ON SOLUBLE SUBGROUPS OF SPORADIC GROUPS
TIMOTHY C. BURNESS

ABSTRACT. Let G be an almost simple sporadic group and let H be a soluble subgroup of
G. In this paper we prove that there exists z,y € G such that H N H* N HY = 1, which is
equivalent to the bound b(G, H) < 3 with respect to the base size for the natural action of
G on the set of cosets of H. This bound is best possible. In this setting, our main result
establishes a strong form of a more general conjecture of Vdovin on the intersection of
conjugate soluble subgroups of finite groups. The proof uses a combination of computational
and probabilistic methods.

1. INTRODUCTION

Let G < Sym(f2) be a transitive permutation group on a finite set {2 with point stabiliser
H. A subset of €2 is a base for G if its pointwise stabiliser in G is trivial; the minimal size of a
base is called the base size of G, denoted b(G, H). Determining the base size of a permutation
group is a fundamental problem and the study of bases has a long history in permutation
group theory, stretching all the way back to the nineteenth century. We refer the reader to the
survey articles [3, 25] and [9, Section 5] for more background on bases and their applications
and connections to other areas of algebra and combinatorics.

For more than a century, there has been a focus on studying bases for primitive permutation
groups, in which case a point stabiliser H is a maximal subgroup of GG. In more recent years,
further interest in this setting stems from highly influential conjectures of Cameron, Kantor
and Pyber from the 1990s, which have attracted significant attention from various authors.
Here Cameron’s base size conjecture is the most relevant to the theme of this paper. In order
to state the conjecture, let us first recall that G is almost simple if Gy < G < Aut(Gy) for
some nonabelian finite simple group Gy, which is the socle of G. An almost simple primitive
group G < Sym(Q2) is said to be standard if Gy = A, is an alternating group and  is
a set of subsets or partitions of {1,...,m}, or if Gy is a classical group and 2 is a set of
subspaces (or pairs of subspaces) of the natural module for G (otherwise, G is non-standard).
In [I6], Cameron and Kantor conjectured that there exists an absolute constant ¢ such that
b(G, H) < ¢ for every non-standard group G (in contrast, if G is standard then typically
b(G, H) can be arbitrarily large). This was refined by Cameron [15, p.122], who conjectured
that b(G, H) < 7, with equality if and only if G is the Mathieu group May in its natural
action on 24 points.

The original form of the Cameron-Kantor conjecture was proved by Liebeck and Shalev [26]
using probabilistic methods and fixed point ratio estimates. By applying similar techniques,
Cameron’s refined conjecture was established in the sequence of papers [10} 11}, 12, [13]. In
particular, we have b(G, H) < 7 for every primitive almost simple sporadic group G with point
stabiliser H, with equality if and only if G = Myy and H = Mags. In fact, in this setting the
exact base size of G is determined in [I3] (combined with [31I] for two special cases involving
the Baby Monster).

Date: October 28, 2021.

The author thanks Thomas Breuer and Eamonn O’Brien for useful discussions on the content of this
paper. He also thanks an anonymous referee for their careful reading of an earlier draft and for many helpful
suggestions regarding the computations in Section 2.

1



2 TIMOTHY C. BURNESS

In this paper, we extend the work on bases for sporadic groups in [13]. Let G < Sym(2) be
a transitive almost simple sporadic group with soluble point stabiliser H. If G is primitive,
then the main theorem of [13] implies that b(G, H) < 3 and one of our main aims is to show
that the same bound holds when G is transitive.

Theorem 1. Let G < Sym(Q) be a finite almost simple transitive permutation group with
socle Gy and point stabiliser H. If Gy is a sporadic group and H is soluble, then b(G, H) < 3.

Notice that Theorem [I] is an immediate corollary of the following more general result.
Given a finite group G, let S(G) be the set of core-free soluble subgroups of G' and set

$(G) = max{b(G,H) : H € S(G)}. (1)
In the following statement, we use B to denote the Baby Monster sporadic group.

Theorem 2. Let G be a finite almost simple sporadic group with socle Gy.
(i) If G # B, then

S(G) = 3 if Go = M1, Mi2, Mag, Mas, Moy, Jo, Cog, Fisy or Figs
2  otherwise.

(il) If G =B, then s(G) < 3.
Remark 1. Some comments on the statement of Theorem [2] are in order.

(a) First observe that Theorem [2[ shows that the upper bound in Theorem (1| is best
possible. For each group with s(G) = 3 in part (i) of Theorem [2] we refer the reader
to Table [1] for an example of a soluble subgroup H with b(G, H) = 3 (in the table,
¢ € {1,2}). Further information on the possibilities for H is given in Remarks [2.2/ and

(b) The analysis of the Baby Monster G = B presents several challenges, both theoretically
and computationally, and it will be handled separately in Section [d] We will establish
the bound s(G) < 3, but we do not know the precise value of s(G) in this case. Here
the analysis is complicated by the existence of a maximal subgroup L = 2.2F4(2):2 of
G with b(G, L) = 4 (see [13, Theorem 1]); if H is contained in L, then some work is
needed to verify the bound b(G, H) < 3. See Remark for further comments.

(c) For the Monster G = M, it is worth noting that we will prove that b(G,H) < 3
for every proper subgroup H of G, with equality if and only if H is the involution

centraliser 2.B (see Theorem (3.1)).
!/

(d) We have excluded the almost simple groups with socle Gy = 2F4(2)’ in Theorem
For completeness let us record that s(G) = 3, noting that G = Gy:c has soluble
maximal subgroups H = 22.[27%¢].S5 and 2.[27%¢].5.4 with b(G, H) = 3. This is easy
to verify using the same computational methods we employ in the proof of Theorem

21 in Section 21

Further motivation for considering finite permutation groups with soluble point stabilisers
arises from a conjecture of Vdovin. Let G be a finite group, let H be a soluble subgroup of G
and assume G has no nontrivial soluble normal subgroups. In [29] Problem 17.41(b)], Vdovin
conjectures that there exist four elements x1,...,x4 € G such that

HNH"*NH™”NH*®NH" =1.

In other words, if we view G as a transitive permutation group on the set of cosets of H,
then the conjecture asserts that b(G, H) < 5 (in [2], Babai, Goodman and Pyber conjectured
the weaker bound b(G, H) < 7). In a recent paper [§], the author has established the bound
b(G, H) < 5 for every finite primitive permutation group G with soluble point stabiliser H,
which proves Vdovin’s conjecture in the case where H is a maximal subgroup of G. Let us also
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G H Comments

M1, 32:SDqg maximal in G

Mig:c 211455 maximal in Gy

Mag:e  2%:5, H < 2%S5 < Gy

Moz 2%:(A4 x 3).2 H<2%4; <G

Moy 26:3.(53 ! Sg) H < 2623.56 <G

Joie  2274(3 x S3) maximal in G

Cog 24+10.(S4 X Sg) H < 24+10.(S5 X 53) <G
Figg:c 3176:23+4:32:2 ¢ maximal in G

Figs  318.2146 3142 965, maximal in G

TABLE 1. Some examples with b(G, H) = 3, H soluble

observe that the bound b(G, H) < 5 is best possible; for example, if G = Sg and H = Sy 1 59
then b(G,H) = 5.

The general form of Vdovin’s conjecture remains open, but there has been some important
progress. In [33], Vdovin reduces the conjecture to a problem concerning almost simple groups.
More precisely, it suffices to show that if G < Sym(€2) is an almost simple transitive group
with socle Gy and soluble point stabiliser H, then G has at least 5 regular orbits with respect
to its natural action on the cartesian product Q° (note that b(G, H) < 5 if and only if G has
at least one regular orbit on this set). In [5], Baykalov proves that G has at least 5 regular
orbits when (i is an alternating group and there is ongoing work and partial results for
groups of Lie type. For example, the main results in [4] handle the almost simple classical
groups with socle a linear, unitary or symplectic group, under the additional assumption that
G does not contain graph or graph-field automorphisms in the linear and symplectic cases.
In addition, Vdovin [32] has established the desired result in the special case where G is an
exceptional group of Lie type and H is a soluble Hall subgroup of G.

As noted in [5, Lemma 3], if b(G, H) < 4 then G has at least 5 regular orbits on Q°, so
Theorem 1| establishes the desired condition for all almost simple sporadic groups (in a strong
form), bringing us a step closer to a proof of Vdovin’s conjecture. It also extends a special
case of a theorem of Vdovin and Zenkov [34, Theorem 2], which states that b(G, H) < 5 when
G is an almost simple sporadic group and H is a soluble Hall subgroup of G.

Remark 2. We note that a similar problem has recently been studied by Zenkov [37] with
regard to nilpotent subgroups of almost simple sporadic groups. His main result states that
if H and K are nilpotent subgroups of such a group G, then there exists x € GG such that
H N K* = 1. In particular, b(G, H) = 2 with respect to the action of G on the set of cosets
of H.

Remark 3. It is also worth highlighting some related results of Breuer, which are documented
in Chapter 6 of the manual for the GAP Character Table Library [7]. For each almost simple
sporadic group G, a computational approach is used to calculate the maximal order m
of a soluble subgroup of G. Moreover, Breuer determines the conjugacy classes of soluble
subgroups of order m, as well as their maximal overgroups in G. In particular, we observe
that |H| < |G|/ for every soluble subgroup H, which is a necessary condition for the bound
b(G, H) < 3 we establish in Theorem [I] (see (2))).

Our proof of Theorem [2| naturally falls into three cases. The main result of Section
handles the groups G # M, B, noting that the Monster and Baby Monster require special
attention and they will be the focus of Sections [3| and [4], respectively. For G # M, B we use
computational methods (working with MAGMA [6] and GAP [20]) to provide an essentially
uniform approach to the problem and we refer the reader to Section [2] for an overview of
the main techniques. Our approach for M and B relies on a powerful probabilistic method
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for studying bases, which was introduced by Liebeck and Shalev [26] in their proof of the
Cameron-Kantor conjecture. The probabilistic set-up will be explained in Section

Finally, let us comment on the notation we use in this paper, which is all fairly standard.
Let G be a finite group and let n be a positive integer. We will write C),, or just n, for a
cyclic group of order n and G™ will denote the direct product of n copies of G. An unspecified
extension of G by a group H will be denoted by G.H; if the extension splits then we write
G:H. We use [n] for an unspecified soluble group of order n. If X is a subset of G, then i, (X)
is the number of elements of order n in X. We adopt the standard notation for simple groups
of Lie type from [21]. In particular, LS (¢) denotes PSL,,(¢) (when e = 4+) and PSU,(q) (when
e = —). We write PQ (¢) for the simple orthogonal groups and it is worth noting that this
differs from the notation used in the ATLAS [I§].

2. PROOF OF THEOREM [2, G # M, B

Let G < Sym(f2) be an almost simple transitive group with sporadic socle Gy and soluble
point stabiliser H. Note that if n = |Q| = |G : H| and B C Q is a base for G, then |G| < nlBl.
In particular, if b(G, H) denotes the base size of G, then we have

b, H) > log, G, @)
Let us also recall the definition of s(G) in Theorem [2] (see ([1)).

As noted in Section [T, the Monster M and Baby Monster B require special attention and
they will be handled separately in Sections [3] and [4] Here we will prove the following result,
which establishes Theorem [2| for the remaining sporadic groups.

Theorem 2.1. Let G # M, B be a finite almost simple sporadic group with socle Go. Then

S(G) = 3 if Go = Mi1, Mi2, Mag, Mas, Moy, Jo, Cog, Fisy or Figs
2  otherwise.

Our proof relies entirely on computational methods, working primarily with MAGMA [6]
(version V2.26-6), together with some additional input provided by GAP [20] (version 4.11.1).
Our approach is essentially uniform, although there are a few differences between cases that
we will highlight below. Here we provide a brief summary of the main steps.

Let G be an almost simple sporadic group as in Theorem and suppose we seek to
establish the bound s(G) < c. In the first step, we use MAGMA to work with a faithful
permutation or matrix representation of G. More precisely, if G # Th, J4 or Ly then we use
the MAGMA function AutomorphismGroupSimpleGroup (denoted AGSG for short) to construct
Aut(Go) (and subsequently the socle Gp) as a permutation group. And we use the function
MatrixGroup to construct the three remaining groups Th, J4 and Ly as matrix groups of
dimension 248, 112 and 111 over the fields Fs, Fy and F5, respectively.

Next let H be a soluble subgroup of G and embed H in a maximal subgroup M of G. The
base size b(G, M) is computed in [I3] and so we may assume H < M is a proper subgroup
and b(G, M) > 3. In turn, we can embed H in a maximal subgroup K of M and then either

(a) use random search to identify elements g1, ..., g. in G such that (), K% = 1, which
implies that b(G, H) < ¢; or
(b) we can embed H in a maximal subgroup of K and repeat.
This is our basic approach and in most cases we only need to descend to subgroups in the

third or fourth layer of the subgroup lattice in order to establish the existence of an overgroup
J of H with b(G,J) < c.

If this goes through with ¢ = 2, then we conclude that s(G) = 2. On the other hand, if
we want to show that s(G) = 3 then we also need to exhibit a soluble subgroup H with
b(G,H) = 3 and there are several ways to do this. For example, G may have a soluble
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maximal subgroup with b(G, H) = 3; these cases can be read off from [I3]. Otherwise, we
may be able to find a soluble subgroup H such that b(G, H) < 3 and log,, |G| > 2, in which
case b(G, H) = 3 by (2)). Finally, in a handful of cases we will need to show that b(G, H) = 3
for a soluble subgroup H with log,, |G| < 2. Here we need to rule out the existence of a
regular orbit of H with respect to the natural action on G/H and we can work effectively
with (H, H) double cosets to do this (for example, see the case G = My, in the proof of
Theorem below).

The main computational challenge in implementing this approach involves constructing
representatives of the relevant conjugacy classes of maximal subgroups of G (and also maximal
subgroups of these subgroups, and so on, if we need to go deeper into the subgroup lattice).
To do this, we can use the function MaximalSubgroups (MS for short) in the vast majority of
cases, working with a faithful permutation representation of G. The only exceptions are the
groups with socle Gy = Coy or Fib,. In these two special cases, we will use the GAP package
AtlasRep [36] (version 2.1.0), which provides black-box algorithms to construct generators
for every maximal subgroup of Aut(Gy) that are conveniently presented as words in the
standard generators for Aut(Gy) provided by AGSG. Finally, if G is one of the groups Th, Jy
or Ly then we use the function LMGMaximalSubgroups with respect to the relevant matrix
representation of G mentioned above (this is part of the CompositionTree MAGMA package
for computing with matrix groups; see [1]).

Proof of Theorem[2.1. Our general approach is described above and so we only provide details
in a selective number of cases, which are designed to illustrate the full range of techniques we
apply. Specifically, we will assume the socle Gy of G is one of the following;:

(1) M24, (11) COl, (lll) Fi/24, (IV) J4.

We leave the reader to verify that the desired conclusion holds in the remaining cases. Let H
be a soluble subgroup of G.

First consider case (i), so G = May and we claim that s(G) = 3. Here AGSG returns G as a
permutation group in its natural action on 24 points and MS returns a set of representatives of
the 9 conjugacy classes of maximal subgroups of G (all of which are insoluble). Fix a maximal
subgroup M = 26:3.55 of G and use MS again to construct the maximal subgroups of M. For
each maximal subgroup K < M, we can use random search to find elements x,y € G such
that KN K* N KY =1, which implies that b(G, H) < 3 if H is contained in M. Moreover, we
claim that b(G, K) = 3 if K = 26:3.(S5153). To see this, we need to rule out the existence of
a regular orbit of K in its action on G/K. An effective way to do this is to show that there
are no (K, K) double cosets in G of size |K|?, noting that |KgK| = |K|?/|K N K9|. This is
readily checked using the DoubleCosetRepresentatives function in MAGMA.

In view of [13, Theorem 1], it remains to show that b(G, H) < 3 when H is contained in
one of the maximal subgroups M = Mas, Ma:2 and 2*:Ag of G. As before, it suffices to show
that there exist elements z,y € G such that K N K* N KY =1 for each maximal subgroup K
of M. This is easy to verify using random search unless K = Mgy, which arises as a maximal
subgroup of both Mgz and Ms3:2 (indeed, we have b(G, K) = 4). But if H is contained in
K, then it is contained in a maximal subgroup J < K and by repeating the process, using a
combination of MS and random search, it is easy to check that b(G, J) < 3. We conclude that
s(G) = 3 as required.

Next let G = Co;. By [13], we may assume H < M, where M is one of the following
maximal subgroups of G:

(a) Coz, (b)3.Suz:2, (c)2'":May, (d) Cos, (e) 2'72.QF(2), (f) Us(2):Ss,
(2) (A4 x G2(4)):2, () 27F12:(Ag x S3), (1) 2412.(S5 x 3.5%).

Using AGSG we can work with G as a permutation group of degree 98280 and we can construct
each maximal subgroup M in cases (a)—(f) via the command MaximalSubgroups(G,"Col").
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These cases can then be handled as above, using the function MS to descend inside M as
needed. Generators for the remaining subgroups in (g)-(i) are available via the GAP package
AtlasRep [30] and they are presented as words in the standard generators for G provided by
AGSG. Working with these generators in MACGMA, we can now proceed as before in order to
show that b(G, H) = 2 and thus s(G) = 2.

Now suppose G = Fi},, so G = G or G.2. To begin with, let us assume G = G¢.2. Here
we first use the function AGSG to construct G as a permutation group of degree 306936. Next
we inspect [13] to read off the maximal subgroups M of G with b(G, M) > 3 and in each case
we use the generators provided by the GAP AtlasRep package to construct M as a subgroup
of G. We can now complete the analysis in the usual manner, working with MS to construct
the maximal subgroups of M. For G = G we observe that each relevant maximal subgroup
M of G is of the form L NG, where L is a maximal subgroup of Gg.2. Therefore, we can
construct L as above, intersect with G to obtain M and then continue as before.

Finally, let us assume G = J4. By [13] we may assume H is contained in a maximal
subgroup M of G, where M is either 2'1:Myy, 21+12.3.Mas:2 or 2!0:L5(2). First we apply
the MatrixGroup function in MAGMA to construct G < GLjj2(2) and we can then use
LMGMaximalSubgroups to construct each possibility for M. We use the same function to
descend deeper into the subgroup lattice of G and we can randomly search (in the usual way)
for an element x € G such that K N K* = 1 for some overgroup K of H. In this way, we
deduce that s(G) = 2. O

Remark 2.2. Let G # Fig3, M, B be an almost simple sporadic group with s(G) = 3 and
socle Go. By Theorem [2.1] we have Gy € A, where

A = {Mi1,Mi2, M2, Ma3, Moy, J2, Cog, Figa }.

In Table [l we give an example of a soluble subgroup H with b(G, H) = 3 and with some
additional work (using the same computational methods from the proof of Theorem it is
possible to describe all the relevant soluble subgroups H of GG. More precisely, in Table [2| we
give the structure of each maximal soluble subgroup H of G with b(G, H) = 3, together with
the indices m of the proper subgroups K < H with (G, K) = 3 (if no value is recorded in
this column, then b(G, K) = 2 for every nontrivial proper subgroup K of H). As one might
expect, the possibilities for H are very restricted. For example, if G = Mas, Cos or Fige then
G has a unique conjugacy class of soluble subgroups H with b(G, H) = 3.

Remark 2.3. Let G = Fiys and let H be a soluble subgroup with b(G, H) = 3. By extending
the analysis in the proof of Theorem using the same methods, one can check that either

(a) H has index at most 8 in a soluble maximal subgroup M = 3!+8.21%6.3142 25, or

(b) H has index at most 2 in a maximal parabolic subgroup K = P, of the maximal
subgroup M = PQ;(Z%):S;), of G.

In (a), we find that there is a subgroup H of M with b(G, H) = 3 for each possible index
|M : H| €{1,2,3,4,6,8}. In (b), K = P» is the stabiliser in M of a 2-dimensional totally
singular subspace of the natural 8-dimensional module for the socle of M. Note that K is
soluble. This case is more difficult to study computationally because |K|* < |G| and the index
|G : K| = 5009804800 is large. In particular, we cannot use DoubleCosetRepresentatives to
determine if K has a regular orbit on G/K. However, we can use a computational technique
from [13] to show that b(G, K) = 3, which avoids the problem of determining all of the (K, K)
double cosets in G. The idea is to search randomly for a set T' of elements in G such that all
the double cosets KgK with g € T are distinct and the following two conditions are satisfied:

(i) |[KgK| < |K|? for all g € T; and
(i) Yger |KgK| > |G| - |K[?
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G H m Comments
M, 32:SDqg 2 H maximal in G
Mo 42:Dyq, 211455, 32:28, H maximal in G
Mi9:2 32:Dg H maximal in G
42:D19.2, 2174: D1 2 H maximal in G
Moo 24:54 H < 24:55, H < 242A6
24:32 4 2 H < 2% A4
Moo:2 25254 2 H < 25255
24:(54 X SQ), 24:(52 l S3) 2 H < 24:56
24:(53 1 52) 2,4 H <248
Moz 2%: (A4 x 3).2 H < 2% (A5 x 3):2, H < 2%:A;
Moy 26:(Sy x S3) H < 2%:(L3(2) x S3)
26:3.(S31.99), 20:3.9 H < 25:3.55
26:(54 X Sg) 2 H < 26:3.56
24:(A4157).2 2 H<2%Ag
Jo 22+4:(3 x S3) 2,3 H maximal in G
Jo.2 224 (S5 x S3) 2,3,6 H maximal in G
21+4 5, 2 H<2tgs
Cog 24+10.(S4 X Sg) H < 24+10.(S5 X 53), H < 21+8:Sp6(2)
Figg  3116:23+4.32:9 H maximal in G
Figp.2 3116:23+4.32:2.9 2  H maximal in G
(2 x 2118:33.5,):2 H < (2 x 2178:U04(2):2):2

TABLE 2. The soluble subgroups H < G with b(G,H) =3, Gy € A

If we can find a set with these properties, then this immediately rules out the existence of a
regular K-orbit on G/K and thus b(G, K) > 3. As in [13], this approach can be implemented
in MAGMA and we can use it to show that b(G, K) = 3. In addition, we find that K has an
index-two subgroup H with b(G, H) = 3.

3. PROOF OF THEOREM [I| G =M

To complete the proof of Theorem [2] it remains to consider the groups M and B. In this
section, we assume G = M and we will prove the following stronger result.

Theorem 3.1. Let G = M be the Monster and let H be a proper subgroup of G. Then
b(G, H) < 3, with equality if and only if H = 2.B.

It is plain to see that the computational methods we used in the proof of Theorem are
not applicable here. For example, the minimal degree of a faithful permutation representation
of G is 97239461142009186000, while the dimension of a faithful linear representation over
any field is at least 196882. To proceed, we will bound b(G, H) by applying a probabilistic
approach based on fixed point ratio estimates, which is a powerful method introduced by
Liebeck and Shalev in [26]. We will use similar methods to handle the Baby Monster in the
next section and we recall the general set-up here.

Let G < Sym(€2) be a transitive permutation group on a finite set {2 with point stabiliser H.
Given a positive integer ¢, let Q(G, H, ¢) be the probability that a randomly chosen c-tuple of
points in Q does not form a base for G, so b(G, H) < c if and only if Q(G, H,¢) < 1. Notice
that a subset {a1,...,a.} C Q is not a base for G if and only if there exists a prime order
element x € G fixing each «;. Now the probability that x fixes a randomly chosen element of
Q) is given by the fixed point ratio

_ Ca(@)| _ 29N H]

f H) = =
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where Cq(z) is the set of fixed points of z on €2, whence

k
Q(G.H,c) <Y fpr(a, G/H) = [a¥| - fpr(z;, G/H)* = Q(G, H,c), (3)

zeP i=1

where P = J; z{' is the set of elements of prime order in G. In particular, if @(G, Hc)<1
then b(G, H) < c.

The following result ([I0, Lemma 2.1]) provides a useful tool for bounding Q(G, H, ¢) from
above. For example, if r is a prime then the lemma immediately implies that the contribution
to Q(G, H, ¢) from clements of order 7 is at most b(a/b)®, where a = i,(H) is the total number
of elements of order r in H and b is the minimal size of a conjugacy class in G containing
elements of order 7.

Lemma 3.2. Suppose x1,. .., %y, represent distinct G-classes such that ), |2 N H| < a and
|| = b for all i. Then

m

> laf| - fpr(as, G/H)® < b(a/b)°

=1

for every positive integer c.
We are now ready to prove Theorem

Proof of Theorem [3.1] In view of [13, Theorem 1], it suffices to show that b(G, K) = 2 for
every maximal subgroup K of L = 2.B, where L is the centraliser of a 2A involution in G. Let
Z = (z) be the centre of L, so Z < K and K = K/Z is a maximal subgroup of L = L/Z = B.
The possibilities for K are known up to conjugacy in L and the relevant character tables are
available in the GAP Character Table Library [7]. We will use the character tables, together
with the corresponding fusion maps from K-classes to L-classes, to establish the bound

~

Q(G, K,2) < 1, which gives b(G, K) = 2. It will be convenient to write

~

Q(G7K72):a+67

where o and 3 denote the contributions from elements of odd prime order and involutions,
respectively.

Claim 1. We have oo < 279,

Let 7 be the set of odd prime divisors of |K| and set a, = i,(K) = i,(K) for each r € =,
which is easily calculated from the character table of K. If we take b, to be the minimal size
of a G-class of elements of order r, then Lemma implies that o < > _ _a?/b, and it is

rem r

routine to check that this upper bound is less than 276 for K # 2.2E(2):2.

Finally, suppose K = 2.2E(2):2. Let 7’ be the set of primes r > 5 dividing |K| and define
a, and b, as above for r € 7’. A more careful calculation is required for elements of order
3. First note that there are 3 classes of such elements in G, labelled 34, 3B and 3C in [I8].
Similarly, there are 3 classes in K, which we will denote by 3A”, 3B” and 3C”, and 2 classes in
L and L, denoted 3A" and 3B'. By considering the relevant fusion maps in [7], we deduce that

34", 38"+ 34" — 3A
3¢” +— 3B’ +— 3B
Therefore, the contribution to @(G, K,2) from elements of order 3 is precisely ¢3/dy + c3/da,
where
c1 = 38N K| = |34"] + |3B| = 2773871493120 + 48820138278912
cs = |3BN K| = |3C"| = 7594243732275200
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L L

24" 1 24" 13571955000

2B” 27143910000 2B’ 11707448673375
2C” 11707448673375 2C’ 156849238149120000
2D 11707448673375 2D’ 355438141723665000

2E" 710876283447330000
TABLE 3. The involutions in L = 2.B and L = B

and d; = |34|, da = |3B|. We conclude that
a < Z a%/br + C%/d1 + C%/dz <276
ren’

and the proof of Claim 1 is complete.
Claim 2. We have B < 272.

Now let us turn to involutions. First note that G has 2 classes of involutions, labelled 2A
and 2B. Similarly, there are 5 and 4 such classes in L = 2.B and L = B, respectively, and
we will use the labelling of these classes given in Table [3] The fusion map from L-classes to
G-classes gives

24", 2B", 20" — 2A

20", 2E” + 2B
Let £ = Zz € L be an involution. If Z € 24’ then x and zx are L-conjugate involutions and
xl = 2B”. Similarly, if Z € 2D then x” = (z2) = 2E". For Z € 2B’ we observe that = and xz

are non-conjugate involutions, representing the classes 2C” and 2D” in L. Finally, we note
that the involutions in 2C’ lift to elements of order 4 in L.

In view of these observations, it follows that if
20 NK|=a, |2BPNK|=0b, 200N K| =c,
then
2ANK|=1+4+2a+b, |2BNK|=0b+2c. (4)

Suppose K = 2.2F(2):2. Working with the fusion map from K-classes to L-classes, we
calculate that

a =1+ 3968055 + 23113728
b = 3968055 + 3142699560
¢ = 3142699560 + 2639867630400 + 1609062174720
and in view of we deduce that 8 < 272. An entirely similar argument applies when

K = 21422 Coy, Figg and 29%16 Spe(2). In the remaining cases, we only need to calculate
i2(K) since io(K) < 2i3(K) + 1 = d and one checks that 8 < d?/e < 272 with e = |24A].

This establishes Claim 2 and we conclude that @(G, K,2) <276 + 272 < 1, which gives
b(G, K) = 2 as required. O

4. PROOF OF THEOREM [I, G = B

In this final section we complete the proof of Theorem [2| by handling the case where G is
the Baby Monster B. Our main result is the following.
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Theorem 4.1. Let G = B be the Baby Monster and let H be a soluble subgroup of G. Then
b(G,H) < 3.

Let H be a soluble subgroup of G. By applying the main theorem of [13], we may assume
that H < L < G, where L = 2.2F4(2):2 is the centralizer of a 2A involution in G. In particular,
it suffices to show that b(G, M) < 3 for all M € M, where M is the union of the maximal
subgroups of 2.2E4(2) and L, excluding 2.2Eg(2) itself (note that if M = 2.2E4(2) then
|G| > |G : M]3 and thus b(G, M) = 4 since b(G,L) = 4). We begin by recording some
preliminary observations.

4.1. Preliminaries. Let M # 2.2F4(2) be a maximal subgroup of L and let Z = (z) be
the centre of L. Then Z < M and M/Z is a maximal subgroup of the almost simple group
L/Z = 2E4(2):2. For the remainder, we will write M = M/Z, L = L/Z and & = Zx for
x € L. We need to recall some facts on the subgroup structure of L and the conjugacy classes
of involutions in L, L and G.

Write L' = 2FEg(2) = (X,)’, where X = Fg is a simple algebraic group of adjoint type over
an algebraically closed field of characteristic 2 and ¢ is a Steinberg endomorphism of X such
that

X, ={zc X : 2% =2} =2Fs2):3 = Inndiag(*Es(2)).
The maximal subgroups of L and L’ have been determined up to conjugacy (see [35], which
confirms that the list of maximal subgroups presented in the ATLAS [18] is complete) and the
possibilities for M are as follows:

Parabolic: P1,67 PQ, P3’5, P4
Algebraic:  075(2), S5 x Ug(2):2, S3 x QF (2):55, Us(8):6, (L3(2) x L3(4):2).2,
3176:2316:32:22 U3(2):2 x Go(2), Fy(2) x 2
Almost simple: SO7(3), Figg:2

Here we adopt the standard notation for the maximal parabolic subgroups of L, which
corresponds to the usual labelling of the nodes of the Dynkin diagram of type Eg (see Table
@] for further details on the structure of these subgroups). The algebraic subgroups are of
the form Ny (Y5), where Y is a positive dimensional non-parabolic o-stable closed subgroup
of the ambient algebraic group X. For example, if M = 3176:2346:32:22 then the connected
component of Y is of type A3 and we will refer to SU3(2)? as the type of M. We can extend
this usage of type to the other algebraic subgroups to provide an approximate description of
the given subgroup’s structure.

Remark 4.2. From the description of the maximal subgroups of L' = 2Eg(2) in [18, 5], we
immediately deduce that in order to prove Theorem it suffices to show that b(G, M) < 3
for every maximal subgroup M # 2.2E4(2) of L.

Next we recall some information on the conjugacy classes of involutions in L and G.
Here it is convenient to observe that the character tables of L and G are available in the
GAP Character Table Library [7], together with the fusion map from L-classes to G-classes.
Following [18], we use the labels 2A, 2B, 2C and 2D for the 4 classes of involutions in G.
Similarly, there are 5 classes of involutions in L = 2Eg(2):2; 3 are contained in 2Fg(2) (these
unipotent classes are labelled A1, A? and A% in [24, Table 22.2.3]) and the other 2 classes
comprise involutory graph automorphisms of 2Eg(2). We will use the labelling 24’, ..., 2E’ for
these classes, noting that the 24" involutions are long root elements and Ca g (2)(7) = F4(2)
for the graph automorphisms 7 in 2D’. Finally, we observe that each involution in L is of
the form Z = Zz for some involution = € L (in other words, each involution in L lifts to an
involution in L) and we note that |2%| = |Z”|, unless Z is an involution in the class 2¢" in
which case |x”| = 2|z%| (that is, x and zz are L-conjugate). Including the central involution

z, it follows that there are 10 classes of involutions in L, which we will denote by the labels
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L L G

24" 1 24" 3968055 2A 13571955000

2B” 3968055 2B’ 3142699560 2B 11707448673375
2C" 3968055 2C" 1319933815200 2C 156849238149120000
20" 3142699560 2D" 23113728 2D 355438141723665000

2E"” 3142699560 2E’ 1609062174720
2F” 2639867630400

2G"” 23113728

2H” 23113728

21" 1609062174720

23" 1609062174720

TABLE 4. The involutions in L, L and G

24", ...,2J". The size of each class of involutions in L, L and G is recorded in Table [4| From
the stored fusion map in [7], we observe that the involutions in L embed in G as follows:

28", 2¢”, 26" — 2A
2B”, 20" + 2B
o2H”, 21" — 2C

2", 2F”, 23" — 2D

()

In particular, if M is a maximal subgroup of L and
20N M| =a, 2B NM|=b, |2 NM|=c, |20 NM|=d, |2E' N M| =e,
then
2ANM|=14a+d, |2BNM|=a+b, 2CNM|=d+e, 2DNM|=b+2c+e
and ia(M) = 2iy(M) + 1.
For r € {3,5}, we note that G contains two classes of elements of order r, labelled 3A, 3B

and 5A, 5B respectively. In addition, if z € G has odd prime order then || > |3A|. Similarly,
|2%| > |BA| for all € G of prime order at least 5.

Finally, the following elementary observation will be useful.

Lemma 4.3. If M is a mazimal subgroup of L and b(L, M) = 2, then b(G, M) < 3.

Proof. By definition, there exists # € L such that (M N M*)/Z = M N M® = 1, whence
M N M?* = Z. Since L is a core-free subgroup of GG, there exists y € G such that ZNLY =1
and we conclude that M N M* N MY = 1. O

4.2. Non-parabolic subgroups.
Lemma 4.4. We have b(G, M) < 3 if M is of type SU3(2)> or SL3(2) x SL3(4).

Proof. In both cases, [14, Proposition 4.2] gives b(L, M) = 2 and so the result follows from
Lemma [4.3] O

Lemma 4.5. We have b(G, M) < 3 if M is of type SU3(2) x G2(2), SU3(8) or 3 x QF (2).

Proof. We will show that Q(G, M,3) < 1 (see (3)), which gives b(G, M) < 3.



12 TIMOTHY C. BURNESS

First assume M is of type SU3(2) x Go(2). Here | M| = 3483648 = a; and |z%| > |24] = by
for every element x € G of prime order. By applying Lemma we deduce that

Q(G, M,3) < by(ar/b1)?
and the result follows.

Next suppose M is of type SU3(8), so |M| = 66189312 = a; and we recall that |z¢| >
|3A| = b for all z € G of odd prime order. It is easy to check that ig(M) = 14535 and thus
in(M) = 2iy(M) + 1 = 29071 = ay. As noted above, |2%| > |24| = by for every involution
x € G and we conclude that

Q(G, M, 3) < bi(a1/b1)® + ba(az/b)® < 1
A similar argument applies when M is of type 3 x QF (2), noting that i2(M) = 733503. O
Lemma 4.6. We have b(G, M) < 3 if M is of type SLa(2) x SUg(2).

Proof. Here M = S3 x Ug(2):2 and we calculate that io(M) = 2872191. As before, the

contribution to Q(G M, 3) from elements of odd prime order is less than by (a1/b1)3, where
= | M| = 220723937280 and b; = |34|. Similarly, the combined contribution from involutions
in the classes 2B, 2C and 2D is at most by(az/bs)3, where ag = 2-2872191 + 1 and by = |2B|. It

remains to estimate the contribution to Q(G, M, 3) from the involutions in 2A.
Let z € G be an involution in the class 2A. As noted in Section [4.1] (see (), we have

29NL = 2l Uzl Uzl where 71 = 2 is the central involution, Zo € M is a long root element in
?Fg(2) and T3 is a graph automorphism of 2Eg(2) with centraliser F4(2). By [22, Proposition
1.13], the long root elements in M correspond to the long root elements in the factors SLa(2)
and Ug(2) and thus

[GUs(2)]

29/GU4(2)[|GUL(2)]
Similarly, by appealing to the proof of [12, Lemma 4.16] we calculate that
Us(2)]
Spe(2)]
Therefore, if we set a3 = 1 + 696 + 6336 = 7033 and b3 = |2A|, then b3(a3/b3)? is the
contribution to Q(G, M, 3) from 2A involutions. We conclude that

lzh N M| =28 " M| =3+ = 696.

lzk N M| =|2D' N M| = = 6336.

Q(G, M, 3) Zb (ai/b;)?

and thus b(G, M) < 3 as required. O
Lemma 4.7. We have b(G, M) < 3 if M = O35(2), SO7(3) or Figa:2.

Proof. First assume M = O7,(2). The character tables of M and L are available in [7] and
we can use the GAP function PossibleClassFusions to determine the set of possible fusion
maps from the set of conjugacy classes in M to the set of classes inif/. We find that there
are only two such maps, both of which give the same values for |z N M| with z € L an
involution. For example, we find that

|28 N M| = 19635, |2B' N M| = 67320 + 706860 = 774180
and thus gives
|2BN M| = |2B” N M| + |2D” N M| = 19635 + 774180 = 793815.

We record |2% N M| in Table |5 I for each involution z € G and it is easy to check that the
contribution to Q(G M, 3) from involutions is less than 2724, Finally, we calculate that M
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M 2aNM| |2BNM]| [2cnM| |2DN M|
Pig 138296 4871775 355401728 1119260008
Py 451640 16107103 927793152 2597999976
Ps5 31800 595551 31129600 101543272
Py 66616 1443423 46202880 166458728
070(2) 20164 793815 36757748 79943000
SO7(3) 730 22464 309960 995085
Fy(2) x 2 139231 4524975 355384575 1061489520
Figg:2 65287 1219725 41760576 115887915

TABLE 5. Involutions in some maximal subgroups M of L

(and thus M also) contains precisely a = 4547907351296 elements of odd prime order and we
recall that || > |3A| = b for all such elements in G. Therefore,

Q(G, M,3) < 272 + b(a/b)?

as required.

An entirely similar argument applies in the two remaining cases and we omit the details.
Note that if M = Figy:2 then the fusion map for the embedding in L is available in [7], while
the function PossibleClassFusions returns a unique map when M = SO7(3). In both cases,
|z N M| is recorded in Table [5| for each involution z € G. O

Lemma 4.8. We have b(G, M) < 3 if M = Fy(2) x 2

Proof. First observe that the character tables of Fj(2) and ?E4(2) are available in [7],
together with the corresponding fusion map on conjugacy classes. If z € G has order 3 then
|z%| > |3A| = b1 and we calculate that i3(M) = i3(M) = 72489697280 = a;. Similarly, if
z € G has prime order 7 > 5 then |2%| > |BA| = by and we note that M (and thus M)
contains precisely ao = 650797277773824 such elements.

Now assume x € G is an involution. By working with the fusion map from classes in Fy(2)
to classes in 2Eg(2), we calculate

|28' N M| = 69615, |2B' N M| = 69615 + 4385745 = 4455360, |2¢’ N M| = 350859600,

while the proof of [23, Lemma 5.4] gives

v |[Fu(2)]
20'N M = 6961
20" N M| = 35Spe ()] = 69615
.y [F4(2)] [Fa(2)] [Fa2)]
12E' N M| = 2[Spe(2)] T B 1)@ = 1) T B(@ 1) 355314960.

We can now calculate |z N M]| for each involution 2 € G (see Table |5) and we find that the
contribution to Q(G, M, 3) from involutions is less than 2717

Therefore, bringing the above bounds together, we conclude that
Q(G, M,3) < 271 1 by (ay /br)® + ba(az/bs)?

and the result follows. O
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M Structure |L: M| |3AN M| |3BN M|

Pig 28+16:04 (2) 23108085 3315597312 79859548160
Py 21+20:Ug(2):2 3968055 58617495552 51673825280
Pyg 23TAFI2HIZ (A5 x T5(2) x 2) 3535537005 266338304 4697620480
Py 2219+18,(1,3(4):2 x S3) 1178512335 1763704832 4697620480

TABLE 6. The maximal parabolic subgroups of L

4.3. Parabolic subgroups. To complete the proof of Theorem [4.1], we may assume M is
a maximal parabolic subgroup of L. As previously discussed, there are 4 conjugacy classes
of such subgroups, with representatives labelled Py ¢, P, P35 and P; with respect to the
usual numbering of the nodes of the Dynkin diagram of type Eg. The structure and index of
each maximal parabolic subgroup is presented in Table |§| (the given values for [3A N M| and

|3B N M| will be explained in the proof of Lemma below).
Write N
Q(G, M,3) = a+ 5+,
where «, 8 and v denote the contributions from elements of order at least 5, elements of
order 3 and involutions, respectively. We will estimate each of these contributions in turn.

Lemma 4.9. We have a < 2/3.

Proof. Clearly, M contains fewer than
|M| < |Py| = 222|Ug(2)| = 38574303876218880 = a

elements of prime order r > 5 and we recall that |z“| > |5A| = b for every such element.
Therefore, a < b(a/b)3 < 2/3. O

Let us now consider  and +y; we need to show that 3+ < 1/3. To do this, we will use
techniques from [23] to evaluate the corresponding permutation character 1% | noting that

_‘j | 1L
|L: M| M

o

zh N | = (z) (6)

for all z € L.
Lemma 4.10. We have 8 < 2719,

Proof. First recall that there are 2 classes of elements of order 3 in G, labelled 3A and 3B. In
addition, there are 3 such classes in both L and L, which we will label 3A”, 3B” and 3C”, and
we will view them as conjugacy classes in L. Here

2
E6(2)]
| — B2 orraeri 403190
= G D[,@)
2Fs(2
38| = | g( )+| — 48820138278912
(2+1)2Qg (2)]
?Fe(2)|
3¢ = FER) _ 7594243732275200
N SIRBIE

The fusion map in [7] indicates that these conjugacy classes embed in G as follows:
37", 38"+ 3A
3¢” — 3B

(7)

As before, write 2Eg(2) = (X,), where X = Fg is a simple algebraic group of adjoint type
defined over an algebraically closed field of characteristic 2 and o is a Steinberg endomorphism
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of X. Let W = Uy4(2).2 be the Weyl group of X and fix a set IT = {a, ..., ag} of simple roots
for X. Let ag be the highest root in the root system of X. As explained in [19], the semisimple
classes in X, are parameterised by pairs (J, [w]), where J is a proper subset of II U {ag}
(determined up to W-conjugacy), W is the subgroup of W generated by the reflections in
the roots in J, and [w] = Wjw is a conjugacy class representative in Ny (W;)/W . For the
elements of order 3 in 2Fg(2) that we are interested in, we observe that

30" «— (AsTy,[1]), 3" «— (D45, [1]), 3C" «— (A3, [1])
under this correspondence.

With the aid of MAGMA, we can evaluate the expression for 1~ (@) given in [23, Corollary

3.2] and this allows us to compute |zL N M| via (6). For example, suppose M = Py . Working
over an arbitrary finite field [F, of characteristic p # 3, we calculate that any semisimple
element in the Inndiag(2Fg(q))-class labelled by the pair (A571, [1]) has exactly

o+ 2 2t PP+
fixed points on the set of cosets of a Py g parabolic subgroup. Setting ¢ = 2 gives 1]%(95) = 6237
and thus [3A” N M| = 748683264. Similarly,

|3B” N M| = 2566914048, |3C” N M| = 79859548160
and in view of the fusion map in we deduce that
|3A N M| = 748683264 + 2566914048, |3B N M| = 79859548160.

The other cases are entirely similar and we record |[3A N M| and |3B N M| in the final two
columns of Table @ It is now routme to check that the contribution to Q(G, M, 3) from
elements of order 3 is less than 27 U

Lemma 4.11. We have v < 2719,

Proof. As in the proof of the previous lemma, write 2Fg(2) = (X,) and recall that L =
2F6(2):2 has 5 conjugacy classes of involutions: namely, 3 unipotent classes in 2Eg(2), labelled
24’ 2B" and 2C" above (these are the classes A;, A} and A} in the usual Bala-Carter
notation), while the two remaining classes (labelled 2D" and 2E’) comprise involutory graph
automorphisms. More precisely, C2pg(9) (%) = Fu(2) if & € 2D and Capg(9) (%) = Cpy(o) (1) if
T € 2E/, where t € Fy(2) is a long root element. Set y = 1%7[.

First consider the involutions in 2 Eg(2). Here we can use the method introduced in [23]
Section 2] to calculate x(Z) for each involution z € 2FEg(2). To do this, we first express
X as a sum of almost characters of X, of the form Ry, where ¢ is a complex irreducible
character of the Weyl group W of X. We refer the reader to [12, p.125] for the relevant
decompositions, where the labelling of irreducible characters given in [I7, Section 13.2] is
adopted. The restriction of Ry to unipotent elements gives the Green functions of X,, which
have been computed by Liibeck [27] via an algorithm due to Lusztig [28]. This allows us to
calculate x(Z) for each involution Z € 2E4(2), which in turn yields [zF N M| in view of (6).

For example, suppose M = P ¢ and  is an involution in the 2B’ class. As noted in [12),
p.125] we have

X = R¢1,0 + R¢15,5 + R¢20,2 + R¢30,3
and working over an arbitrary finite field IF, of characteristic 2 we calculate that a unipotent
element in the Inndiag(?Eg(q))-class labelled A? has precisely

M 2420 4 42+ P+ T+ P+ P+ P+
fixed points on the set of cosets of a Py parabolic subgroup. Setting ¢ = 2, this gives
x(Z) = 35317 for & € 2B" and thus |2B’ N M| = 4803112. Similarly, we get
|28 N M| = 68663, |2¢' N M| = 379562400.
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A similar approach can be used to evaluate x(Z) when Z is an involutory graph automor-
phism of 2Eg(2) (see |23, Proposition 2.6] and its proof). We thank Ross Lawther for his
assistance with this calculation, which was originally used to derive the fixed point ratio
bounds presented in [I2, Table 7]. For example, for M = P; g we get |2D' N M| = 69632 and
|2E' N M| = 355332096.

In this way, we can compute |z N M| for every involution # € L. In turn, this allows
us to calculate |z¥ N M| for each involution # € L and we then obtain |% N M| via the
fusion map described in . We record the relevant information in Table |5| and it is now a
straightforward exercise to verify the bound v < 2710 for each parabolic subgroup M. 0

By combining the bounds on «, 8 and v in Lemmas [4.9 we conclude that

QG M3)=a+p+y<1
and thus b(G, M) < 3. In view of our earlier work in this section, together with Remark
this completes the proof of Theorem In particular, the proof of Theorem [2]is complete.

Remark 4.12. Let G = B be the Baby Monster and let H be a soluble subgroup of G. We
have not been able to determine whether or not there exists an example with b(G, H) = 3
and we conclude by recording some further remarks on this problem.

(a) Breuer has shown that |H| < m, where m = 29686813949952 (see Chapter 6 in the
manual for [7]). In particular, if n = |G : H| then log,, |G| < 1.669. Moreover, he shows
that G has a unique conjugacy class of soluble subgroups of order m and the maximal
overgroups of such a subgroup are of the form 29+16.Sp¢(2) and 2271020 (Mgy:2 x S3).
By [13| 3], we know that b(G, L) = 3 if L is one of these subgroups and so further
work is needed in order to determine if b(G, H) = 2 or 3.

(b) More generally, let L be a maximal subgroup of G containing H. We may assume
b(G,L) > 3, so [13| BI] implies that L is one of the following (up to conjugacy):

2.2F4(2):2, 21122.Coy, Figs, 29710.Spg(2), Th,

(22 x Fy(2)):2, 22710720 (Myy:2 x S3).

Here b(G, L) = 4 for L = 2.2E4(2):2 and b(G, L) = 3 in the remaining cases. Since
s(Th) = 2 by Theorem [2, we immediately deduce that b(G,H) = 2 if H < Th.
Similarly, if H < Fip3 then we can use the stored character tables and associated
fusion maps in [7] to show that Q(G, M,2) < 1 for every maximal subgroup M < Figg,
whence b(G, H) = 2. But this approach is not available when H is contained in one
of the other maximal subgroups of G listed above.

(c) In [31], the authors use the GAP package ORB [30] to prove that b(G, L) = 3 when
L = 2210420 (M99:2 x S3) and b(G, L) = 2 for L = [23°].15(2) (in both cases, the
bound b(G, L) < 3 was established in [13]). However, it is not clear (to the author at
least) that a similar approach could be used to compute the precise value of s(B) and
so this remains an open problem.
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