 2.

By applying Proposition 2.16(ii) we have

)

alz) <2¢7 1 +2¢7% +

q+2 (3, —1)(q+3)
@ +q+1 *2(g+1)

which is sufficient for all ¢ > 49. In addition, we observe that a(z) < g Y4 for all ¢ > 121,
whence a(z) — 0 as ¢ — 0. O

afz) <27 +2¢72 +
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Proposition 4.8. Theorem 4.1 holds when n = 2.

Proof. Here we may assume ¢ > 169 (see Proposition 2.17). Let y € PGLa(gp) be an
irreducible element with determinant A%, and note that |y| > (g0 + 1)/(2,90 — 1). By
Lemma 4.2, there exists s € Gy such that (gs)¢ and y are X-conjugate. As usual, let M
be the set of maximal subgroups of G' containing gs. We claim that if H € M then one
of the following holds:

(i) H is a Co-subgroup of type GLj(q) 1 So; either e is even, qp # 3 and there is a
unique such subgroup in M, or gy = 3 and there are at most 4.

(ii) H is a Cs-subgroup of type GLi(¢?), and there is at most one subgroup of this
type in M.

(iii) H is a subfield subgroup of type GLa2(q1), where ¢ = ¢f for some prime divisor a
of e. There are at most gy + 1 such subgroups in M.

To see this, first observe that there are no reducible subgroups in M since y is irre-
ducible, while the C4, Cg, C7 and Cg families are empty. If H is a C3-subgroup of type
GL1(q?) then fpr(y,G/H) = 2/(q(q — 1)) and [G : H] = q(q — 1)/2, so y (and thus gs)
is contained in a unique Cs-subgroup. As usual, the claim for subfield subgroups follows
from Proposition 2.16(i) since |Cpgr,(g0) ()| = qo + 1.

Suppose H € M is a Cog-subgroup. Here the only possibility is ¢ = p? (so go = p and
e =2), with p = +3 (mod 10) and H has socle A5. As previously stated, we may assume
go > 13 and thus [(gs)€| > 7. However, no element in S; has order greater than 6, so there
are no such subgroups in M.

Finally, suppose H is a Ca-subgroup of type GL1(q) ! Se, say H preserves the decom-
position V. =V} @ Vi. If qo = 3 then Proposition 2.16(i) implies that there are at most
|CpGLa(qo) (¥)| = 4 subgroups of this type in M, so let us assume qo # 3. If e is even then
(gs)?¢ fixes each V;, so V4 and V; are the eigenspaces of (gs)?¢ (note that the eigenvalues are
distinct since gg # 3) and thus M contains a unique subgroup of this type. Now assume e
is odd. Here (gs)¢ must swap V7 and V5, so |(gs)¢| divides 2(¢—1). This is a contradiction
if gy is even since |(¢9s)¢] = qo + 1. Now assume qq is odd, so |(gs)¢| > (qo + 1)/2. The
previous divisibility condition implies that go is a Mersenne prime. Therefore 2(¢ —1) = 4
(mod 8) and thus the same divisibility criterion implies that g9 = 7. Here a maximal
Ca-subgroup of PGLa(q) is a dihedral group of order 2(7¢ — 1). In particular, since 7¢ — 1
is indivisible by 4 (recall that e is odd), and the exponent of the dihedral group is 7¢ — 1,
it follows that (gs)¢ is not contained in H.

Let z € G be an element of prime order and suppose H € M. According to [35,
Theorem 1], either fpr(z, G/H) < 2/(q+ 1), or H is of type GLa(¢'/?) and
2+q'"7(¢ + 1)

q'/?(q¢+1)

fpr(z,G/H) <

Therefore

2(qo + 1)(log(e) +2 — d) + 10 N
g+1

a(z) < (g1 1)

(d—1)(go+1) - (2 +4'2(¢'% + 1>>

for all z € G of prime order, where d = (2,¢e). In particular, if e > 3 and ¢ > 169 then
a(z) < 1/2 as required. Finally, if e = 2 (and ¢ > 169 so qo # 3) then by applying
Proposition 2.16(ii) we deduce that

1/2(,1/2
alz) < — +2<2+q (g +1))<1/2.

T g+l q/?(¢+1)
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In addition, the above bounds imply that a(z) < ¢~ /7 for all ¢ > 169, whence u(G) — oo
as g — o0. O

This completes the proof of Theorem 4.1.

5. GRAPH-FIELD AUTOMORPHISMS

Here n > 3 and G = (Go,g) with ¢ = tox, where ¢ is the inverse-transpose graph
automorphism of Gy, o is a standard field automorphism (of order e > 1) and = € PGL,(q).
In particular, ¢ = ¢§ and we note that .o = 0. As before, we may replace x by 6 = [\, I;,_1]
for some A € Fj. The idea is to modify the approach used in the previous section, based
on Shintani descent.

Let K be the algebraic closure of F; and set X = PSL,(K). We may view o as
a Frobenius morphism of X. As stated in Lemma 2.13, the associated Shintani map
provides a bijective correspondence between the set of X(,,)c-classes in the coset 10X (,5)e
and the set of X ,-classes in X,, = PGU,(qo). If e is even then X(1o)e = Xoe = PGL,(q)
and we can proceed as in the previous section. However, if e is odd then we cannot
realize PGL,(q) as the set of fixed points in X of some power of (0. Indeed, X(,5)2m+1 =
X, gome1 = PGUn(qgmH) for all m. Therefore, a modified approach is required to handle
this case.

The main result of this section is the following:

Theorem 5.1. Let Gy = PSL,(q) and G = (Gy,g), where n > 3 and g = wox is the
product of the inverse-transpose graph automorphism v, a standard field automorphism o
of order e > 1 and x € PGL,(q). If we assume G # PSL3(4).2; then there exists s € G

such that
> fpr(z,G/H) < 1/2 (17)
HeM(gs)
forall z € G of prime order. In particular, w(G) > 2 for all G. Moreover, u(G) is bounded
as |G| — oo if and only if q is bounded and ne is odd.

Remark 5.2. The excluded case G = PSL3(4).2; is a genuine exception to the bound in
(17), but it is easy to check that u(G) > 2 (see Proposition 2.18).

As previously remarked, the analysis here depends on the parity of e (where e is the
order of the field automorphism ¢ involved in g).

5.1. ¢ has even order. Let f be the Shintani map from the set of PGL,,(¢)-classes in the
coset toPGL,,(q) to the set of PGU,(qo)-classes in PGU,(go). We start with an analogue
of Lemma 4.2.

Lemma 5.3. With the notation above, let o = —(q¢—1)/(qo+1) and suppose y € PGU,(qo)
has determinant \*. Then there ezists s € G such that f(gs) is PGU,(qo)-conjugate to

Y.

Proof. Since f is a bijection, the PGU,(qo)-class of y corresponds to the PGL,(q)-class
of ot for some t € PGLy(q). Let u be the determinant of ¢ and fix a generator w for IFy.
Now

(tot)¢ = ¢(o) T o) oy
and det t(9) = ;(=0)’ 5o f(10t) has determinant u®. Since f(iot) and y are PGU,,(go)-
conjugate, it follows that x® = \* and thus p = w(®@TDI)\ for some integer 0 < j < o
Let 2 € PGL,(q) be an element with determinant w=/. Then (10t)® = wox™ ‘"tz and

27tz has determinant A. Therefore 7tz € 6Gg, so there exists s € Gy such that
tox”tx = 100s = gs € G corresponds to y under the Shintani correspondence. ([l
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Proposition 5.4. Theorem 5.1 holds when e is even and n > 5.

Proof. This is very similar to the proof of Proposition 4.4. Set y = [A, B] € PGU,(qo),
where A € GU,,_2(qo) is a regular semisimple element of order (g3~ — (—1)")|A\%|/(go +1)
and determinant A* (here a = —(¢—1)/(go+ 1), as in Lemma 5.3), and B € GUjy(qo) is a
unitary transvection. Note that if n is odd then A is irreducible over Fqg, while A splits
into two irreducible blocks of dimension /2 — 1 when n is even. Since A (and therefore
y) has determinant A\®, a combination of Lemmas 2.13 and 5.3 implies that there exists
s € Go such that (gs)¢ and y are X-conjugate. If (n,q) = (6,4) then Proposition 2.17
applies, so we may assume (n,q) # (6,4).

To determine the subgroups in M = M(gs) we proceed as in the proof of Lemma 4.5.
First observe that a suitable power of (¢s)€ is a transvection; this immediately eliminates
the subgroups in the C3, C4, Cg, C7 and Cg collections, and we can also rule out Cg-subgroups
of type Of(q) for the same reason.

Next let us turn to the Ci-subgroups in M. First note that y is contained in a unique
maximal parabolic subgroup of PGU,,(go) of type P;, and also a unique subgroup of type
GUa(qo) L GU,—2(qo) (the stabilizer of a non-degenerate 2-space). In addition, if n is
even then y is contained in exactly two subgroups of type P, /5_;, and two of type P, ;.
By applying Corollary 2.15 we deduce that the Ci-subgroups in M are as follows: one
each of type Py, 1 and GLa(q) X GLj—2(g), in addition to two each of type P, 21 n/241
and P, /o when n is even. (Recall that P; ; denotes the G-stabilizer of a pair of subspaces
UCW of V, where dimU =i, dim W = j and ¢ + j = n; such subgroups are maximal in
G whenever G € PT'L,,(q).)

Let us explain in more detail how Corollary 2.15 applies in this situation. Let Y
be a parabolic subgroup of type Py ,_1 of the algebraic group X = PSL,(F,). Recall
that e is even so we have (10)¢ = ¢°. Now Corollary 2.15 implies that the number
of Xye = PGL,(g)-conjugates of Yse (a type Pp,—1 parabolic subgroup of PGL,(q))
normalized by tos is equal to the number of X,, = PGU,(qo)-conjugates of Y,, (a type
Py parabolic subgroup of PGU,(qo)) containing f(tos). We have already observed that
f(tos) is contained in a unique P; parabolic subgroup of PGU,(qo), so there is only one
subgroup of type P; ,—1 in M. Similarly, suppose that Y is a Levi subgroup of X of type
A1An—3Th. Then Y. is a type GLa(q) x GL,—2(q) subgroup of X,e = PGL,(q) and Y,,
is a type GUa(qo) x GU,—2(qo) subgroup of X,, = PGU,(qo). Since f(tos) € PGU,(qo)
is contained in only one such subgroup, Corollary 2.15 implies that there is only one
subgroup of PGL,,(q) of type GL2(q) x GL,,_2(q) normalized by tos. The other cases are
similar.

Now assume H € M is a Ce-subgroup. By arguing as in the proof of Lemma 4.5, we
deduce that one of the following holds:

(i) H is of type GL2(q) 1S, /2 and e > (n — 2)/2; there is at most one subgroup of this
type in M;

(ii) H is of type GL1(q)2Sp, ¢ is even, and e > n —2; there are at most gy/2 subgroups
of this type in M.

Next suppose that H is a Cs-subgroup of type GL,,(q1), where ¢ = ¢ for a prime r (as
before, we note that r divides e). If e > 3 then Proposition 2.16(i) implies that for each
relevant prime 7 there are at most |Cpqu, (40)(¥)] < qo(qg*2 + 1) distinct Cs-subgroups in
M. Now assume e = 2, so r = 2 and n is even. We claim that there are no Cs-subgroups
in M. To see this, first note that the set of eigenvalues of (gs)¢ is of the form

k , —aok , g3k —qo)" 3k
£ = {1,k wmwk aok ()R
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where IE‘Z”,Q = (w) and k = (g0 + 1)/|\%| (with & = —(¢ — 1)/(qo + 1) as before). Now,
0

if (gs)¢ is contained in a Cs-subgroup of type GLy,(qo) then w?” is an eigenvalue of (gs)®,
so wik = (0% for some 0 < j < n — 3, and thus ¢ — 1 divides k(o — (—qo0)7).
However, if j < n—4 then |[k(go — (—q0)?)| < g3~ — 1, which is a contradiction. Similarly,
if j =n—3and A% # 1 then k < (g0 +1)/2 and |k(q0 — (—q0)’)| < g2 — 1, whereas if
IA%| =1 then k(qo — (—q0)’) = (g0 + 1)(qo + ¢ ?) is clearly indivisible by ¢~ — 1 (recall
that we may assume (n,q) # (6,4)). This justifies the claim.

To complete the analysis of the subgroups in M, we may assume H is a Cg-subgroup
of type Sp,,(¢) or GU,(q'/?). By Proposition 2.16(i), there are at most ICpaU, (g0) (V)] <

qo(qg_2 + 1) subgroups of type GUn(ql/Q) in M, but we claim that there are none of type
Sp,,(q). To see this, suppose n is even and let £ be the set of eigenvalues of (gs)¢ as above.
Now (gs)¢ € PGSp,(q) and thus (gs)** € PSp,(q), so w 2* is an ecigenvalue of (gs)%.
Therefore w2k = w2k(=2) for some 0 < j < n—3, so qg_z — 1 divides 2k(—qo)? + 2k and
thus (g7 % — 1,2k(q) + (=1)7)) = ¢j~* — 1. However,

(g5~ = 1, 2k(q) + (1)) < 2k(g % = L, g + (1)) < 2(q0 + 1)(g5 % — 1, q9 + (—1)’)
and Lemma 4.3 implies that this upper bound is less than qg_Q —1, which is a contradiction.
For example, if j is even then Lemma 4.3 yields

20q0 + 1)@ > = L@ + (=1)7) = 2(a0 + V(g > = L) +1) < 20 + (g +1)
<(

and we have 2(qo + 1)(q(()n_2’j) +1) < gp~? — 1 since (n —2,5) < (n —2)/2. We conclude

that there are no Cg-subgroups of type Sp,,(¢) in M.
Let z € G be an element of prime order and define a(z) as in (14). By applying Theorem
2.7, we deduce that the contribution to a(z) from the subgroups in C; is less than
¢+ "+ 2072+ ((n,2) — 1)(dg 2 + 4773,

while Corollary 2.9 indicates that the remaining contribution is less than

(1,214 J(@2) = 1)+ anlaf 1) (1 (1 = 8o log(e) + 1) ) - £, ).

where f(n,q) is given in (15). For n > 5, it is straightforward to check that these bounds
imply that a(z) < 1/2 unless

(n,q) € {(8,4),(7,4),(6,4),(5,9),(5,4)}.
In addition, we note that the above bounds immediately imply that a(z) — 0 as ¢ — c©
(for any n > 5), whence u(G) — oo as ¢ — 0.

The cases (n,q) = (5,4),(6,4) are dealt with in Proposition 2.17. To deal with the
remaining cases, it is helpful to note that if H is a maximal subgroup of type GU,(qo)
then fpr(z, G/H) < B(n,q) for all z € G of prime order, where 3(n, q) is defined as follows:

(ng) (8,4 (7,4 (59
B(n,q) 1/32639 1/8128 1/9801

Armed with these bounds, the desired result quickly follows. For example, suppose (n, q) =
(5,9). Asabove, the C; contribution is less than 9714+97442.972; the only other subgroups
in M are of type GUj5(3), and thus

a(z) <9+ 97 +2.972 4 3(3% +1)/9801 < 1/2.
Similarly, we get a(z) < 1/2 when (n,q) = (8,4) or (7,4).
To complete the proof of Proposition 5.4, it remains to show that u(G) — oo when ¢

is bounded and n tends to infinity. As in the proof of Proposition 4.4, let k£ be an integer
such that n/4 < k <n/2, n — k is odd and (n,k) = (n — k,e) = 1. We may assume n is
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large. Set y = [A, B] € PGU,(qo), where A € GU,,_(qo) is irreducible of order a multiple
of 2% +1, and B € GUy(go) has order a multiple of gf — (—1)* (B is irreducible when k
is odd, otherwise B splits into two irreducible blocks). Note that |Cpqu,, (40)(¥)| < 2¢07 1.
Since (n — k,e) = 1, some power of y has order r, where r is either a primitive prime
divisor of ¢"* — 1 with r > 2(n — k) + 1, or r is a product of primitive prime divisors of
¢" % — 1. Therefore, since n — k is odd, by applying Theorem 2.12 and Corollary 2.15 we
deduce that the possibilities for H € M are as follows (we use Proposition 2.16 to bound
the number of irreducible subgroups in M of a given type):

(i) H is of type GLi(q) x GL,—r(q); there is a unique such subgroup in M.
(ii) H is of type Py/2n—k/2 and n is odd; there are at most two such subgroups in M.

(iii) H is of type GL,(q1), where ¢ = ¢{ for some prime divisor a of e; for a given a,

there are less than 2qg_1 such subgroups in M.

(iv) H is of type GU,(q'/?); there are less than 2(](7)“1 such subgroups in M.

(Note that there are no subgroups of type Sp,,(¢) or Of,(¢) in M since y acts irreducibly
on a subspace of V' of odd dimension n — k > n/2.)

Let z € G be an element of prime order. In the usual way we calculate that
a(z) < 2¢7* + 478 + 2(log(e) + 2)gy - f(n,q),
hence a(z) — 0 as n — oo, as required. O

Proposition 5.5. Theorem 5.1 holds when e is even and n = 4.

Proof. If ¢ <9 then Proposition 2.17 applies, so we may assume ¢ > 16. Set y = [A, B] €
PGUy4(qo), where A € GUj3(qp) is irreducible of order ¢i + 1 and B € GUjy(qp). As usual,
let M denote the set of maximal subgroups of G' containing gs, and note that there is a
unique reducible subgroup in M (of type GL1(q) x GL3(q)). Also, since g # p, we note
that G has no maximal Cy-subgroups (see [5, Table 7.9]).

First assume e is divisible by 3. Since e is even, it follows that e > 6 and thus g > 64. It
is easy to see that there are no Cy4, Cg or Cy-subgroups in M. In addition, we can eliminate
Cs-subgroups, and also Cg-subgroups of type Sp,(g) or Of(q), because exactly three of the
eigenvalues of y have the same multiplicative order. For the remaining Cs, C5 and Cg-
subgroups of G, Proposition 2.16(i) implies that there are at most [Cpgu, () (¥)| = @5 + 1
subgroups of a given type in M. Therefore, by applying Theorem 2.7, we deduce that

a(z) < ¢ ' +q7 + (44 log(e))(ap + 1) - f(4,9) < 1/2 (18)

for all ¢, and we also observe that a(z) — 0 as ¢ — oo.

For the remainder of the proof we will assume e is indivisible by 3. Now |(gs)¢| is
divisible by (g3 + 1)/(qo + 1), so every primitive prime divisor of ¢§ — 1 divides |(gs)€|.
Moreover, since e is indivisible by 3, such a prime is a primitive prime divisor of ¢* — 1.
In particular, if g9 & {2,3,5} then [23, Lemma 2.1] implies that some power of (¢gs)¢ has
order r, where r is either a primitive prime divisor of ¢3 — 1 with » > 7, or r is a product
of primitive prime divisors of ¢> — 1. Therefore, in these cases we can use Theorem 2.12
to determine the subgroups in M.

Suppose qo € {2,3,5}. Since y acts irreducibly on a 3-dimensional subspace of V' it
follows that there are no Cg-subgroups of type Sp,(q) or O§(q) in M. Therefore

a(z) < gt +q 3+ (logle) +2)(gh +1) - f(4,q)

and one can check that this bound is sufficient if e > 4. Now assume e = 2. Here the proof
of Proposition 2.16(ii) reveals that there are at most e? = 4 subgroups of type GUy4(qo)
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in M, and we note that there are no Cs-subgroups since PGL4(qo) does not contain any
elements of order |(gs)?|. Therefore

az) <qg 4¢3 +4- f(4,9) <1/2. (19)

To complete the proof we may assume gy € {2,3,5} and e is indivisible by 3. If e > 4
then it is easy to check that (18) applies, so we reduce to the case ¢ = 25. Here a power of
(gs)? has order 7 (a primitive prime divisor of 253 — 1) and by inspecting [24] we deduce
that every irreducible subgroup H € M is of type GUy(3). Therefore (19) holds and the
result follows. O

Proposition 5.6. Theorem 5.1 holds when e is even and n = 3.

Proof. This is similar to the proof of the previous proposition. In view of Proposition 2.17,
we may assume ¢ > 25. Let y € PGUjz(qo) be an irreducible element of order a multiple
of (g3 +1)/(qo + 1) and define M as before. Note that there are no reducible subgroups
in M.

If e is a multiple of 3 then by arguing as in the proof of Proposition 5.5, using Lemma
2.10 and Proposition 2.16(i), noting that |Cpgus(ge) (¥)| = 4§ — g0 + 1, we have

(3,g—1) log(e) + 3
g% (g +1) q2+q+1) <1/2 (20)

and the result follows. For the remainder, let us assume e is indivisible by 3.

a(z) < (qg —q+1) <

Suppose qo € {2,3,5}. Then as in the proof of Proposition 5.5, some power of (gs)¢ has
order 7, where 7 is either a primitive prime divisor of ¢* — 1 with » > 7, or r is a product
of primitive prime divisors of ¢® — 1. In particular, if H € M then Theorem 2.12 implies
that H is of type GL1(¢%), GUs(¢"/?) or GL3(q1). Moreover, if H € M is of type GL(¢%)
then H < C((gs)€), so there is a unique such subgroup in M (because (gs)¢ is contained
in a unique maximal torus of C((gs)¢)). Now, if e > 4 then Lemma 2.10 implies that

2(3,¢—1) , log(e) )

2

<(q —q +1

o(2) < (40— 0 )(q1/2(q+1) PHag+1) PHq+1

Similarly, if e = 2 then the proof of Proposition 2.16(ii) implies that M contains at most
2 subgroups of type GU3(q1/2) and thus

2(3,(] — 1) 1
<
)< pgry T e a1

for all ¢ > 25 (note that there are no subfield subgroups in M when e = 2).

<1/2.

<1/2 (21)

Finally, suppose qo € {2,3,5} and e is indivisible by 3. If e > 4 then (20) applies, so
we reduce to the case ¢ = 25. Here we obtain the same list of subgroups in M as in the
previous paragraph, using [24] and [5, Table 7.4], so (21) holds and the result follows. O

5.2. o has odd order. As before, let K = F,, X = PSL,(K) and recall that we may
assume that g = 100, where 6 = [\, I,_1]. We claim that g has order 2e, which implies
that g is PGL,(q)-conjugate to to (see [20, 7.2]). To see this, first note that the order of
g is certainly a multiple of 2e. Now an easy calculation shows that

(106)? = 026776 = N0 1,,_4].

In particular, if we set = [\ 79 I,,_1] then
(108)% = (o%u) = p= T
However, since e is odd and p® = p, this is equal to

M0671M‘7672 . /LUM = [)\(17(10)(q8*1+q872+'“+1)7 In—l] =1
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This justifies the claim. Therefore we may assume that g = to.

Let v be the standard involutory graph automorphism of X induced from the order-two
symmetry of the corresponding Dynkin diagram of type A,_;. Set Y = Cx () and note
that Y = PSO,,(K) or PSp,,(K) when n is odd or even, respectively (see [21, Theorem
1.15.2(d)]. In particular, Y is a simple algebraic group and we can use the tools of Shintani
descent. To do this, consider the Frobenius morphism o of X restricted to Y and note
that

PGSp,,(q) if n is even;
PSO,(q) =PO,(¢q) otherwise.

Now w0 is PGLy,(g)-conjugate to yo, so let us assume that g = yo. Note that vo = o7.

Yoe = Cx e (v) = {

By the theory of Shintani descent (see Lemma 2.13), there is a bijective map f between
the set of Y, e-classes in the coset oY e and the set of Y,-classes in Y,. Moreover, by
arguing as in the proof of Lemma 4.2 we deduce that if y € Y, has determinant 1 then
there exists s € Y, such that det(s) = 1 and f(os) = y (i.e. f maps the Y,c-class of os
to the Y,-class of ). Now os commutes with 7, so (yos)?¢ is conjugate to 32. Therefore,
if y € PSp,,(qo) or PSO,(qo), in the cases n even and odd respectively, then there exists
s € Go such that (¢gs)2¢ is conjugate to y2. Moreover, since (y0s)? = 0%s%s and o2 acts
as a field automorphism of order e on PGL,(q) (since e is odd), we can use Corollary 2.15
and Proposition 2.16 to control the maximal subgroups of G containing 2.

Lemma 5.7. With the notation above, suppose y € PSp,,(qo) or PSO,(qo) in the respective
cases n even and n odd, and fir an element s € G such that (gs)%¢ is Y -conjugate to y>.
Let M be the set of mazimal subgroups of G containing gs and assume e > 3 is odd. Then
the following hold:

(i) There are at most |CPGLn(q0)(y2)’ distinct subgroups in M of a given type.

(ii) More precisely, the number of Cy-subgroups in M of a given type (either P2,
P; —i or GL;i(q) x GLy,—i(q)) is at most the number of reducible subgroups of the
same type in PGL,(qo) containing y>.

Proof. First consider (i). Set G1 = (PGL,,(q),v0) and note that all subgroups H € M of
a given type are Gi-conjugate. Let H be a maximal subgroup of G containing yos and
let N be the number of subgroups of type H in M. Then H also contains (yos)? = o?t,
where t = 573, so

v o l@nsnm (6|
— [(e?)% |H|
Further, since |(02t)%1 N H| < |H|/e, we have
N < |Cg, (0°t)|/e = |Ca, ((05)?)|/e.
Next let 7 be an integer such that 2j = 1 (mod e) and (j,|G|) = 1. (For instance, let
J be a solution to the system of congruences j = a (mod e) (where a is the multiplicative
inverse of 2 in Z/eZ) and j = 1 (mod p;) for all prime divisors p; of |G| with (p;,e) = 1; a
solution exists by the Chinese remainder theorem.) Now

Cc, ((09)*) < Ca, ((05)%)
(in fact equality holds) and (0s)% € 0PGL,(q), so Lemma 2.13(i) implies that
Ca, ((98)%)] = €|CpaL, (go) (b(08) D7)

for some b € X. Since (j,|G|) = 1, there exists an integer k such that jk = 1 (mod |G|)
and we deduce that

elCpGL (q0) (0(05)7™ )| < €|Cpar,, (g0) (b(a5)*b71)| = €|Cpar, (g0 (b(05)*b )]
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However, b(0s)?b~! and y? are PGLy,(qo)-conjugate, so

e\CPGLn(qo)(b(US)er_lﬂ = e|CPGLn(q0)(y2)|
and the result follows.

Finally let us turn to (ii). Define the integers j and k as above. Let H be a maximal C;-
subgroup of G containing yos, of type T say. Then (yos)? = (0s)? € H, hence (0s)% €
H. Since (0s)¥ € oPGLy(q), Corollary 2.15 implies that the number of subgroups of
G of type T containing (0s)% is the same as the number of subgroups of type T in
PGL,(qo) containing b(cs)¥b~!. But any such subgroup containing b(cs)?/¢b~1 also
contains b(os)2*¢b~1, and this element is PGL,(qo)-conjugate to y2. This completes the
proof of the lemma. O

We now partition the proof of Theorem 5.1 (with e odd) into several subcases. To do
this, let us first define two sets of special cases (n, qp), which we will consider separately:

A={(5,2),(5,3),(7,2),(7,3),(9,2),(11,2), (13,2), (15,2)};
B=1{(4,2),(4,3),(6,2),(6,3),(8,2),(10,2),(12,2),(14,2)}.

We start by assuming n > 5 is odd.

Proposition 5.8. Theorem 5.1 holds when e is odd, n > 5 is odd and (n,qo) ¢ A.

Proof. Let n = 2 4 2% ... 1 1 be the binary representation of n (where k; > k; 41 for
all i) and note that 2¥1 > n/2. Set y = [Agr,, Aghs, - . ., A1] € PSO,(qo), where A; € F

and each A, € O;,(qo) (with m > 1) is irreducible of order g’ /2 4 1. Since det(y) =1
there exists s € G such that (¢gs)?¢ and 32 are conjugate. As usual, let M be the set of
maximal subgroups of G containing gs.

The order of some power of y is a primitive prime divisor of q%kl — 1. Moreover, since e
is odd and (n,qo) ¢ A, [23, Lemma 2.1] implies that some power of y has order r, where
either r is a primitive prime divisor of ¢2" — 1 with » > 28+1 4 1, or r is a product
of primitive prime divisors of qQk1 — 1. Therefore, we can use Theorem 2.12 to restrict
the possible subgroups in M. Furthermore, each H € M contains a conjugate of y? and
so by studying the maximal subgroups of G containing 2, we can further restrict the
possibilities in M.

By Lemma 5.7(ii), the maximal C;-subgroups containing y? are as follows: one each of
type Pin—1 and GL1(¢) x GLp—1(g), together with at most one of type Pj,_; and also
at most one of type GL;(q) x GL,—;(q) for all 2 < j < n/2. In particular, by applying
Theorem 2.7 we deduce that the entire contribution to «(z) from reducible subgroups is
less than

2 +2¢7 "+ Z4q‘j =2¢" " +2¢""" +4/(¢* — q).
Jj=22

Now assume H € M is irreducible. In view of Theorem 2.12, it follows that H is a Cs,
Cs or Cg subgroup of G. We can immediately eliminate C3-subgroups since %2 has only one
eigenvalue in Fgy,. Similarly, there are no Cg-subgroups of type GUn(ql/ 2) since y? acts
irreducibly on a 2*1-dimensional subspace of V. By applying Lemma 5.7 we see that M
contains at most |CpGLn(qO)(y2)| < gy~ ! subfield subgroups for each prime divisor of e,
and at most the same number of Cg-subgroups of type O, (¢q) (when g is odd).

Therefore, if z € G has prime order then
() <2071 +2¢"" +4/(6* — a) + ¢ V(2,0 - 1) +log(e) - f(nq),  (22)
which is less than 1/2 (note that (n,q) # (5, 8) since we are assuming (n,qg) € A).
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From the previous bound it is clear that a(z) — 0 as ¢ — oo, so the asymptotic
statement in Theorem 5.1 also holds. However, we claim that if ¢ is bounded then a(z)
does not tend to zero as n — oo. To do this we will prove that if ne is odd then
every gs € gPGL,(q) stabilizes a pair of subspaces (U, W) of V, where dimU = 1 and
dim W = n — 1. In particular, every such element is contained in a reducible subgroup of
type Pin—1 or GL1(q) X GL,—1(q), so a(z) > ¢73 if z € Gy is a transvection.

Without loss of generality, we may assume that g = to. For any s € PGL,(¢q) we have

2e—1 2e—2
(g3)2e = g9 s9 e 895’

and since e is odd this is equal to

e—1 0_e—2

where z = s t...s%s € PGL,(q). In particular, z'z is PGL,(gq)-conjugate to
27 2 22t = 2zt = (2'2)'. But every element in PGL,(q) is conjugate to its transpose,
hence z'z is conjugate to its inverse. Consequently, if A € Fq is an eigenvalue of z‘z on V
then A~! is also an eigenvalue. Since n is odd, it follows that 1 occurs as an eigenvalue
of 2z = (gs)?¢. By the Shintani descent argument used in Lemma 5.7(ii), we deduce that
(gs)? stabilizes a 1-dimensional subspace U and is therefore contained in a P; parabolic
subgroup H of G. It follows that gs normalizes H N HY9°%, and we note that H9° stabilizes
an (n — 1)-dimensional subspace W (the inverse-transpose automorphism interchanges
the stabilizers of i-dimensional and (n — ¢)-dimensional subspaces of V). There are two
possibilities. If U € W then H N H% is a type P ,-1 maximal parabolic subgroup of
G containing gs; otherwise V. = U @ W and H N HY is a maximal subgroup of type
GL1(¢q) x GL,,—1(q) containing gs. This justifies the claim, namely, if g is bounded then
a(z) does not tend to zero as n tends to infinity.

In fact, we claim that if n > 5 then s(G) < (¢ + 1)%, so u(G) is bounded if ¢ is
bounded. We thank Bob Guralnick for suggesting the following argument. First fix a
basis {v1,...,v,} for V and write F;, = (w). Define ¢ + 1 hyperplanes Hoy, ..., H; as
follows:

Hy = (vi,vs3,...,0), Hi = <vl+wiv2,v3,...,vn> (1<i<qg-—-1), Hy= (va,...,0p).

Consider (), H; = (vs,...,v,) and note that |J; H; = V. Set W = (v3,vs) and label the
1-dimensional subspaces of W as follows:

Lo = (v3), Li = (vg +w'vog) (1 <i<q—1), Ly = (v4).

For each H; and L; let z;; be the transvection in Go with centre H; and axis L;, so
Lj = [‘/, Zij] C Cv(zij) = Hi- Set Z = {Zz‘j ‘ 0 < i,j < q}.

Let H be a hyperplane in V' and let L be a 1-dimensional subspace of V. Note that
dim(HNW) > 1 and L C H; for some i (since V = |J; H;). In particular, some L; is
contained in H NW. Consider the transvection z;;. By definition, z;; acts trivially on H;,
so zj; fixes L. In addition, since [V, z;;] = Lj, it follows that z;; also fixes H, whence z;;
fixes the pair of subspaces (L, H).

Now, if s(G) > (q + 1)? then there exists an element y € G such that G = (z,y) for
all z € Z. Necessarily, y = gs for some s € Gg, and recall that we have previously
observed that every such element fixes a pair of subspaces (L, H), where dim L = 1 and
dim H = n—1. By the previous argument, there exists z € Z also fixing the pair (L, H), so
(z,y) is contained in the G-stabilizer of (L, H) and thus G # (z,y). This is a contradiction,
hence s(G) < (¢ + 1)? as claimed. O

Proposition 5.9. Theorem 5.1 holds when e is odd, n is even and (n,qo) & B.
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Proof. This is similar to the proof of the previous proposition. Let n = 2F1 + ... 4 25 be
the binary representation of n (with k; > k; 41 for all i) and set y = [Agr,, Agry, ..., Agr,] €
PSp,,(qo), where each A, € GSp,,(qo) is irreducible of order g /21 1. As in the proof of
the previous proposition, Theorem 2.12 implies that each irreducible H € M is a C3, Cs
or Cg-subgroup of G. More precisely, H is one of the following types:

GL,,/2(4%), GLa(¢""), Sp,(q), O%(q) (g odd; € = £, but not both), (23)

and Lemma 5.7 implies that there are at most |Cpqr,, (q)(¥ H < 2qp” ! subgroups of
each type in M. The reducible subgroups in M can be determined via Lemma 5.7(ii):
there is at most one of type Pj,_; and one of type GL;(q) x GL,—;(q), for each even
integer j < m/2. In particular, if z € G has prime order then Theorem 2.7 implies that
the contribution to a(z) from reducible subgroups is less than Y ,o,4¢7% = 4/(¢> — 1).
Consequently, if n > 6 then Corollary 2.9 implies that B

a(z) <4/(¢° = 1) + 24" V(3 + log(e)) - f(n.q) < 1/2.

Finally, let us assume n = 4. Since (n,qy) ¢ B we may assume gy > 4. Here
1CpaLa(e) W) = (3 — 1)/(go — 1) and y? is irreducible, so each H € M is irreducible
and the possible types are given in (23). In addition, we note that if H € M is a C3-
subgroup of type GLz(¢?) then Cg(y?) = Cr(y?) and (y*)¢ N H = (y*)H, so there is
a unique such subgroup in M. By applying the relevant fixed point ratio estimates in
Lemma 2.11 we deduce that

di(g®+2¢+1 1_1 2 4dy(dy — 1
o< g+ (o) (o e e ),

where d; = (4, — 1) and da = (2,9 — 1). It follows that «(z) < 1/2 for all e > 5.

To deal with the case (n,e) = (4,3) we need to improve the upper bound on the number
of subgroups of type Sp,(q) in M. We claim that for any e there are at most d3(qo + 1)
such subgroups.

To see this, let G1 = (PGL4(¢q), gs) and observe that all subgroups of Gy of type Sp,(q)
are G1-conjugate. We may assume that HNPGL4(g) is contained in Cpgr,(q)(7) = Yoe. As
in the proof of Lemma 5.7, let j be an integer such that 2j = 1 (mod e) and (4, |G1|) = 1.
Write (gs)? = o2t, where t = 575, and set x1 := (gs)% = (0%t)/ € oY,e. Note that z; has
the same order as ot since (j,|G1|) = 1. We will count the number of subgroups of type
Sp4(q) containing x1. Suppose that xs € x?l N H. Now x1,x9 € oY e so we can consider
their images f(z1), f(z2) in Y, under the corresponding Shintani map f. Since the z;
are (G1-conjugate, it follows that the f(z;) are irreducible and have the same eigenvalues.
Therefore f(z1) and f(z2) are Y,-conjugate, so x1 and zo are actually Y e-conjugate and
thus [z N H| < \mfae |. It follows that the number subgroups of type Sp,(gq) in M is at
most

Y, e
@S N H| |Gy e G Yol |Gy (20|
G [H] T e$ H [H] Oy, (@)

Further, by considering the Shintani map between PGLy(g)-classes in oPGL4(q) and
PGL4(qo)-classes in PGLy4(qp), we deduce that

4
qr — 1
e, ()] = 26 Coarae) (@1)] = 2€|Craian (v)] = 2 <q3 - 1)

(see Lemma 2.13(i)). We also note that 2§ € Cy,.(x1) and |z§] = |y| = (¢5 + 1)/d, so

|Cy..(z1)| > (¢& + 1)/da2. Finally, since |H| > 2¢|PSp,(q)| = 2¢|Yye|/d2 we conclude that
Yoe|  1Cq, (21)]
[H| Oy, ()] ~

d2( qo + 1).
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This justifies the claim. In particular, for (n,e) = (4,3) we have
a(z) < di(¢® +2q + 1) <q§ - 1) <4d2(d2 —1)
¢*(¢® —1) q—1 ? -1
and the result follows.

2

#1000+t D) ST

It is easy to check that the above bounds on a(z) imply that a(z) — 0 (and thus
u(G) — 00) as ¢ — oo. In contrast to the situation in Proposition 5.8, we claim that u(G)
also tends to infinity if ¢ is bounded and n — oo.

To see this, we may assume that ¢ (and therefore e) is bounded, and that n is large
compared with e. Let k be an even integer such that n/4 < k < n/2, (k,e) = (n—k,e) =1,
and (k,n—k) = 2. Set y = [A, B] € PSp,,(qo) where A and B are irreducible of dimensions
n — k and k respectively. Since (k,e) = (n — k,e) = 1, it follows that A and B remain
irreducible over F,. In addition, some power of y has order r, where either r > 2(n—k)+1
is a primitive prime divisor of ¢"~* — 1, or 7 is a product of primitive prime divisors of
¢" % — 1. If H € M is reducible then H is of type GLz(q) x GL,_#(q), and there is a
unique such subgroup in M. By Theorem 2.12, the irreducible subgroups in M are of
type GLn/z(qQ), GLy(q1),Sp,(q) or O} (q), where ¢ = ¢ for some prime divisor a of e.

Since |Cpgr, (g0)(¥°)] < 2(¢8" —1)(gF —1)/(go — 1) we conclude that

2(3 + log(e)) (g5 " —1)(a6 — 1) | f(n,q)
q — 1 o

which tends to 0 as n — oo. OJ

a(z) < 2¢7% +

To complete the proof of Theorem 5.1, it remains to deal with the cases (n,qy) in A
and B, together with the case n = 3.

Proposition 5.10. Theorem 5.1 holds when e is odd and (n,qy) € AU B.

Proof. Define the element y as in the proof of Propositions 5.8 or 5.9, according to the
parity of n. As before, note that some power of y has order r, where r is a primitive
prime divisor of qgk1 — 1, so we can use the main theorem of [24] to restrict the subgroups
containing gs. Also note that (2¥1,r) = (4,5) if n < 7, otherwise (2¥1,7) = (8,17). As
usual, let M denote the set of maximal subgroups of G containing gs. We now inspect
the various subgroup collections presented in [24, Section 2].

First assume n is odd. As in the proof of Proposition 5.8, the contribution to a(z) from
reducible subgroups is less than 2¢~! + 2¢'™" +4/(¢*> — q). If H € M is a Co-subgroup
then [24, Example 2.3] implies that n < 7 and H is of type GL1(¢q)S,. By considering the
eigenvalues of y we can eliminate Cs-subgroups, while C4, Cg and Cr-subgroups are ruled
out by [24]. As usual, M contains subfield subgroups of type GL,(q1), where ¢ = ¢{ and
a is a prime divisor of e; for each divisor a there are at most \CPGLn(qO)(yQ)] < gy~ ! such
subgroups in M (see Lemma 5.7(i)). Similarly, the only Cg-subgroups in M are of type
Oy(q) (assuming g is odd), and again there are fewer than ¢~ ' such subgroups.

To complete the analysis of M when n is odd, we may assume H € M is a Cg-subgroup.
The various possibilities are listed in [24, Tables 2-8|, and we inspect each table in turn.
Let Hy denote the socle of H. Since q # p, by [5, Table 7.19] we may assume n > 7.

By inspecting [24, Tables 2-5] we can quickly rule out any possibilities with Hy an
alternating or sporadic group. (Here it is helpful to note that if go is prime (in terms of
the notation in [24] — this number is listed in the sixth column of the relevant tables) then
the corresponding almost simple subgroup H is contained in a proper subfield subgroup
of G, hence H is non-maximal.) Similarly, we can rule out the cases appearing in [24,
Tables 6 and 7]. It remains to deal with the cases listed in [24, Table 8]; here Hy belongs
to an infinite family of simple classical groups in characteristic p’ # p. Since n > 7 is
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odd and 2¥1 = 4 or 8, we can quickly eliminate all cases unless (n,qo) = (9,2) and Hy =
PSL2(17). However, the 2-modular character table of SLa(17) (see [29, p.11]) indicates
that SL2(17) does not admit a 9-dimensional irreducible representation in characteristic
2, so this possibility is also eliminated. We conclude that there are no Co-subgroups in M.

It follows that if n > 5 is odd and z € G is an element of prime order, then (22) holds
and thus we reduce to the case (n,q) = (5,8). However, if n = 5 then the only reducible
subgroups in M are those of type P; 4 and GL1(q) x GL4(q), so we can omit the 4/(¢* — q)
term in the upper bound in (22), and this yields a(z) < 1/2.

Now assume n is even. As above, by inspecting [24] we deduce that if H € M then
either H is a subfield subgroup, a C3-subgroup of type GL,, /Q(qQ), a Cg-subgroup of type
O%(q) (¢ odd) or Sp,(gq), or n =6 and H is a Ca-subgroup of type GLj(q)!Ss. Therefore,
if n > 6 we have

a(z) <4/(q* — 1) +2¢"V/¢((2,g — 1) + 3 + log(e)) - f(n,q) < 1/2

and it is easy to see that a(z) — 0 as ¢ — oo.

Finally, let us assume n = 4. Suppose ¢y = 2 and note that we may assume ¢ > 32 (see
Proposition 2.17). Now ’CPGL4(q0)(y2)‘ = 15 and by applying the bounds in Lemma 2.11,
using the fact that 3?2 is irreducible and belongs to a unique Cs-subgroup of type GLa(¢?),
we deduce that

3

A +2q+1
alz) < ——5———
(=) (¢ - 1)

if ¢ > 32. Finally, if (n,q) = (4,32) then we can replace the term log(e)f(4,q) in the
above bound by 1/1198336 (indeed, if H is a subfield subgroup of type GL4(2) then it is
easy to check that fpr(z, G/H) < 1/1198336 for all z € G of prime order), and this yields
a(z) < 1/2. Similarly, if go = 3 then |Cpgr,(4)(¥®)] = 40 and we have

2
+15 (ng_l + log(e) - f(4, q)> <1/2

(4,9-1)- (¢ +2¢+1)
a(z) < *(¢® - 1) A0 (2(61

which is less than 1/2 unless (n,q) = (4,27). As in the proof of Proposition 5.9, if
(n,q) = (4,27) then there are at most 22(3 + 1) = 16 subgroups of type Sp,(q) in M,
whence

2
q
3

nta-1t log(e) - f(4»Q)> :

(2) < 19738 n 2916 n 160
oz

7174089 = 9841 = 9841
as required. O

+40 - £(4,27) < 1/2

Proposition 5.11. Theorem 5.1 holds when e is odd and n = 3.

Proof. In view of Proposition 2.17 we may assume g > 27. Set y = [Aa, A1] € PO3(qo),
where Az € O; (qo) is irreducible (over both F,, and F,;). By inspecting the explicit list
of maximal subgroups of G given in [5], we deduce that the possibilities for H € M are
as follows: we get reducible subgroups of type P;2 and GL1i(q) x GL2(q) (exactly one
of each type); Co-subgroups of type GLj(q) ! Ss; subfield subgroups of type GL3(¢1) and
Cg-subgroups of type Os(q) (with ¢ odd). Now |Cpgr,(g) (%) < ¢§ — 1 and thus Lemma
2.10 implies that

alz) <2¢7 ' +2¢72 + (g5 — 1) (2, — 1) +log(e)) (* + g+ 1) < 1/2
for all ¢ > 27. ([l

This completes the proof of Theorem 5.1.
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6. GRAPH AUTOMORPHISMS

In this section we complete the proof of Theorems 2, 3 and 4 by considering the case
where G = (Gp, g) with g a graph automorphism of Gy. Here n > 3 and g is of the form
g = wx, where ¢ is the inverse-transpose map and = € PGL,(q). As usual, we may replace
z by § = [\, I,_1] for some X € F};, so g> = (:6)> = §'6 = 1 and thus g is an involutory
graph automorphism.

The PGL, (q)-classes of involutory graph automorphisms of G are described in Lemma
6.1 below. First we require some notation. For n even we define

0 -1 0 1
1 0 10
g 0 -1 St = 0 1 (24)
1 0 10
and t = [Ja, I,—2]. In addition, if n is even and ¢ is odd we set
0 1
10
ST = 0 1 (25)
10
7

where —p/2 € F, is a non-square.
Lemma 6.1. Let g € Aut(Gy) be an involutory graph automorphism.

(i) If n is odd then g is PGLy(q)-conjugate to ¢, and Cq, () is of type On(q);
(ii) If n and q are even then g is PGL,(q)-conjugate to 1S or 1St, where Cg,(1S) =
Spn(q) and Cg,y(1St) = Csp (g)(1);

(iii) If n is even and q is odd then g is PGLy(q)-conjugate to 1S, 1S* or 1S~ , and the
respective centralizers are of type Sp,,(q), O; (q) and O;, (q).

Proof. This is well known. For example, see [2, Section 19] when ¢ is even, and [34, Lemma
3.7] when ¢ is odd. O

Our main result is the following (here PSL4(3).22 = (PSL4(3), ), where ¢ is the inverse-
transpose graph automorphism):

Theorem 6.2. Let Gy = PSL,,(q) and G = (Gy, g), where g = 1x is the product of the
inverse-transpose graph automorphism v and x € PGL,(q). If we assume G # PSL4(2).2,
PSL4(3).22 then there exists s € Gy such that

> fpr(z,G/H) < 1/2 (26)
HeM(gs)
for all z € G of prime order. In particular, u(G) > 2 for all G. Moreover, u(G) is bounded
as |G| — oo if and only if q is bounded and n is odd.

Remark 6.3. The excluded cases G = PSL4(2).2 and PSL4(3).22 are genuine exceptions
to the bound in (26), but it is easy to check that u(G) > 2 (see Proposition 2.18).

We partition the proof of Theorem 6.2 into a number of subcases. We begin by assuming
n > 5 is odd.
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Proposition 6.4. Theorem 6.2 holds when n > 5 is odd.

Proof. Let A = {(9,2),(7,2),(5,4),(5,3),(5,2)}. If (n,q) € A then Proposition 2.17
applies, so we may assume otherwise. Without loss of generality, we may assume that
g =t (see Lemma 6.1) and thus Cg,(g) is of type O,(q). In particular, we may choose
s € Cg,(g) such that s = [A, 1] (modulo scalars), where A € SO, _(q) is irreducible of

order ¢("~1/2 £ 1. Set y = (gs)? = s> = [A%,1] and note that

lyl = (¢" V2 +1)/(2,9 - 1), (27)

so some power of y has order r, where r is a primitive prime divisor of ¢"~1 — 1.

Let M be the set of maximal subgroups of G containing gs and suppose H € M. We
claim that one of the following holds:

(i) H is a Cy-subgroup of type GL1(q) x GLy,—1(q); there is exactly one such subgroup
in M.

(ii) H is a Cg-subgroup of type O,(q), ¢ is odd and there are at most 2¢("~1/2 such
subgroups in M.

First assume H is reducible. Visibly, y fixes a decomposition V' = U & W of the natural
Go-module V', where dimU = n — 1. Moreover, U and W are the only proper y-invariant
subspaces of V since A? acts irreducibly on U. Since H is normalized by gs, it follows
that M contains a unique reducible subgroup, which is of type GLi(q) x GL,—1(q). For
the remainder, we may assume H € M is irreducible; we consider each of the Aschbacher
families in turn, using [24] to restrict the possibilities.

If H is a Ca-subgroup then [24, Example 2.3] indicates that H is of type GL1(¢)S,, with
q > 5, and we quickly deduce that |y| < (¢ — 1)n. However, this is incompatible with (27)
unless n =5 and ¢ < 8. If n =5 and ¢ = 5,8 then r = 13 does not divide |H N PGL(V)|.
Similarly, if (n,q) = (5,7) then |y| = 25, but |H NPGL(V)| is not divisible by 25, so there
are no Co-subgroups in M.

We can eliminate subfield subgroups since |PGLy,(q1)| is indivisible by r. Similarly, there
are no Cg-subgroups of type GU,(¢*/?) in M, and the main theorem of [24] immediately
rules out any C4, Cg or Cy-subgroups.

By [24, Example 2.4], if H is a C3-subgroup then n = r and H is of type GL1(¢"). Here
HNPGL(V) < B.r, where B is a cyclic group of order m = (¢" — 1)/(q¢ — 1). In view of
(27), it follows that |y| > r (since (n,q) ¢ A) and thus y" € B is nontrivial. In particular,
1 has multiplicity 1 as an eigenvalue of y”, but all the eigenvalues of any element of B have
the same multiplicative order in Fg,. This is a contradiction, so there are no C3-subgroups
in M.

Next suppose ¢ is odd and H € M is a Cg-subgroup of type O,(q). Set ¢ = (n,q — 1)
and let N be the number of distinct G-conjugates of H in M, so

G
y"NH
By [33, Proposition 4.8.4] we have
[SLa(q)| -1_L(n2+n-2)
G:Hl = <c tgpntn
= S0ua)

and we calculate that

1
)7 |yG| > 5q

‘SOR(CI)‘ < q%(n2—2n+1 .

G _

nz—n



ON THE UNIFORM SPREAD OF ALMOST SIMPLE LINEAR GROUPS 41

Therefore (28) yields N < 2¢~1¢(™=1/2. Finally, since there are at most ¢ distinct G-
classes of such subgroups (see [33, Proposition 4.8.4]), it follows that there are at most
2¢("~1)/2 subgroups of this type in M.

To complete the analysis of M we may assume H € Cg is almost simple with socle
Hy. According to [24, Example 2.6], Hyp is not an alternating group. If Hy is a sporadic
group then by inspecting [24, Table 5] we reduce to the case (Go, Hy) = (PSL11(2), May),
which we can immediately eliminate since |y| = 33 by (27), but |z| < 23 for all z € May.
Now assume Hj is a simple group of Lie type in characteristic . By inspecting [24, Table
6] we see that no cases arise when ¢ = p, so let us assume ¢ # p. Here the relevant
cases are recorded in [24, Tables 7 and 8] and it is straightforward to rule out them all.
For example, suppose Hy = PSL4(s), where s is an ¢-power and d > 3 is prime. Then
n=r=(s?—1)/(s—1), so (27) implies that

ly| = o(n=1)/2 L 1 — o((s"=1)/(s=1)=1)/2 L 1 5 ¢d _q

for all possible s and d. However, we have |z| < s — 1 for all 2 € H NPGL(V) (indeed,
lz| < 5% — 1 for all z € GLg(s) — see [17, Corollary 2], for example), so this case does not
arise.

We are now in a position to complete the proof of the proposition. Let z € G be an
element of prime order and define a(z) as in (14). By applying Proposition 2.8 we deduce
that if (n,q) € A then

a(z) <q 2+ ((2,g—1) = 1) - 2¢""D/2 . 2¢t T < g7

and the result follows.

Note that the above bound implies that «(z) — 0 as ¢ — oo. However, we claim that
if ¢ is bounded then a(z) does not tend to zero as n tends to infinity. To do this we
prove that every element 1x € (PGL,(q) is contained in at least one reducible subgroup
of type Py -1 or GL1(q) x GL,—1(q). First, note that if A € F, is an eigenvalue of (1x)?
on V then A\~! must also occur as an eigenvalue (see [19, Theorem 4.2]). Since n is odd,
it follows that (:z)? has at least one eigenvalue equal to 1 or —1. In particular, (tz)?
stabilizes a 1-dimensional subspace U of V', and we complete the argument as in the proof
of Proposition 5.8. Moreover, by repeating the final argument in the proof of Proposition
5.8 we deduce that s(G) < (g4 1)? if n > 5, so indeed we see that u(G) is bounded if ¢ is
bounded. O

Proposition 6.5. Theorem 6.2 holds when n = 2 (mod 4).

Proof. Let B = {(10,2),(6,2),(6,3),(6,4)}. If (n,q) € B then Proposition 2.17 applies,
so assume otherwise. Set t = [Ja, [,,_2| and define the matrix S as in (24). By Lemma
6.1, if ¢ is even then there are two PGL,,(g)-classes of involutory graph automorphisms,
with representatives 1S and 1St. Clearly these representatives are in the same Gy-coset,
so we may assume that g = 1S and Cg,(g) is of type Sp,,(¢). Similarly, if ¢ is odd and
det(d) = A is a square in F, then we may assume that g = +S. On the other hand, if \ is
a non-square then we may assume g = 1tS9. Now Cpqr,,(q)(¢S) = PGSp,,(¢) contains an
element § of determinant /2, so if ) is a non-square we may assume that g = 156 with
0 € CPGLn(q) (LS)

Set k =n/2+1, so k is even and (k,n—k) = 2. If ¢ is even then set s € C¢,(9) = Sp,,(¢)
with s = [A, B], where A € Sp,(q) and B € Sp,,_.(q) are irreducible. Similarly, if ¢ is
odd we choose s € Cg,(tS) so that s (or ds if g = 1.56) is of the form [A, B] with A, B as
before. For all ¢ we set y = (gs)? = [A2, B?] and we note that A? and B? are irreducible.
Now

yl > (¢"* +1)/(2,— 1) (29)
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and we see that some power of y has order r, where r is a primitive prime divisor of p/* —1
(where ¢ = pf and p is a prime).

As before, let M be the set of maximal subgroups of G containing gs. We claim that
if H € M then one of the following holds:

(i) H is a Cy-subgroup of type GLx(q) X GL,,_x(q); there is exactly one such subgroup
in M.
(ii) H is a C3-subgroup of type GL,, (¢); there is exactly one such subgroup in M.

(iii) H is a Cg-subgroup of type Sp,,(q) or O} (q) (¢ odd); there are at most 2¢"/2~1

subgroups of each type in M.

To determine the reducible subgroups in M we argue as in the proof of Proposition
6.4. Now assume H is irreducible. To determine the possibilities for H we apply the main
theorem of [24], considering the various C; families in turn.

Suppose H is a Ca-subgroup. Then according to [24, Example 2.3], we may assume H
is of type GL1(q) 1S, so HNPGL(V) < (¢—1)""1.5,, and ¢ > 5 (see [33, Table 3.5.H)). If
(n,q) # (10,5) then [23, Lemma 2.1] implies that some power of y has order 7/, where 7/
is either a primitive prime divisor of ¢¥ — 1 with 7’ > 2k +1, or 7 is a product of primitive
prime divisors of ¢* — 1. In this case, Co-subgroups are ruled out by Theorem 2.12. Finally,
if (n,q) = (10,5) then the order of s = [A, B] is at least lem(5% + 1,52 + 1) = 1638, so
ly| > 819. However, we have |z| < 120 for all x € H N PGL(V), so there are no Cs-
subgroups in M.

Next suppose H € M is a Cs-subgroup. By [24, Example 2.3], H is of type GLn/g(q2)
since (k,n — k) = 2, and [33, Proposition 4.3.6] indicates that G has a unique conju-
gacy class of such subgroups. Now y“ N H = y/ since any two semisimple elements in
PGL,, /Q(qz) with identical eigenvalues are PSL,, /Q(qz)-conjugate. In addition, Cg(y) is
of type Zyx 1 X Zyp-r_1, s0 Ca(y) is contained in a Cz-subgroup of type GL,,/2(¢*) and
therefore we may assume that C(y) < H. By applying Corollary 2.5, it follows that y is
contained in a unique such subgroup.

By the main theorem of [24], there are no C4, Cg or Cy-subgroups in M, and we can
eliminate subfield subgroups and Cg-subgroups of type GUn(ql/ 2) since r must divide
|H NPGL(V)|. Next suppose H € M is a Cg-subgroup of type Sp,,(q) or O%(q). In the
latter case note that g is odd and € = + is the only possibility since y fixes a decomposition
V =U@&W, where U and W are both non-degenerate orthogonal subspaces of minus-type.
Suppose H € M is of type Sp,,(¢q). Set ¢ = (¢—1,n/2) and let N be the number of distinct
G-conjugates of H containing y. By [33, Proposition 4.8.3] we have

‘SLH(Q)‘ -1 _1(n2—n-2)
H| = ———
= el <
while
o SPa(a)] e G GLo(@l 1 e,
NH|= - b .
= e < W e ) 7 s

Therefore (28) gives N < 2¢~'¢™/?>~1. In addition, there are at most ¢ distinct G-classes
of subgroups of type Sp,,(¢) in G (see [33, Proposition 4.8.3]), so there are at most 2¢"™/2~1
such subgroups in M. Similarly, by applying [33, Proposition 4.8.4], we also find that M
contains at most 2¢™/2~! subgroups of type O; (q).

To complete the analysis of M we may assume H € Cy is almost simple with socle Hy.
First assume Hy = Ay is an alternating group — the various possibilities are described in
cases (a)—(c) in [24, Example 2.6]. No examples arise in (a) and (c) since HNPGL(V) fixes
a non-degenerate form on V' in each relevant case. In (b), there are a couple of possibilities
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when n = 6 and d = 6 or 7. However, [24, Table 3| indicates that ¢ > 7, so |y| > 13 by
(29) but |z| < 12 for all z € H, so no examples arise. Similarly, by inspecting [24, Table
5] we can rule out any possibilities with Hy a sporadic group.

Finally, suppose Hj is a simple group of Lie type in characteristic £. If ¢ = p is the
defining characteristic then H must appear in [24, Table 6], but there are no relevant
cases. Finally, let us assume ¢ # p. By inspecting [24, Tables 7, 8], and by considering the
corresponding Frobenius—Schur indicators (see [15] and [29]) to determine whether or not
H NPGL(V) fixes an appropriate form on V', we reduce to the following cases:

Hy a n p
(i) PSU4(3) 28 6 p=1(mod 6)
(i) PSLs(4) 21 6 p=1(mod 6)
(iii) PSLp(11) 12 6 p#£2,11

Here a denotes the maximal order of an element of Aut(Hp). In (i) and (ii) we have |y| > «
if p > 7 (see (29)), so we may assume Gy = PSLg(7). Here |y| > lem((72+1)/2, (7+1)/2) =
100, so this case does not arise. Similarly, in (iii) we may assume ¢ > 5 (since (n, q) € B),
hence |y| > 13 and this case can also be discarded.

Let z € G be an element of prime order. By applying Theorem 2.7 and Proposition 2.8
we deduce that if (n,q) ¢ B then

alz) < 26" + 4 4 (2, - 1) — 1) - 4g7 3" + 2657 < 1/2. (30)
Moreover, it is straightforward to check that a(z) < ¢~™% if n > 12 or ¢ > 5, whence
a(z) = 0 as |G| — oo. O

Proposition 6.6. Theorem 6.2 holds when n =0 (mod 4) and n > 8.

Proof. If (n,q) = (8,2) then the desired result follows from Proposition 2.17, so we will
assume otherwise. By Lemma 6.1, there are three PGL,,(¢q)-classes of involutory graph
automorphisms, with representatives .9, 15T, and 1S, and respective centralizers of type
Sp,(q), O; (q) and O (q). Now det(St) = (=1)™2 = 1 s0 1S and ST are in the same
Go-coset and thus we reduce to the two cases ¢ = 1S and g =15~

First assume g = 1S. This is very similar to the proof of the previous proposition. Set
k=n/2+2, s0kiseven and (k,n—k) =2 or 4. As before, we may take s € Gy such that
y = (g9s)? = [A2, B?] where A € Sp;(q) and B € Sp,,_j(q) are irreducible. Then (29) holds
and the subsequent analysis of M is entirely similar, except that we need an additional
argument to eliminate Cg subgroups. Suppose H € M is a Cg-subgroup. According to
[24, Example 2.5], we may assume that ¢ = p =1 (mod 4) and n = 2" with m > 3. Now
H N PGL(V) < 22™.8py,,(2), where 22™ is elementary abelian of order 22™, so |z| < 2a
for all z € H N PGL(V') where « is the maximal order of an element of Sp,,,(2). Clearly
a < 22™ 1 (see [17, Corollary 2], for example), so by considering (29) we reduce to the
case (n,q) = (8,5). Here a = 15 and |y| > (5% + 1) /4, so there are no Cg-subgroups in M.
In this way we deduce that (30) holds and the result quickly follows. We leave the reader
to check the details.

For the remainder of the proof we may assume g = 1S~. Here Cg,(g) is of type O;, (q)
and we set y = (gs)? = s% where s € Cg,(g) is irreducible. Let M denote the set of
maximal subgroups of G containing gs. Note that there are no reducible subgroups in M,
and also note that some power of y has order r, where r is a primitive prime divisor of
p/™ — 1 (recall that ¢ = pf and p is a prime).

To begin with, let us assume (n,q) # (12,2) or (20,2). Then [23, Lemma 2.1] implies
that some power of y has order 7/, where either v’ > 2n + 1 is a primitive prime divisor of
g" — 1, or 7’ is a product of primitive prime divisors of ¢” — 1. Therefore, Theorem 2.12
implies that each H € M is of type GL,, 1 (¢*) (where k is a prime divisor of n), Sp,(g) or
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O,, (¢) (with g odd). Note that there are no subfield subgroups nor Cg-subgroups of type
GU,(¢"/?) in M since |H NPGL(V)| must be divisible by . Also, since y is irreducible we
deduce that M contains a unique Cs-subgroup of type GL,, /k(qk) for each prime divisor k
of n, while the usual argument reveals that there are at most 2¢™/2~1 subgroups of type
Sp,,(q) or O, (q) in M. By applying Proposition 2.8 and Corollary 2.9 we deduce that

a(z) < (log(n) +1) - f(n.q) +2¢"* 7" (2" " + (2,9 - 1) = 1)-2¢' ") <1/2 (31)

for all z € G of prime order. Moreover, if n > 12 or ¢ > 4 then (31) yields a(z) < ¢~™*,

so the desired asymptotic result also holds.

Finally, suppose (n,q) = (12,2) or (20,2). By applying the main theorem of [24], we
calculate that in both of these cases there are no additional subgroups in M. For example,
if (n,q) = (20,2) then r = 41 and by inspecting [24] we deduce that each H € M is of
type

GL1o(4), GL4(32), Spyy(2) or PSLa(41).

Here the last case is a Cy-subgroup appearing in [24, Table 8], but we can eliminate it since
the Frobenius—Schur indicator of the underlying irreducible representation of SLg(41) is
of minus type (see [28, Table 2(b)], for example), hence H is contained in a Cg-subgroup
of type Spyy(2). The case (n,q) = (12,2) is entirely similar. We conclude that (31) holds
and the result follows. O

To complete the proof of Theorem 6.2 we may assume n = 4 or 3.

Proposition 6.7. Theorem 6.2 holds when n = 4.

Proof. If ¢ < 9 then Proposition 2.17 applies, so let us assume ¢ > 11. As in the proof of
Proposition 6.6, we may assume g = 1S or +S™. In both cases we may choose s € Gy such
that y = (¢gs)? € Gy is irreducible on V and

lyl = (¢ +1)/(2,¢ - 1). (32)

As before, let M be the set of maximal subgroups of G containing gs. Since we are
assuming ¢ > 11, [23, Lemma 2.1] implies that some power of y has order r, where either
r > 9 is a primitive prime divisor of ¢* — 1, or r is a product of primitive prime divisors of
¢* — 1. Therefore Theorem 2.12 applies and we quickly deduce that each H € M is of type
GLa(q?), Sp4(q) or O} (q) (with ¢ odd). (Note that |y| does not divide [PGL4(q1)| (where
q = ¢} for some prime a), [PGU4(¢"/?)| or |O] ()], so these subgroups do not arise.)

Since y is irreducible, the usual argument reveals that M contains a unique subgroup
of type GLa(q?). Next assume ¢ is odd and H is of type O} (¢). Set ¢ = (¢ —1,4)/2 and
let N be the number of distinct G-conjugates of H containing y, so (28) holds. Now

SL4(q 21S0; (q GL4(q
G 8L SO @] | o) _ IGLafo)
2¢[SOy (q)] g +1 gt —1

(see [33, Proposition 4.8.4]) and thus N < (¢ + 1)/c. Since there are at most ¢ distinct
G-classes of such subgroups, we conclude that there are at most ¢ 4+ 1 subgroups of type
Oy (¢) in M.

Now let N be the number of subgroups of type Sp,(q) in M. We claim that N <
(2,q—1)3. To see this, let G1 = (PGL4(q), g) and observe that all subgroups of G of type
Sp4(q) are Gi-conjugate, so we have

, WnH|<

v 2 9% nH| (61|
= 9] H|
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In order to derive an upper bound on |(gs)“*NH|, we are free to assume that H < Cg, (1.5).
Suppose that tSty,1Sty € (gs)%t N H, where t1,t2 € PGL4(q). Now (1St1)? = 12 and
(1St9)? = t2 are elements of H N PGLy(q) with the same set of eigenvalues,

£ ={A\ A0, N0 = \71 AB = A~}

say. Therefore, it follows that the eigenvalues of ¢; and ¢y are either {u, pu%, ,qu, ,qu}
or {—pu, (—p)®, (—,u)qg, (—,u)qg}, where ;2 = . But any two irreducible semisimple ele-
ments in PGSp,(¢q) with the same eigenvalues are PGSp,(¢q)-conjugate (since PGSp,(q) =
SOs5(q), this follows from [47, Section 2.6]; it can also be deduced from [44, Table 1]) so ¢
and t9 are PGSp,(q)-conjugate, and the same is true for ¢St; and ¢Sty. This implies that
[(95)% N H| < (2,9 = 1)|(gs)PPal9)].

Let m = |gs| and observe that m is even and

CPGL4(q) (98) < CPGL4(q)((98)m/2) N CPGL4(q)((95)2)'

m/2 is an involution. Since

Now Cpgr,(g)((95)?) is cyclic of order (¢* —1)/(¢—1) and (gs)
CpaL 4(q)((gs)m/ 2) contains (gs)?, by inspecting the involution classes in the full automor-
phism group of Gy we deduce that CPGL4(q)((gs)m/2) is of type GLa(q?), Sp4(q) or Oy (q).
Therefore Cpgr,,(q)(g95) is cyclic of order at most q® + 1, hence |Cg, (g9s)| < 2(¢*> + 1) and
thus

(2,q = D(gs)"P D] |Gh] _ (2,9 —1)*|Ca, (99|

|(g5)<] [H| — [Cr(g5)]
But |Cy(gs)| > |gs| = 2(¢*>+1)/(2,q—1) since H contains gs, and this yields N < (2,¢—1)3
as claimed.

N <

By applying Lemma 2.11 we conclude that if z € G has prime order then
d3q* | 2di(da —1)(q+1) | di(¢®> +2q+1
a(z) < 32(1 i 1(da . )(q ) + 1(612 _ qg+1) < q—1/3
¢? -1 ¢? -1 *(¢* - 1)
for all ¢ > 11, where d; = (4,¢ — 1) and dy = (2,q — 1). O

Proposition 6.8. Theorem 4.1 holds when n = 3.

Proof. If ¢ < 16 then Proposition 2.17 applies, so let us assume ¢ > 17. We may assume
g = ¢ (see Lemma 6.1). Take s = [A4,1] € Cg,(g), where A € SO, (¢) is irreducible of
order ¢ + 1, and set y = (gs)? = [A2,1]. Define M in the usual way and note that

Yl = (2,¢ = 1) (g + 1) (33)
Clearly, if H € M is reducible then H is of type GL1(q) x GL2a(q), and there is a unique
such subgroup in M. Now assume H € M is irreducible. We claim that ¢ is odd and H
is of type Os(q).

Suppose H € M is a Ce-subgroup of type GLi(q) 1 S3. If x € H N PGL(V) then |x|
divides 2(¢ — 1) or 3(¢ — 1), but this is incompatible with (33) since ¢ > 16. Similarly,
since |y| does not divide [PGL3(g1)| nor |[PGUs(¢'/?)| we deduce that there are no subfield
subgroups or Cg-subgroups of type GUg(ql/ 2) in M. We can also eliminate C3-subgroups
of type GL1(¢?) since |y| does not divide 3(¢? + ¢ + 1). Similarly, if H is a Cg-subgroup of
type 32.Spy(3) then ¢ = p = 1 (mod 3), so ¢ > 19 and |y| > 10, but |z| < 7 for all z € H.
This rules out Cg-subgroups.

Finally, suppose H € M is a Cg-subgroup with socle Hy. The possibilities for H
are listed in [5, Table 7.4]; either Hy = PSLy(7) or Ag. Suppose Hy = PSLa(7), so
g =p=1,24(mod 7). Here the congruence condition implies that ¢ > 23 and thus
ly| > 12, which is a contradiction since |z| < 8 for all x € H. Similar reasoning applies in
the case Hy = Ag. This justifies the claim.
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Suppose gs is contained in a subgroup H of type O3(q), where ¢ is odd. Let N be the
number of G-conjugates of H containing y = (¢gs)?. Let ¢ = (3,¢—1). By [33, Proposition
4.8.4] we have [G : H] = ¢ 1[SL3(q) : SO3(q)] and there are at most c distinct G-classes of
these subgroups in G. In addition, we compute

SO GL
’meH’:|yH|: | 3(41)|7 ’yG’: | S(Q)|

|GU1(q)] |GL1()||GL1(¢?)]
and thus there are at most ¢ — 1 subgroups of type O3(¢q) in M.

By applying Theorem 2.7 and Lemma 2.10 we conclude that if z € G has prime order

then )
_ _ q— -1
a2)<q¢ '4+q¢ 4+ (2,g-1)—1) ——— <2
(et +a (2= -1 g

for all ¢ > 16. O

This completes the proof of Theorem 6.2. Furthermore, in view of Theorems 3.1, 4.1
and 5.1, the proof of Theorem 2.3 is complete. As explained in Section 2, Theorems 2 and
3 are easily deduced from Theorem 2.3.

7. PROOF OF COROLLARY 5

In this final section we explain how Corollary 5 quickly follows from Theorems 2 and 3.
Recall that Corollary 5 states that if G is an almost simple group with socle Gy = PSL,,(q)
then

d(G) = max{2,d(G/Gy)} < 3,
where d(L) is the minimal size of a generating set for the finite group L.

Write d = d(G/Gyp). If d =1 then G/G) is cyclic and thus Theorem 2 implies that G
is 2-generated. Next suppose d = 2. Choose y1,y2 € G such that G = (Gg, y1,y2) and set
k = [(Go, y2) : Go]. Fix h € Gg such that |yzh| > k (this is possible by the main lemma in
[41, Section 2]). By applying Theorem 3 to the group G1 = (Go, y1), with y = (y2h)* € Gy
(note that y # 1 since |y2h| > k), we deduce that there exists an element s € G and a
conjugate z € (y15) such that Gy = (y, z). It follows that G = (y2h, 2) is 2-generated.

Finally, suppose d = 3, say G = (Go,y1,y2,y3) for some y1,y2,y3 € G. Let Gg =
(Go, y1,y2). Since d(G2/Gp) = 2 the above argument implies that there exists z1, 22 € Go
such that Go = (21, 22), and thus G = (21, 22, y3).

This completes the proof of Corollary 5.
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