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Abstract

This is the second in a series of four papers on fixed point ratios in non-subspace actions
of finite classical groups. Our main result states that if G is a finite almost simple classical
group and  is a non-subspace G-set then either fpr(z) < ||~ 2 for all elements 2 € G of
prime order, or (G, §2) is one of a small number of known exceptions. In this paper we record
a number of preliminary results and prove the main theorem in the case where the stabilizer
G, is contained in a maximal non-subspace subgroup which lies in one of the Aschbacher
families %;, where 4 < i < 8.

1 Introduction

Let G be a finite almost simple classical group over F,, with socle Gy and natural module V/,
where ¢ = p/ for a prime p. Recall that if G acts on a set Q then the fized point ratio of z € G,
which we denote by fpr(z), is defined to be the proportion of points in Q which are fixed by z.
If G acts transitively then it is easy to see that

1‘G
for(z) = ’;;f” 1)

where H = G, is the point stabilizer of an element w € €. In studying actions of classical
groups, it is natural to make a distinction between those actions which permute subspaces of
the natural module and those which do not.

Recall from [3] that H < G is a subspace subgroup if every maximal subgroup M of Go
containing H N Gy is either reducible on V or (Go, M,p) = (Spam(q)’,05.,,(¢),2). All other
subgroups are non-subspace and a transitive action of G on a set  is a non-subspace action if
the point stabilizer G, of an element w € € is a non-subspace subgroup of G. Our main result,
which we refer to as Theorem 1, states that if €2 is a faithful, transitive, non-subspace G-set then

fpr(z) < |$G|_%+%+L

for all elements z € G of prime order, where either « = 0 or (G, £2,¢) belongs to a short list of
known exceptions (see [3, Table 1]). In almost all cases n = dim V' (see Remark 1.2).

In order to prove Theorem 1, it is clear from (1) that we may assume G acts primitively.
In particular, we can base our proof on Aschbacher’s main theorem on the subgroup structure
of finite classical groups. In [1], eight collections of subgroups of G are defined, labelled %; for
1 <7 <8, and it is shown that if H is a maximal subgroup of G not containing Gy then either
H is contained in one of the %; collections, or it belongs to a family . of almost simple groups
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description
%, stabilizers of tensor product decompositions V =V} ® Vs
¢5 stabilizers of subfields of F, of prime index
%6 mnormalizers of symplectic-type k-groups (k prime) in absolutely
irreducible representations

%7 stabilizers of decompositions V = ®§:1 V;, where dimV; = a
%s stabilizers of non-degenerate unitary, symplectic or quadratic forms on V

Table 1.1: The subgroup collections %;, 4 < i < 8

Go typeof H ¢

PSL},(¢) Spn(q) 1/n
PSpy(3) 2%.0,(2) .086

Table 1.2: The exceptional cases with ¢ > 0

which act irreducibly on V' (see [18] for a detailed description of these subgroup collections). A
small additional collection of subgroups, which we denote by .4, arises when Gq is Sp,(q)" (¢
even) or PQy (q) (see Table 3.1 and [5, §3]). We follow [18] in labelling the %; collections and
we note that a maximal subgroup of G is non-subspace unless it is a member of the collection
%1, or is a particular example of a subgroup in %5.

In [3] we provided some background to Theorem 1 and established a number of corollaries.
In addition, we described how Theorem 1 can be applied to the study of bases for primitive
actions of finite classical groups and we explained how it may be useful in efforts to classify
primitive monodromy groups of covers of Riemann surfaces. In this paper we prove Theorem 1
in the case where G, is contained in a maximal non-subspace subgroup which lies in one of the
collections %;, where 4 < ¢ < 8. This is the content of Theorem 1.1 below. A rough description
of the relevant %; collections is given in Table 1.1.

Theorem 1.1. Let G be a finite almost simple classical group acting transitively and faithfully
on a set Q with point stabilizer G, < H, where H < G is a mazimal non-subspace subgroup in
one of the Aschbacher collections €;, where 4 < i < 8. Then

fpr(z) < |:L‘G|_%+%+L

for all elements x € G of prime order, where either v = 0 or (Go, H,1) is listed in Table 1.2,
where Go denotes the socle of G.

Remark 1.2. In general, the integer n = n(G) in the statement of Theorem 1.1 is simply
the dimension of the natural Go-module. More precisely, if Gy € {Sp,(2)’,SL3(2)} then n =
n(G) = 2, otherwise n = n(G) is defined to be the minimal degree of a non-trivial irreducible
K @o—module, where @0 is a covering group of Gy and K is the algebraic closure of F, (see [3,
Definition 2]). Following [18, §4], the type of H referred to in Table 1.2 provides an approximate
group-theoretic structure for H N PGL(V).

This paper is organised as follows. In Section 2 we begin with some general remarks on
the proof of Theorem 1 and in Section 3 we present a number of preliminary results which
will be needed for the proof; some of these are new and may be of independent interest. The
proof proper begins in Section 4 when we consider the tensor product subgroups which comprise
Aschbacher’s collection . Moreover, for 4 < i < 8, Section i is devoted to a proof of Theorem
1.1 in the case where the stabilizer G, is a non-subspace subgroup contained in a member of %;;
the specific cases we need to consider are listed in Table i.1. We adopt the notation of [18] for
the possible subgroup types which appear in Table i.1. (For convenience, the %5-subgroups of
type Sp,,(¢) and Of (¢) in unitary groups are considered in §8 and not §5 as might be expected.)



The proof of Theorem 1 is completed in [4] and [5]. In [4] we deal with the imprimitive
subgroup collection %5 and also the field extension subgroups which comprise %5. Finally, in
[5] we consider the irreducible almost simple subgroups in Aschbacher’s collection .#, together
with the small additional set .4 of subgroups which arise when G is either an 8-dimensional
orthogonal group or a 4-dimensional symplectic group in even characteristic. In both [4] and [5]
we will refer repeatedly to the preliminary results collected in §3 of this note.

Notation. Our notation and terminology for classical groups are standard (see [18] for example).
In particular, a finite classical group G is said to be over I, if the natural G-module is defined
over Fgu, where u = 2 if G is unitary, otherwise u = 1. We write PSL;,(¢q) for PSL,(¢) and
PSU,(q) if ¢ = + and — respectively. In addition, for x € R it is convenient to write z — €
for x — €l, where € = £. We use the notation alb to signify that the integer b is divisible by
the integer a. Further, Z(G) denotes the centre of a group G; G’ is its derived subgroup; G™
is the direct product of m copies of G and H.G denotes an (arbitrary) extension of a group H
by G. We write Zjy or just n to denote a cyclic group of order n, while Z;* or p™ denotes an
elementary abelian p-group of order p" for a prime p. We also use (ay,...,ay) to denote the
highest common factor of the integers ai, ..., an.

2 Remarks on the proof of Theorem 1

According to Aschbacher’s theorem, a maximal non-subspace subgroup of a finite almost simple
classical group belongs to one of nine subgroup collections. In turn, we consider the primitive
actions for which the stabilizer of a point belongs to each collection, hence the proof of Theorem
1 is naturally partitioned into nine parts. Inevitably, our methods differ somewhat between the
collections; for instance, in some cases we require a greater degree of accuracy than in others.
However, there are some common features to our approach which apply quite generally.

Let G be an almost simple classical group over F, with socle G, where ¢ = p! for a prime

p. Let H < G be a maximal non-subspace subgroup. In view of (1), it suffices to show that
loglenHl 1 1

JH) = ———— < =4+ — 2
f(z, H) log | €| 5t T (2)
for all elements x € G of prime order, where n = n(Gy) is defined as in Remark 1.2 and ¢ > 0 is
given in the statement of [3, Theorem 1]. Of course, we can always assume x € H and n > 3; in
addition, we may also assume n > 7 if GGy is an orthogonal group. We start by identifying the
structure of H N PGL(V'), where V' is the natural Gy-module, and we then consider the cases
r € HNPGL(V) and z € H — PGL(V) in turn.

Case 1. x € HNPGL(V)

Our initial aim is to partition the elements of (fixed) prime order r in HNPGL(V') according to a
set of parameters z = (z1, ..., zp,) associated to the action of these elements on V. For example,
we may choose to partition the elements of order p according to the parameters z = (z1, 22, 23),
where 21 = aj, 22 is the number of non-zero a; in A with j > 2 and 23 is the sum of the
terms a; with j odd, with respect to a general partition A = (n%,...,1%) F n = dim V' which
corresponds to the possible Jordan normal forms on V' of the elements of order p in H. Similar
parameters can be defined in the semisimple case (see Definition 3.32 for example). The number
of parameters we choose will depend on the degree of accuracy required.

Given z, we derive bounds on |z% N H| and |2%| of the form

/ : G : G
|$GQH‘ <f1(§/)qf2(g)d1mx , |$G| >f3(§/)qd1mz 7

where 2/ = (z,n,q, L)_and G is a simple classical algebraic group over the algebraic closure of F,
such that Gy = O (G,) for a suitable Frobenius morphism ¢ of G. Then (2) holds if

F'=n+2+2m— 2nf2(§’))dimxélogq+ (n+ 2+ 2n) log f3(2') — 2nlog f1(2') > 0.



A lower bound on dim z¢

can be given in terms of 2’ (see Propositions 3.25 and 3.33 for example)
and this yields I' > TV(z2/). It then remains to show that I' is non-negative for all possible values
of z/, with perhaps the exception of a small number of cases for which we can derive more
accurate bounds through direct calculation. It is often the case that the function I is increasing
in each of its variables and thus it is quite straightforward to check that I is non-negative. In
more complicated cases, we have used a computer to identify the precise values of 2’ for which
I(z') < 0. When a direct calculation is required, we present bounds to three decimal places;
often a worked example is presented and the reader is encouraged to check the other cases. We

do not claim that the bounds we obtain through direct calculation are the best possible.

Of course, there are cases where this approach is not applicable, or perhaps not appropriate.
For instance, it is not always clear how arbitrary elements of H act on V. This comment is
particularly pertinent to the almost simple irreducible subgroups in Aschbacher’s . collection.
In these cases we can often bound \xG| by applying Corollary 3.38, together with various lower
bounds on the codimension of the largest eigenspace of x on V (see Definition 3.16, Lemmas
6.3, 7.1 and [5, 2.2] for example). Fortunately, in these cases we often find that |H| is small
compared with |G| (see [5, 2.4] for instance) and the trivial bound |% N H| < |[H NPGL(V)| is
often sufficient.

Case 2. x € H—PGL(V)

Here «x is a field, graph or graph-field automorphism of Gy and in most cases we consider each
type in turn. Lower bounds for || are given in Lemma 3.48 and we often find that the trivial
bound |z N H| < |H| is sufficient. Alternatively, if # has order r then |2% N H| < i,(H), where
ir(H) is the number of elements of order  in H, and thus Proposition 3.14 is particularly useful
when r = 2 or 3. In other cases, a more accurate upper bound on |z N H| can be derived by
applying Proposition 3.43 and Lemma 3.50 for example.

3 Preliminary results

In this section we present a number of results which are needed for the proof of Theorem 1. We
begin with a brief description of Aschbacher’s main theorem on the subgroup structure of the
finite classical groups; this provides the organising principle on which the proof of Theorem 1 is
based. Much of this section concerns the prime order automorphisms of finite simple classical
groups; we consider unipotent and semisimple elements in §3.3 and §3.4 respectively, and outer
automorphisms are studied in §3.5. Finally, in §3.6 we make some further remarks on orthogonal
groups, concentrating in particular on the dimension eight case.

3.1 Subgroup structure

A general theorem on the subgroup structure of the finite classical groups was established by M.
Aschbacher in 1984. Let Gg be a finite simple classical group over F,, with natural (projective)
module V of dimension n. Write ¢ = pf, where p is prime. Let I' < Aut(Gy) denote the
projective semilinear group corresponding to Go, i.e. I' = (G, ¢) where G = Aut(Go) NPGL(V)
and ¢ is naturally induced from the field automorphism of Fq« which sends p to u?, where u = 2
if G is unitary, otherwise © = 1. Let GG be a group such that

Go < G<T. (3)

In [1], eight collections of subgroups of G are defined, labelled %; = %;(G) for 1 < i < 8,
and Aschbacher proves that any maximal subgroup H of G not containing Gy is either in
% (G) = Ule %;, or is almost simple and satisfies numerous irreducibility conditions (see [18,
§1.2]). We write ./ = .%(Q) for this collection of almost simple irreducible subgroups. We refer
the reader to [18] for detailed information on each of these subgroup collections.

Of course, this fundamental theorem relies on the hypothesis that (3) holds. It is well-known
that Aut(Gp) # I only if Go = PSLy,(q) (n = 3), Go = Sp4(q)’ (q even) or Gy = PQg (¢). In



Go type of H conditions
PQJ () GL5(q) x GL{(q) ¢=>3ife=+
O (¢? ) x 05 (¢°)
O1(q)1 S q=p>2
Ga(q

Spa(q)”  05(q)
(g even) Oy (q2)-2

~— —

—ifg=2

Table 3.1: The collection A~

Go collection type of H conditions
PO () ©a Of(q)1S2 ¢=3
05(q)1Ss g=5ife=+
©s O3 (qo) q = qF, k prime
5 PSL§(q) q=¢€(3)
*Di(q1)  q=qf

af (2) g=p=>3
Sz(8) qg=>5
Sp4(q) % Spulw)  q= q’S, k prime
(q even) S Sz(q) log, ¢ > 3 odd

Table 3.2: Some maximal non-subspace subgroups

[1], Aschbacher proves a similar theorem in the case where G £ T" and Gy # PQ;‘(q). In later
work [17], Kleidman gives a complete description of the maximal subgroups of the almost simple
groups with socle Gy = PQ;(q).

Proposition 3.1. Let G be a finite almost simple classical group with socle Gy and suppose
G L T. Let H be a mazimal non-subspace subgroup of G not containing Go. Then H = Ng(K)
where K <T'NG and either K € €(I'NG) U .L(I'NG) or (Go, H) is listed in Table 3.1.

Proof. There are three cases to consider. If Gy = Sp,(¢)’ and ¢ is even then the result follows
from [1, 14.2] (note that the normalizer in G of a Sylow 2-subgroup of Sp,(q) is a subspace
subgroup). The case Gy = PQJ (¢) is similar, using [17, Tables I, III] (again, we exclude the
subspace subgroups labelled P» and Rgo in [17, Table III]). Finally, if Go = PSL,,(¢) and n > 3
then an additional collection 47 of subspace subgroups of G' can be defined and a version of
Aschbacher’s result is proved using %] (see [1, §13]). O

Definition 3.2. Suppose G € I' and H = Ng(K) is a maximal non-subspace subgroup of G,
where K < T'NG. We say that H belongs to the collection %; (resp. . (G)) if K € €;(I' N G)
(resp. K € /(' N Q)), otherwise (Go, H) is listed in Table 3.1 and we say that H € 4. As
before, we write ¢ (G) = U, ;.

Proposition 3.3. Suppose G £ T and H € €(G) U ¥ (G) is a mazimal non-subspace subgroup
of G. Then the possibilities for H are given in Table 3.2.

Proof. This follows from [1, 14.2] and [17, Tables I, III]. O

Remark 3.4. In Tables 3.1 and 3.2 we refer to the type of H (see Remark 1.2). If H € . then
the type of H is just the socle of the almost simple group H N Gy. The conditions listed in the
final column are necessary (but not always sufficient) for H to be maximal in G (see [17, 18]).



3.2 Preliminaries

Let G be an algebraic group and fix an element 2 € G, = {g € G : ¢° = g}, where o is a
Frobenius morphism of G. Then o restricts to an endomorphism of the centralizer E = Cg(z)
and induces a homomorphism o : E/E? — E/EY where EY denotes the connected component
of E containing the identity.

Definition 3.5. Let o : X — X be a homomorphism of a group X and let H!(o, X) denote
the set of equivalence classes of X under the equivalence relation

-1

x~ysy=2z xz° for some z € X.

The equivalence class containing z is called the o-class of x.

Let H'(o, E/E®) denote the set of equivalence classes corresponding to the induced homo-
morphism o : E/E? — E/E? described above. Then the following proposition is an application
of the well-known Lang-Steinberg Theorem (see [23, 10.1]) and the corollary follows at once.

Proposition 3.6 ([22, I, 2.7]). Let G be _a connected linear algebraic group, and let o be a
Frobenius morphism of G. If x € Gy then 2% NGy is a union of precisely |H' (o, E/E)| distinct
G y-conjugacy classes, where E = Cga(z).

Corollary 3.7. If z € G, and Cg(z) is connected then (2%)y = 207 .

Consequently, much of this preliminary section is dedicated to studying the conjugacy classes
of elements of prime order in finite classical groups of the form G,, where G is a simple classical
algebraic group of adjoint type over the algebraic closure of F,. Then G, is almost simple, with
socle Go. In the terminology of [11], G, is the group Inndiag(Go) of inner-diagonal automor-
phisms of the finite simple classical group Gy. We start with a number of basic results on the
order of certain finite classical groups which will be used repeatedly in the proof of Theorem 1.

Notation. Unless otherwise stated, for the remainder of §3 we shall adopt the following nota-
tion: G is a simple classical algebraic group of adjoint type over the algebraic closure K of Fq,
where ¢ = pf for a prime p; o is a Frobenius morphism of G such that G, is a finite almost
simple classical group over F, with socle Gy and natural module V' of dimension n.

Lemma 3.8 ([19, 1.2(i)]). If{a1,...,a;} and {b1,..., by} are two sets of distinct integers, all
at least 2, then

- <2

Proposition 3.9. The following bounds hold:
(Z) d1mG< ’G ‘<qd1mG
(ii) If ¢ > 3 then 3¢ < |GLy(q)| < ¢
(iii) ¢"* < |GUa(g)| < (¢ +1)g"

() If a=A{ar,...,as} and b= {by,...,bs} are two sets of natural numbers and n > 3 a;b;
then N
!GUn(Q)lb < <q + 1) 7 b
I1; 1GUq, (¢%)] q

where o = 0 if s > 2 and each bj =1, otherwise o = 1;

(v) If I, m and n are natural numbers such that | is even and lm < n then

IGU,.(q)] < 2|GLu(g")lg" ",



Proof. First consider (i) and suppose Go = PSY,(q), where n is even. Then

n/2—1
Gol = g™ (g% —¢) T] (¢¥ - 1)

i=1

and the upper bound is immediate since (¢> — 1)(¢™? +1) < ¢*/**2 for all n > 4. If n = 2(4)
then the lower bound follows at once from Lemma 3.8; if n = 0(4) then

_ 1 ;
Gyl > an(n—2)+1(q2 _»1)(q4__ 1)‘..(qn—2 _»1)(q§_4,__1)

and again Lemma 3.8 gives the lower bound. The other cases in (i) are very similar. In (ii), the
upper bound is trivial and the lower bound holds since

]GL q—l q—l 11
G |

for all ¢ > 2 (see [21, 3.5]). Part (iii) is an easy exercise. If & = 1 then (iv) is immediate from
2

(iii), otherwise we may as well assume s = 2. If a; is odd then |GU,(q) : GU,,(q)] < g
since

(¢ = 1)(¢¥ ™ +1) < gV (4)

for all j > 1 and the result follows from (iii). On the other hand, if both a; and as are even,
say a1 = 2k and ag = 2l with k > [ > 1, then (iv) holds if and only if

21 ,  n—2(k+)
(qzkfa — (_1)]) . H (@PUHD+ _ (Z1)) < 3 (2B D) (4 2k )+ 1)+ 4k
o\ @ (=L i
Now (4) implies that
2(k+
H (@R (Z1)7) < (2D 4 1)q3(nm2(k40) (b 2k +1)—2(h) 1

and so we may as well assume n = 2(k + 1) + 1. It is easy to check that

(q2k+2m _ 1)(q2k+2m+1 + 1) < q4k+2(q2m—1 + 1)(q2m o 1)

for all £, m > 1 and we quickly reduce to the case [ = 1. The desired result follows since
(@ + D@ = D)@+ 1) < g+ 1" - 1)

for all £ > 1. Finally, let us consider (v). Summing over the odd positive integers we get

Zlog(l—i—qi Zqi: <10g2
i odd i odd
and thus [[*_, (¢~ +1) < 2¢*" for all k > 1 and (v) follows. O

Remark 3.10. The lower bound in (ii) does not hold if ¢ = 2. In this case (i) implies that
IGL,.(2)| = |PGL,(2)| > 27°~2. In (iv) we note that |GU,(q) : GUqa(q)| < ¢" 2 if and only if
a is odd.

Next we record a useful result on the lifting of elements of odd prime order.

Lemma 3.11. Let x € G, be an element of odd prime order r. Define (G, @) as follows:

Go _PSL(9) PSp,,(q) P, (q)
(G,G) (G5,GLL(9) (Go,Sp,(q) (Go,,(9)

Then one of the following holds:



(i) x lifts to an element & € G of order r such that |zC| = |:i‘@];

(ii) Go = PSLE(q), r|(q — €) and x is G-conjugate to [In,wln, ... w" 'In], where w € K is a

th root of unity.

primitive T
Proof. First suppose G = PSL; () and (ii) does not hold. Let Z = ()) denote the centre of G,
so Gy = G/Z and x = 7 for some & € G. Since z has order r we have " = A for an integer
such that 0 <1< g—e—1. Now, if (r,g — €) = 1 then there exists an integer y such that yr =1
mod (q — €) and we define £ = A7YZ. On the other hand, if r|(¢ — €) then we claim that 7 is
diagonalisable. Seeking a contradiction, suppose # is not diagonalisable. Then f(z) = 2" — M
is the minimal polynomial of Z and thus Z has rational canonical form diag[A;, ..., A,,], where

mr =n and ,
A
a=(5, )

for each i. Therefore Z is GL, (K)-conjugate to the block-diagonal matrix
AT I WA T "IN T ]

r h

and thus z is G-conjugate to [In/r,wfn/r, RN _lfn/r], where w € K is a primitive 7*® root of
unity, a contradiction. Therefore & is diagonalisable, say = [A1,..., Ay}, and & = )\flfc is a lift
of z of order r. To see that |z¥| = |#%|, consider the natural embedding p : Ca()/Z — C’@/Z(as).

47 € Cgy

|Z] = q — € and we deduce that z is G-conjugate to Uy Wl jry - - - ,w“lfn/r], a contradiction.
Therefore 4 = 1, so p is an isomorphism and the result follows.

(z) then §~'&7 = pa for an element pu € Z with " = 1. If  # 1 then r must divide

Finally, let us assume Gy is a symplectic or orthogonal group. If p = 2 or n is odd then
G = @ so assume otherwise. Then Gy = G/Z, where Z = Z, is the centre of G, and =z € G
since 1 is odd. The result now follows as before. O

Remark 3.12. If » € G, is a semisimple element of odd prime order then Lemma 3.11(i) holds
if and only if |H' (o, E/E")| = 1, where E = Cg(z) (see Lemmas 3.34 and 3.35).

Remark 3.13. If r # p then 200 = 2% (see [11, 4.2.2(j)]). In general, this is not true for
unipotent elements; we refer the reader to Lemma 3.20 for further details.

Let X be a subset of a finite group and let r be a positive integer. Then we define i,(X)
to be the number of elements of order r» in X. The next result gives an upper bound for the
number of elements of order two and three in a finite almost simple classical group.

Proposition 3.14 ([19, 1.3]). Let N = |®T(G)| be the number of positive roots in the root
system of G and define Ny = dim G — N, N3 = dim G — 2N/3. If r = 2 or 3 then

ir(Aut(Go)) < 2(1+ ¢ ™.

The next lemma is a useful observation.

Lemma 3.15 ([15, 2.24]). Let N be a normal subgroup of a finite group G and let x € G/N
denote the image of x € G under the natural homomorphism G — G/N. Then

2] <IN - [29M).

Definition 3.16. Let V = V ® K and for z € PGL(V) let & be a pre-image of z in GL(V).
Define
v(z) = min{dim[V,\%] : A € K*}

and observe that v(x) is equal to the codimension of the largest eigenspace of # on V. In
particular, we note that v(x) > 0 if x # 1.



Bounds on |2%7| in terms of v(z), dimV and ¢ for elements of prime order will serve as a
useful tool in the proof of Theorem 1. Such bounds are obtained in [20, 3.4] and we slightly
refine these results in Propositions 3.22 and 3.36 below. In particular, our bounds do not involve
undetermined constants.

Definition 3.17. Let G < PGL(V') be a finite classical group over F,. We define k; ,.,,(G) (resp.
ksrs(G)) to be the number of conjugacy classes in G of unipotent (resp. semisimple) elements
x of prime order r such that v(z) = s with respect to the natural action on V. Upper bounds
for ks .(G,) are established in Propositions 3.24 and 3.40.

3.3 Unipotent elements

Let G be a simple classical algebraic group of adjoint type over an algebraically closed field of
characteristic p > 0 with natural module V. If G is symplectic or orthogonal then we say that p
is good for G if p # 2, whereas any p is good if G = PSL(V). From the natural correspondence
arising from the Jordan normal form we can associate a unique partition of dimV = n to each
unipotent conjugacy class as follows

(n, .. 19 e [Jo ., TP, (5)

n

where J; denotes a standard Jordan block of size i. The partition A - n corresponding to the
G-class of a unipotent element z is called the associated partition of x. In good characteristic,
a partition A\ F n corresponds to a unipotent class in a symplectic (resp. orthogonal) group if
and only if odd (resp. even) parts in A occur with an even multiplicity. It is well-known that
if p is good for G then this map from unipotent G-classes to partitions of n is almost always
injective. Indeed, the single exception is the case G = PSO,,, where n is even and the associated
partition has no odd parts. Here such a partition corresponds to precisely two distinct unipotent
G-classes which fuse in PO,,.

Detailed information on conjugacy classes in the finite classical groups GL;,(q), Sp,(¢) and
0% (q) is given by Wall in [25]. In the next lemma we use some of these results to compute |25 |

for unipotent elements x € G, of prime order.

Lemma 3.18. Suppose © € G, has order p and associated partition A = (n%, ... 19) - n. If
p is good for G then the order of the centralizer Cg,(x) is recorded in Table 3.3, where

Go |Cq, (2)]

PSLy;,(q) (¢ —¢)1q™ [I, IGLS, (q)]

PSp,(q) 277 ] 105 @] J] I1Spa(a)l
7 even 7 odd

PO () 277 [ 105l [ ISpa,(a)l
3 odd 7 even

Table 3.3: Unipotent centralizers, p good

a1:22iaiaj+2(i—1)a?:2a2— Z a; = 203 + Z a;

1<j i 1 even 1 even

and where
5= { 0  if each non-zero a; is even

1 otherwise,

0 ifa; =0 for all odd j
v=14 1 ifnisodd or if each non-zero a; is even
2 otherwise

and {€;} is a choice of signs so that ], € = € if Go = PQ,(q) and n is even.



Proof. First observe that x lies in Gy since |G, : Go| is not divisible by p. Now if Gy = PSLE (q)
and p is odd then Lemma 3.11 implies that x lifts to an element & € GL{,(¢) such that &P =1
and |20 | = |2GM(@)]; it is clear from the proof of Lemma 3.11 that the same conclusion also
holds if p = 2. The centralizer order |Cg_(x)| now follows from [25, p.34]. The other cases are
similar. For example, suppose Gy = PQ (¢) and n is even. Then p is odd and Lemma 3.11
implies that there exists & € Q¢ (q) such that #” = 1 and |zC0| = [#%(@|. If [ denotes the
number of non-zero terms a; with j odd in A then [25, p.39] gives |20n(@)| = 217! f(q), where
f(g) is a monic polynomial in q of degree dimx%. Now, if E = Cg(z) then Proposition 3.6
implies that |29 | = |H' (o, E/E°)|~1 f(q), where |H' (o, E/E°)| = |E : E°| since E/E" is either
trivial or is an elementary abelian 2-group. More precisely, [8, p.399] gives

20=1-0 it 1 >0

1 0y
|H (0, E/E7)| _{ 1 otherwise,

where § = 1 if there is an odd a;, otherwise 6 = 0. The polynomial f(g) can be read off from
[25, p.39] and the desired result follows. The other cases are very similar. O

Remark 3.19. According to [25, p.38], if + € PQ, (¢) is unipotent and ¢ is odd then the
associated partition of x has at least one odd part.

Lemma 3.20. Suppose © € G, has order p and associated partition A = (n%, ... 1) - n. If
p is good for G then the following hold:

(i) If Gy = PGLS (q) then |29| = (v,q — €)|xC°|, where v = hef{j : a; > 0};

(ii) If Gy is symplectic then |#C7| = 22|2C0|, where o = 1 if a; is odd for some even j,
otherwise o = 0;

(iii) If G4 is orthogonal and n is even then ]a:é"] = 4|z%°| only if a; is odd for some odd j.

Proof. In (i),  lifts to a unique element & € SLE (q) of order p such that [z5°| = |25%(@)] and
Lemma 3.18 gives |z%| = f(q), where f is a monic polynomial in q. Now [22, 1.10] states that
E/E" is cyclic of order v, where E = Cgy,, (i)(&), hence |H' (0, E/E®)| = (v,q—¢) and therefore
|29°| = (v,q — €)' f(q) as claimed. For (ii), let & € Sp,,(q) be the unique lift of x to an element
of order p (see Lemma 3.11). Then [2¢°| = |#5P»(9)| = 27V f(¢), where I’ denotes the number
of even j with a; > 0 and f is a monic polynomial in ¢ (see [25, p.36]). Now [8, p.399] gives
ICa(x) : Cal(x)?] = 289", where & = 1 if there exists an even j with a; odd, otherwise &' = 0.
The result now follows since |26 | = 271+ f(q).

Now consider (iii). Let z € Qf(q) be the unique lift of = to an element of order p such
that |290] = |2%(@| and define the integers | and & as in the proof of Lemma 3.18. Since
105, (q) : Q5(q)| = 4 we have 4|2%| > |297(9)|. Now, if I = 0 then |$°7(9)| = 2|2%7| and therefore
2|2¢0| > |2%7| as claimed. If I > 0 then |£97(9)| = 217! f(q) for some monic polynomial f in ¢
and |27 | = 2191 f(¢). Moreover, x and z7 are G-conjugate, where v is an involutory graph
automorphism of G, and thus |#597(@)| = |20%(9)|. In turn, this implies that 2|z%0| > |39R(9)]
and the result follows since |27 | = [£0(D)| if § = 0. O

Corollary 3.21. Suppose G is symplectic or orthogonal, p is odd and x € G4 has order p and
associated partition A = (n®,...,1%) = n. If | is the number of odd j with a; > 0 then

I+146 l _
|xGO| > 1 n q qdimmc
2 qg+1 '

In [2] one can find detailed information on involutions in symplectic and orthogonal groups
over fields of even characteristic and we adopt the notation therein for labelling representatives
of involution classes.
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Proposition 3.22. Let v € G, be an element of order p such that v(x) = s. Then
fi(n7 S, Q) < ’xGG’ < gl(”? S, Q)a
where © = 14 625, and the functions f; and g; are defined in Tables 3.4 and 3.5 below.

Proof. We begin by assuming p is odd. Let A = (n%",...,1%) I n denote the associated partition
of , let t > 1 be the number of non-zero a; and observe that the hypothesis v(z) = s implies
that >, a; =n—s. If Go = PSLy(g) then Lemmas 3.8, 3.18 and Proposition 3.9(ii) imply that

Go fi(n s, q) g1(n,s,q)

PSLS(q) % et max (q25(n=5) gns) 9¢°(2n—s—1)
PSp,(a) 3 qiﬁ max(q*("=%) ¢2"%) q%(2n5752+1)
PQZ(q) 3 q% max(qsm*sfl)’q%n(s—l)) 95 5(2n—5-2)
Qul@) L max(g*—s-1), gbn(s-D) Jheen—s-2)

Table 3.4: Bounds on unipotent conjugacy classes, p > 2

1

; e ~ _ : e}
2qdlmr < |£CGG| < 2t lqdlmz (6)

and thus |$?”| > fi(n,s,q) by [6, 2.9]. For the upper bound, first observe that [6, 2.4] implies
that dimz® < dimy®, where y € G is unipotent with associated partition

N =(s+3t/2—12/2,t —1,t —2,...,2,1" 5T -,
Using [6, 2.3] we calculate that dimy® = 2ns — s2 — s — ¢3/3 — t2 + 2¢/3 and (6) yields
|$Gg| < 2t—1qdimz@ < 2qdimy5’+t—2 < g1(n, 5,q)

as claimed. Next suppose Gy = PSU,(q). Here

1 q =t dim 2@ G di G
- —— < |lz¥e| < 2™ *
5 <q+1> q 277 ] < 2¢

and [6, 2.9] gives \:BGS\ < g1(n,s,q). For the lower bound, [6, 2.4] implies that dim 2% > dimy%,
where y € G is unipotent with associated partition ((m+1)",m"™*™") Fnand m = |n/(n—s)].
In particular, if || is minimal then ¢ = 2 and again the result follows via [6, 2.9]. The other

Gy conditions T fa(n, s,q) 92(1%, 5, )
PSL;(q) [Jf, In—QS] % <q-(|1—71> q2s(n—s) 21+52,qq25(n—s)
Sp,,(q) Qs %qs(n—s) 2qs(n—s)
bs, Cs %qs(n—s-i-l) Qqs(n—s—H)

QZ(Q) (37 6) ?é (%, +) Qs %qs(”*sfl) 2qs(n7571)

Cs %qs(n—s) 2qs(n—s)
2 (9) s=4% an, dn  Lgin(=?) gin(n=2)

Ccn ’ %q%nz 2q%n2

Table 3.5: Bounds on unipotent conjugacy classes, p = 2

cases with p odd are similar. For example, if Go = PSp,,(¢) and v(z) = s is odd then the largest

11



possible partition is (s + 1,1"7*71) - n (with respect to the familiar dominance ordering on
partitions) and using Lemma 3.18 we deduce that

2ns—s2+1)

2G| < 5P (9)]

1
5(
S Spps 1@l =0

= g1(n, 5,q).

Now assume p = 2. If G = PSL,,(K) then [2, 4.3] gives

G| GL(a)
GLE(@)|GL (@)

and the desired bounds follow at once from Proposition 3.9. Next suppose G' = Sp,,(K). If s
is even then there are precisely two distinct classes of involutions in G, whose elements satisfy
v(xz) = s (see [2, §7]). These classes are represented by as and cs, where

L) < 1o S0, (0) )
= s(n—s) Go| _ n s
q < |a = 2
’ o [P, ()][SP—2s(q)|gns=35>/2+5/2
and , -

Sq" D < e = Pn(g s(n—s+1)
q < |c = 2 |

2 (=4 1SDe2()]1SP_as()|q—352/2+35/2—1

If s is odd then z is G,-conjugate to b, and

s(n—s—&—l).

1 ~ S
7qs(n—s+1) < ’bSGU| o ’ pn(Q)’ < 2q

2 SPy_1(a)]|SPy_os(q)|qns B35 245/

Finally suppose that Go = (2}, (¢), where n is even. Here G, = Gy since ¢ is even. We first
consider involution classes in G = O¢ w(@) = G,.2. As described in [2, §8], there are precisely two
distinct G-classes of involutions in G whose elements satisfy v(xz) = s, where s < n/2 is even.
These classes are represented by the elements a5 and ¢;. The same is true if s = n/2 is even and

€ = +, whereas every involution with s = n/2 even is é—conjugate to ¢, o if € = —. In all cases,
applying [2, 8.6, 8.8] (or [25, p.60]) we deduce that

1 s(n—s—1) G ‘O;(q)‘ —s—1

= <la < 2¢°(n=s—1)

5! R X [N e

and .
G| _ 10%.(9)]

1

= s(n—s) s(n—s)
q <l|eg| = < 2q .

2 2|Spy_2(q)|1SPy o4 (q)|qn(s—1) =387/ 2H5s/271

If s is odd then there is a unique G-class of such involutions, with class representative bs such

that E
,qs(n—s) < é‘ — 105, (q)] < QqS(n—s)
2 .
2 2[Sp,_1(q)[[SPy—as (@)~ —35%/2435/2
The elements a, and ¢ lie in G whereas by € G — Gy According to [2, 8.12] we have 207 = xé
unless € = + and z is G- conjugate to a, /o in which case ag/Q = af/er U a/nC;';’ and |an/2| o ‘agﬂ

The bounds listed in Table 3.5 follow at once.

Remark 3.23. Suppose Gy = Sp,,(¢) and H is a %g-subgroup of type Of,(q), where ¢ is even,
so H is a subspace subgroup of G (see §1). If x € H is an involution which is Sp,,(¢)-conjugate
to a; then 2% N H = 2 and the bounds in Table 3.5 imply that fpr(z) > |£%|~, where
log 4¢"
a=——">-———0asn,qg— oo.
log 2ql(n—l)

The maximal subgroups in 4] exhibit a similar behaviour and therefore it is necessary to exclude
subspace subgroups from the statement of Theorem 1.
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As previously remarked, in good characteristic p the natural map from unipotent classes in
G to partitions of n (see (5)) is almost always injective. According to Proposition 3.6, if the
G-class of x is uniquely determined by its associated partition A - n then there are precisely
|H'(0, E/E)| distinct G,-classes which correspond to A, where E = Cz(x). As we now describe,

this observation provides an effective means of computing ks, (Gs).

Let = € G be an element of order p such that v(z) = s, where p is a good prime for G. Then
the associated partition of z has the form

A= (p*,(p— 1)1 ... 1) Fn, (7)

where Y, a; = n—s and a; is even if i is odd (resp. even) if G is symplectic (resp. orthogonal).
Subtracting 1 from each part gives a partition of s and we let P(s) denote the number of
(unordered) partitions of s. If G = PSL, (K) then Cg(z) is connected and thus Corollary 3.7
implies that

kspu(Go) < P(s) < 2°. (8)

If G = PSp,,(K) with p # 2 then [8, p.399] implies that |E : E°| < 2!, where [ is the number of
even integers i such that a; > 0. Given n and [ it is clear that ), a; is maximal if

A= (20,201 —1),...,2,1"7 1)) gy
and we deduce that [ < /s. In turn, this implies that
ko pu(Go) < P(s)2V5 < 257V, (9)

If G is orthogonal then ks, (G,) = 0 if s is odd and it is easy to check that (9) holds if s is
even and p is odd. If p = 2 then [2, §§7,8] gives

2 if s is even
buaa(5a(a)) = {

1 if s is odd.
Similarly, if n is even then kg2 ,(€2,(q)) = 0 if s is odd; for even s we have

3 lf (876) = (%7"’)
ks 2u(Q() = 4 1 if (s,) = (5, )
2 otherwise.

Proposition 3.24. k&p,u(ég) < p2.

[N

Proof. Let P(s,m) be the number of partitions of s with no part of size greater than m. Then
P(s,2) < § + 1 and working recursively we compute

[s/3] 1 7
<§ “(s—3i < —s2 4+ —
P(s,3) < 2 [2(5 3z)+1] STE +125+1 (10)
and "
s/4
7 1 11 43
P(s,4) < —(s—4i)? + —(s—4i)+1| < —8+ s>+ s+ 1. 11
(s,4) ZZ; [12(5 i) +12(S i) + } T2’ TS TSt (11)

If G = PSL,,(K) then ks ,.(Go) = P(s,p — 1) and the above bounds are sufficient for p < 5; if
p > 5 then the result follows via (8). Now assume G is symplectic or orthogonal. In view of our

earlier comments, we may assume p is odd. For s < 3, the upper bounds for ks p ,(G4) recorded
in the following table are readily verified:

G s=1 2 3
PSp,,(K) 1 2 2
PSO,(K) 0 3 0
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Therefore we may assume s > 4 and applying (9) we reduce to the case p < 7. If p € {3,5} then
the desired result follows via (11) since

ks?;u(G ) 2. P(S 2) k8,5,u(écr) < 22-P(574)

and P(s,2) < 5+ 1. Finally, if p = 7 then we may as well assume s < 6 as the result is
immediate from (9) if s > 6. Now, if G = PSp,,(K) and x € G has associated partition A, with
parts labelled as in (7), then the hypothesis s < 6 implies that a7 = a5 = 0 and ag < 1. In fact,
it is clear that A = (6,2°75 1"~25%4) is the only possibility with ag = 1 and applying (10) we
deduce that

o

ksru(Go) <2+2.P(s5,3) <72
for all 4 < s < 6. Similarly, if G = PSO,,(K) then ks 7.,(G,) < 5+ 2.P(s,2). 0

N

Lemma 3.25. Suppose p is good for G and x € _C_J is unipotent with precisely t > 1 distinct
Jordan block sizes in its action on V. Then dimz® > g(n,t), where g is defined as follows:

G g(n,t)

o G R S S LIV
PSp, (K) (t2 t)n §t4 + ?tg + §zt2 “td
PSOn(K) 5(t* —t)n — gt* + 35t° — 5t* — 5t

Proof. 1If G = PSL, EK ) then the result follows immediately from [6, 2.3, 2.4]: simply compute
dim y©, where y € G is a unipotent element with associated partition

A= (tt—1,...,2, 17 /271240 gy (12)

and apply [6, 2.4]. Next assume G' = PSp,,(K). For an arbitrary partition p = (n%,...,19) Fn

define ) )
f(p)zin(n—}—l)—Zzala] Zza - = Z a;

i<j ’L odd

and observe that f(p) = dimz¥ if 2 € PSp, (K) has associated partition p (see 6, 2.3]). Now
g(n,t) = f(X\), where X is the partition in (12), and so we need to show that f(p) > f()\) for all
partitions p - n which correspond to unipotent classes in PSp,, (K). Let m = max{j : a; > 0},
write p = (m®m,...,1") and define

p=(mmh (m = 1)t 292 1) o,
Then
1 m
f") = flp) — <2m2—m—a+z(m—i)ai>’ (13)
i=1
where o = 1/2 if m is odd, otherwise o = 0. Therefore we may assume m = t. If there exists
some k > 1 such that a; > 1 then define
pl= (" (4 1)t ko (= 1)t 292 1R oy

and observe that (13) holds, with m replaced by k. We conclude that f(p) > f()) as required.
The argument for G = PSO,,(K) is very similar. O

3.4 Semisimple elements

Let r # p be an odd prime and write .7, for the complete set of 7" roots of unity in K. With
respect to G, we define a bijection .7, — .7, as follows:

A7 if G, = PGU,(q)
A { A otherwise.

We write o()\) to denote the image of A € ., under this mapping and we call {o7(\) : j >
the o-orbit of \; the o-orbit {1} is the trivial orbit. If A is a o-orbit then we define A=1 = {\~
A € A}. Evidently, the o-orbits partition .7;.

0}
1:
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Lemma 3.26. Let r # p be an odd prime and let {1},€; (1 < j < t) denote the distinct o-orbits
on .. Leti > 1 be minimal such that r divides ¢* — 1.

(i) If Gy is not unitary then |Q;| =i for each j, and Q; = Q;l if and only if i is even.
(ii) If Gy is unitary then |Q;| = ci, where

imod4 0 1 2 3
c 12 1/2 2

and Q; = Qj_l if and only if i £ 2(4).

Proof. Fix 1 # A € .%, and let Q; denote the o-orbit of A. In (i) we have o™()\) = \¢" = \ if
and only if 7|(¢™ — 1), whence |Q;| = min {m : ¢™()\) = A} = i. Furthermore, if i = 2 then r
divides ¢' + 1, so o'(\) = A7%, ©; = Q" and (i) follows. In (ii) we have o™(X) = A(=9™ and
Q2| = m, where m > 1 is the smallest integer such that r divides ¢ — (—1)™. If i = 4l then
the minimality of ¢ implies that m = ¢ and thus Q; = Qj_l since 02/ (\) = A~!. The other cases
are just as straightforward. O

Let us assume for now that z € G, is a semisimple element of odd prime order  and Cg(x)
is connected. If G, = PGL{(g) then Lemma 3.11 (in view of Lemma 3.34 below) implies that
z lifts to an element & € GLE (¢) of order r such that |27 | = |#G%2(9)| and we define &; to be
the multiset of eigenvalues of & in K, so each pu € & is an 7' root of unity. If (r,q —¢) = 1
then & is uniquely determined and we define &, by setting £, = &;. Of course, if r divides
|Z(GL{(q))| = q — € then &; is determined only up to scalar multiplication by an r*™® root of
unity and we shall treat this as a special case in our subsequent analysis. If G = PSp,(K)
then Lemma 3.11 applies and we define &, to be the multiset of eigenvalues of the unique lift
& € Sp,,(q) of order r. We make an analogous definition when G is orthogonal.

The simple observation that &£, is a union of o-orbits suggests the following definition.

Definition 3.27. Let z € G, be a semisimple element of prime order r > 2, let {1},Q;
(1 < j < t) denote the distinct o-orbits on ., and assume (r,q —¢) = 1 if G, = PGLS(q).
The associated o-tuple of x is the (t + 1)-tuple p = (I, a1,...,as), where [ > 0 is equal to the
multiplicity of 1 in £, and a; > 0 denotes the multiplicity of 2; in &,.

Remark 3.28. Let i > 1 be minimal such that 7|(¢' — 1). If i is odd and G, is not a unitary
group then we may assume that the non-trivial o-orbits are labelled so that Q;l = Q4 for all
1 < j < s=1t/2. In particular, if G is symplectic or orthogonal then aj = ajqs forall 1 <j<s
if 7 is odd since 1 # X € &, must occur with the same multiplicity as A~ !.

Remark 3.29. Suppose Go = PQ (q), where n is even. Let 2 € G, be a semisimple element of
odd prime order r with associated o-tuple u = (I, a1, ...,a;) and let ¢ > 1 be minimal such that
r divides ¢* — 1. Then according to [25, p.38] we have the following conditions on .

(i) If 7 is odd and € = — then [ > 0.
(i) If i is even, I =0 and € = + (resp. € = —) then }.a; is even (resp. odd).

The next lemma describes how the centralizer order |Cg_(x)| of a semisimple element of odd
prime order can be read off from the associated o-tuple p.

Lemma 3.30. Let x € G, be a semisimple element of odd prime order r such that Cg(z) is
connected. Assume (r,q —€) = 1 if G, = PGLS(q). Let i > 1 be minimal such that r|(¢° — 1)
and let p = (l,a1,...,a:) be the associated o-tuple of x. Let d > 1 be the number of non-zero
terms a; in p. Then |Cg, (x)| and subsequent bounds f < |xC7| < g are given in Table 3.6,
where ae =1 — 6.
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Go i Ca, (2)] f 9

PSL,(q)  arbittary (g —1)"YGLy(q)|[]; |GLq, (¢)]  Sq¥me” 9dgdim a9
PSU.(¢) i=0(4)  (q+1)7"CUi(q)|[], |CLa; ()] Lg% 9d (%1 ® gimaC
i=2(4)  (¢+ )7 CUI9ITT, ICGUq, (a?)] 3 q%)dqdim”é (£2) qiime”
odd (g+ 1) GUq)|TT; |GLa, ()] 3@ 24 (%1) * gtima©
PSp.(g)  even  [Spi(a)|TL, 1GUa, (g3 L) qime® gama®
odd 1Sp1 (@) T}, |GLa, ()] 1gdim=© 9d geim z©
P (q) even 272105 (¢)| T1, |GUL, (¢ 1 (q%)dm glima®  gadima®
(n even) odd 27105 (@) IT5=, IGLa, (¢)] 3 (q%)a glime?  gdtagdima®
() even  |SOu(q)| T, IGU., (¢)] L) qime® gama®
(n odd) odd 1SO1(9)| 1=, |GLa, (¢")] 1gdm=® 9d gdim z¢

T ¢ = ¢ if and only if there are an even (or zero) number of odd parts a;.
Table 3.6: Semisimple centralizers, Cz(x) connected

Proof. First observe that %0 = 2% (see [11, 4.2.2(j)]) and |z%7|, and thus |Cg_(z)|, is a monic
polynomial in ¢ (see Corollary 3.7). If G, = PGLE/(¢) then Lemma 3.11 implies that x lifts to
an element # € GL¢ (q) which has order r and satisfies |¢%7| = |£512(9)|. In this case the result
follows from [25, p.34]; the other cases are similar. For instance, if Gy = P (¢), where n is
even, then z € Gy (since r is odd) and z lifts to an element & € Qf (q) of order r such that
|260] = |#%(9)| (see Lemma 3.11). Now [25, p.39] gives [#07(9)| = 22 f(q), where f(q) is a monic
polynomial and & = 1 — ;9. We conclude that [z = f(q) and the result follows. The bounds
f < |z%| < g quickly follow via Proposition 3.9. O

Remark 3.31. As previously remarked, if z € G, = PGLS(q) has prime order r and Cg(x)
is connected, where 7|(q — €), then & depends on the choice of preimage & € GLf,(q) and the
associated o-tuple of x is not well-defined. However, the centralizer order |Cg_(z)| is easily
computed: choose any lift & of order » and suppose w’ occurs with a multiplicity aj in &, where
w € K is a primitive 7" root of unity. Then |Cg_(z)| = (¢ —€)~* I1; IGLg, (9)].

Definition 3.32. Let 2 € G, be a semisimple element of odd prime order r such that Cs(x) is
connected. We associate unique integers [ and d to x as follows.

(i) If G, = PGLS(q) and r|(q — €) then let & € GLE(q) be a lift of & of order 7 such that
v(z) =n —1', where I’ is the dimension of the 1-eigenspace of . We set [ =1’ and define
d to be the number of distinct primitive r*" roots of unity which occur as eigenvalues of
Z. Note that { >0 and d+1<n<Il(d+1).

(ii) Otherwise, let u = (l,ai,...,a:) be the associated o-tuple of z and define d to be the
number of non-zero terms a;.

Lemma 3.33. Let x € G, be a semisimple element of odd prime order r such that Cg(z) is
connected. Define the integers | and d as above and let i > 1 be minimal such that r|(¢" — 1).
Then dimx® > L, where L is defined as follows:

Go L

PSLi(q) n*— 1P —LI(n—1l—c(d—1))?—c(d—1)

PSp,(q) 2(n*4+n—-12—1—L(n—1—i(d—e)?—i(d—e))
PQo(q) t(nP—n—P+1—L(n—1—i(d—e)?—i(d—e))
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Here
2i if e=— and i is odd
c=c(i,e) =% /2 ife=— andi=2(4)
1 otherwise

and e = 2 if i is odd, otherwise e = 1.
Proof. This is immediate since dim GL,yp > dim GL, + dim GL, for all integers a and b. ]

A well-known theorem of Steinberg states that centralizers of semisimple elements in a simply
connected algebraic group are always connected (see [8, 3.5.6] for example) but this is not always
the case for the adjoint algebraic groups we are working with. However, the next lemma reveals
that very few semisimple elements of odd prime order have a non-connected centralizer.

Lemma 3.34. Let x € G be a semisimple element of odd prime order v. Then either Cs(x) is

connected or G = PSL,(K), r divides n and z is G-conjugate to [In,wln, ... ,w"~ 1In] (modulo

th

scalars) where w € K is a primitive r* root of unity.

Proof. The argument for G = PSL,(K) is entirely straightforward. The fact that Cgs(x) is
connected when G is symplectic or orthogonal follows from [22, Corol. 4.6, p.204]. O

Lemma 3.35. Suppose G = PSL,(K) and x € G, is a semisimple element of odd prime order
r such that E = Cg(x) is non-connected. Then the following hold.

(i) [H' (o, E/E°)| = (r,q —€).
(ii) If r divides q — € then

(2% = | |25 (14)
where
G )] LS (@) |GLS () "1 if j =0
“ (q— &) Y GLa(¢N)r  f1<j<r—1.

(iii) If (r,q —€) = 1 then (2)y = 2C7 and |Cq, ()| is as follows

e i Ca. @]
+ arbitrary \SL%(q)HGL%(qi)‘z(T—l)
- i=0(4) [SUz(g)lIGLa ()Y
i=2(4) [SU2(q)l|GUx(g?)[¥D
odd  [SUx(g)||GLx (¢%)2 "

where i > 1 is minimal such that v|(¢' —1).

Proof. First observe that E/E? = 7, and therefore |H!(o, E/E®)| = 1 or r since the number
of elements in each equivalence class divides r. In particular, |H'(o, E/E?)| = r if and only if
27129 =1 for all z € E/E°. Without loss we may assume z° = 2 and (i) follows immediately.
If |H' (0, E/E%)| = 1 then Lemma 3.11 implies that z lifts to an element & € GL¢ (q) of order
7 such that [z%7| = [2G5%(9)] and so (iii) follows from Lemma 3.30. Finally, let us consider
(ii). Here (14) follows from Proposition 3.6 and so it remains to justify the orders of the G-
centralizers. Relabelling if necessary, we may assume that z; € PGL;,(¢) lifts to an element
z; € GL;,(¢) which is GL;,(¢g)-conjugate to the monomial matrix

)‘jIn/r
Infn/r ’
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where Z(GLf,(q)) = (A\l,). Since r divides |Z(GLg (¢))| we have r!mf"\ = i?L%(q)L Ifj=0
then #; has order r and we can argue as we did in the proof of Lemma 3.30. Now assume j > 0.
Then Z; has order r; = (r/j)[j,q — €], where [j, ¢ — €] denotes the lowest common multiple of j
and q — ¢, and thus i; = %(3 — €)1, where 7; > 1 is the least integer such that r; divides g —1.

The desired result now follows from [25, p.34]. O

Next we establish a semisimple analogue of Proposition 3.22.

Proposition 3.36. Let x € G, be an element of odd prime order r # p such that v(z) = s and
Cg(x) is connected. Then f3z(n,s,q) < |29 | < g3(n,s,q), where the functions f3 and g3 are
defined in Table 3.7 and a = (1 —¢).

Go f3(n757Q) gg(n73,q)
1 (L)a 25(7’1,—3) s < 77//2 .

PSL;(Q) 2 \ g+l as 2 <q—il> qs(2n—s—1)
L(h) e sz

PSp,,(q) %max(qs(n—s)7 q%nS) 9 <q_il> 2 q%(2”5_52+1)
1 <L s(n—s) 9 .

¢ a\q1)4 s<n/ $ i L

PQn(Q) ) qq Q(nn_g) ln(s_l) 2 <q_L1> 2 q2 (2 2)

2 <qT1> q2 s>=n/2

Table 3.7: Bounds on semisimple conjugacy classes

Proof. We begin with the case Gy = PSL;,(¢). Since Cgx(x) is connected, Lemmas 3.11 and 3.34
imply that there exists a lift # € GL¢ (¢) of = such that & has order  and |z%7| = |[£CLa (@], If
¢ = + then the hypothesis v(x) = s implies that GL,_4(¢!) < CaL,(q)(#) for some [ > 1 and

thus |GL ( )’
GU < nd < g3(n,s,q).
S GLL@icL@r < e

Further, Lemma 3.30 implies that |2C7| > %qdimzé and the lower bound follows since [6, 2.9]

gives dim ¥ > max(2s(n — s),ns). Now assume € = —. Then
\xé“\ < ‘GUn(Q)‘ 2< q2 >5q2n5—52—s < gg(n s q)
GUn—s(q)/|GL1(?)|2 ¢ —1 -

and the lower bound holds if s < n/2 since 2G| > |GUn(q) : GU,—s(q)GUs(q)|. If s = n/2
then P
‘CL’GU‘ > | n(q)‘
[GUp—s(q)[/ (1

as claimed. The symplectic and orthogonal cases are very similar. For example, if Go = PSp,,(q)
and s is odd then s > n/2 and the result follows via Proposition 3.9 since

) > f3(n757Q)

5P (9)] < 1Go | < 5P, (9)]
GU n/2(n—s) | | = s—2"
’ n—s(Q)’ ‘GLn—s(Q)HGLI(QH 2

The remaining cases are left to the reader. O

Detailed information on the semisimple involution classes in G and G, is given in [11]. We
summarise some of this data in the next proposition.

Proposition 3.37. Suppose p is odd and x € G4 is an involution. Then |Cq, ()] and bounds
fa(n,s,q) < |z | < ga(n, s,q) are recorded in Table 3.8.
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Go s ks,2,5(Go) Cq, ()] fa(n,s,q) 94(n,5,9)
PSLi(g) <2 1 SK@IGL @l 5 (5 F79 as(nms) 9h(+ g2stns)
2 2 sg@les@ ()T et a0
(q— ) GLy(¢*)2 4q=™ 23(1=e)gzn®
PSp,(q) <3, even 1 ISP ()lSpn—s(@)] 55" 2¢5(n=)
2 odd 2 |GLS (9)[2 i) g qin(n+2)
2 even 4 |GLS (9)[2 i) gt gin(n+2)
Sp= (9)[*2 Lqi™” gi’
Spa (4?)]2 L™ 1gi™’
POf() <Zoeven 2 [SOL@ISOL_.(@)2 (%) 2¢°()
5 odd 1 |GL= (q)] %qi n(n—2) 2g1m(n—2)
5 even 8 |GLS (q)]2f 1 (#‘11) qin(n=2) gin(n=2)
SO (g)l41 gaim pai™
SO% (q)4 Lgin” gin’
PQ,(q) <%, even 2 SOS()IISOL ()2 5 (7)™ 2¢°(n =)
5 odd 1 [GU3(q) 3 (35 ) a2 gin(n=2)
5 even 2 SO ()][SO5 ()2 fgi™ 2qi™°
SO% (¢°)12 1gan’ qi”
Qn(q) 1 2 507, -1(a)[2 ilgh)a! ¢!
even 2 SOL(a)l[8On-—s(9)2 7 (7hy) *" g*"=*)
> 1, odd 2 1SO4(q)||SO%_.(q)]2 L (L) qg5(n—9) g#(n=)

4 q+1

t There are precisely two distinct G,-classes with centralizer of this type

Table 3.8: Semisimple involutions
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Proof. The entries in the third and fourth columns of Table 3.8 follow from [11, Table 4.5.1],
while the bounds on |2 | are obtained via Proposition 3.9. O

As an immediate corollary to Propositions 3.22, 3.36 and 3.37 we obtain the next result.
Corollary 3.38. Let x € G, be an element of prime order v such that v(z) = s. Then
F(n,s,q) <[] < G(n,s,0),

where the functions F' and G are defined in Table 3.9 and a = %(1 —¢€). Here b=1 if n is odd
and (r,s) = (2,1), otherwise b= 0.

GO F(”a S, Q) G(n7 S, Q)

s 2(%) qs(2n—s—1)

PSp,,(q) i (#’1) Hlax(qs(" s) q2"*) ) qiil 2 q%(2n5732+1)
1(_qa \ s(n—s—1) < .
PQE( ) 4 (q+1)qn S\n/Q 2(L)§ %S(2n7372)+%
nd 1 (L)m =D g5 /2 1) 4
2 \ g+1

Table 3.9: Bounds on conjugacy classes of elements of prime order

To close this section on semisimple elements we establish a semisimple analogue of Propo-
sition 3.24. Let € G, be a semisimple element of odd prime order r, with associated o-tuple
. In order to compute ksms(ég), it is important to know when p uniquely determines the
G,-class of . According to Corollary 3.7, this happens if and only if the G-class of x is uniquely

determined by &, .

Lemma 3.39. Let x € G, be a semisimple element of odd prime order r such that Ca(x) s
connected and (r,q — €) = 1 if G, = PGLS(q). Then one of the following holds:

(i) The G-class of x is uniquely determined by E,;

(ii) G = PSO,(K), n is even, 1 € &, and there are precisely two distinct G-classes correspond-
ing to E; which fuse in PO, (K).

Proof. Let y € G, be a semisimple element of prime order 7 such that C5(y) is connected and
Ey =& ={M,...,\}. We begin by assuming G, = PGL{,(¢). Let # and § denote the unique
lifts of  and y to elements of order r in GL{ (q) and observe that Z,9 € SL{(q) < SL,(K).
Replacing y by a suitable G-conjugate, we may assume that there is a K-basis {v1,...,v,}
of V.=V ® K and a permutation p € S, such that vy& = A\pvp and v = Ap(kyvx for each
1 <k < n Write p=p1---p; as a product of transpositions. If a transposition = € S,, swaps i
and j (i # j) then define T to be the unique element in SL,, (K) which maps v; — vj, v; — —v;
and fixes every other basis vector. Then & = 2~ !¢z, where z = Hll T,,, and thus x and y are
G-conjugate as claimed.

If G = PSp,,(K) then we may lift z and y to elements # and 4 of order r in Sp,,(K). The
previous argument implies that & and ¢ are SL,, (K )-conjugate and thus Sp,,(K)-conjugate (see
[25, p.36] for example). Similarly, if G = PSO,(K) then # and ¢ are O,(K)-conjugate. If
1 € &, (which must be the case if n is odd) then O, (K)-conjugacy implies SO, (K)-conjugacy
as we can always ensure that our conjugating element comprises an even number of reflections.
On the other hand, if 1 € &, then the O, (K)-class of x splits into two SO, (K )-classes, with
representatives x and z7 where v € O, (K) is a reflection. O
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Proposition 3.40. If r is prime then

Cs ]
_ q if s <n/2
s s (Goy) < { qC(S+1) otherwise,

where ¢ = 1 if G = PSL,(K), otherwise ¢ =1/2.

Proof. In view of Proposition 3.37 we may assume 7 is odd. Let ¢ > 1 be minimal such that
7|(¢* — 1) and assume for now that G, = PGL{(q). Define ¢ = c(i,€) as in the statement of
Lemma 3.33 and let z € G, be a semisimple element of prime order r with v(z) = s. If c = 1
and Cga(z) is connected then z lifts to an element & € GL{ (¢) such that & = [I,—s, A1,. .., As],
where each \; is a primitive ™ root of unity. Applying Lemma 3.35 we deduce that

ksms(éa) <(r—1)%4a(r—1),

where @ = 1 if s = n(1 — 1/r), otherwise @ = 0. The result now follows since the hypothesis
¢ = 1 implies that r — 1 < ¢q. Now assume ¢ > 1. Here we apply Lemma 3.39 and count the
number of possible associated o-tuples. Let Ny (resp. Nz) denote the set of associated o-tuples
(l,a1,...,a;) with [ =n — s (resp. I < n — s) which correspond to semisimple G,-classes z%7,
where z has order r and v(z) = s. Then Lemma 3.39 implies that kg, (Gy) < |[Ni| 4+ | No| and
we note that N is empty if s <n/2. A tuple p= (I, a1,...,a;) in Ny satisfies >, a; = s/c and
since there are precisely (r — 1)/c distinct non-trivial a—orbits on .7, it follows that

1\ ¢ e\e 1
1Ny < <r > < (q) =
c c 2

If s =n —1 and Ny is non-empty then n = mec for some m < (r — 1)/c and

| N2| = <Oy;;)ﬂ> < (r:;1>i@+n

s+1
q

N

1
2

since m = (s +1)/c and (§) < a® for all integers a > b > 0. If n —s > 1 then define Ng
to be the set of tuples in Ny with a; = n — s, where 1 < j < (r —1)/c. If 4 € Nj then
0< 32,4 am < [n/c—n+s] =k and thus
(r—1)/c k m k m+1
: —1 r—1 c 1
_ j r _ £ = ge(k+1)
|N2|_Z|N2]<<C>Z<C 1) <Z<C) < 5o,
j=1 m=0 m=0

The result now follows since the hypothesis n — s > 1 implies that ¢(k + 1) < s.

Now assume G is symplectic or orthogonal. Define i, N7 and Ny as before and note that
we may assume n > 4. Also observe that Lemma 3.39 implies that ks, s(G,) < |N1| + 29| Na,
where a = 1 if G = PSO,,(K) and n is even, otherwise a = 0. Assume for now that i is even, so

r_lgqi/za
NG
|N1|<<T. ) <
1

and |[No| = 01if s < n/2. If r —1 =i then |N3| < 1 and the result follows. Now assume r—1 > i,
whence ¢ > 4if i =2. If s=n — 1 then

1
=Y (1Y e

< < | =
s () < () e

and the result follows via (15). Now assume s < n — 1. Then

- qi/2 " 2 4 2 1 o
|Na| < Z (Z) < <Zk+1> qg(’ﬂ—i-l) < <,Lk+1> (]5(7z—rzz—i-sz—|—z)7

m=0

N|w

(15)

N | =
Y

q%(erl)

-
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Go r type of Cg,(a)

PSL{(¢g) 2 PSO,(¢g) n odd

(n>3) PSOs,(q), PSp,(¢) n even, ¢ odd
Spn (), Csp, (¢)(t) n even, g even

PQY(g) 3 Galq), PGLg(Q) if g =€(3)
Gala), Cayp(t) it a=0(3)

Table 3.10: Graph automorphisms of prime order r

where k = |n/i —n+ s|. Since i is even we have n — ni + si + ¢ < s and thus

2 1 1
2 ) 50t g 450D
|N2’ < <q1/2ik+1) q2 s = b.Q2 s .
If £ > 1 then b < 1/4 and the result follows; if £ = 0 then

No| < S(r—1) < 2+

—_
@\p—l

g7 <

S| =

-q

~.

and we are left to deal with the case (i,a) = (2,1). Here s > 2, ¢ > 4 and thus |Na| < 3¢
iq(s+1)/2

LA

as required. The argument when ¢ is odd is very similar.

3.5 Outer automorphisms

We now consider the other automorphisms of a finite simple classical group. The following
fundamental theorem is due to Steinberg.

Theorem 3.41 ([24, Theorem 30]). If Gy is a finite simple group of Lie type then Aut(Gy)
s generated by inner, diagonal, field and graph automorphisms.

Remark 3.42. We adopt the terminology of [11, 2.5.13] for the various automorphisms of Gj.
In particular, if Go € {PSU,(q), P, (q)} then there are no field automorphisms of even order
and no graph-field automorphisms.

In the next proposition it is convenient to write L(g) for a simple group of Lie type, where
L ranges over the familiar Lie symbols A,_1, Dy, FEg and so on. We write A L(g) for the group
of inner-diagonal automorphisms of L(q).

Proposition 3.43 ([11, 4.9.1]). Let L = L(q) be a simple group of Lie type over F, and let =
be a field or graph-field automorphism of prime order r. Then the following hold.

(i) If y € Apx has order r then x and y are Ap-conjugate;

(i4) If x is a field automorphism then q = qj and Cap (v) = Ay gy, while if x is a graph-field
automorphism and (L,p) # (Spy(q)’,2) then r =2 or 3, ¢ = qj and Ca,(x) = Arpig)-

Remark 3.44. If p = 2 then Gy = Spy(¢)’ admits an outer automorphism ¢ € Aut(Gp) —
PGL(V). Following [11, 2.5.13], we say that ¢ is a graph-field automorphism. If log, ¢ is odd
then Go admits a field automorphism ¢ such that 7 = ¢6 is an involution and Ca, (7) = Sz(q).
We refer the reader to Proposition 3.52 (and its proof) for further details.

Proposition 3.45. If « € G — PGL(V) is a graph automorphism of prime order r then the
possibilities for Gy, Ca(a) and r are listed in Table 3.10, where t is a long root element.

Proof. If Gy = PSL{,(q) then this follows from [11, Table 4.5.1] when p is odd and [2, §19] when
p = 2. See [17, 1.4.1] for the case Gy = PQyg (q). O
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Remark 3.46. In Table 3.10, Cg, () could contain the listed group with small index, hence
the term ‘type’. More precisely, if Cg,(a) is of type T' then Cg,(a) = Ng,(T) and we note
that Ng,(T) = T if Go = PQJ(q) (see [17, 1.4.1]). The element ¢ appearing in the fourth
row of the table is a long root element of Sp,,(q), i.e. t is a bi-involution in the terminology of
Proposition 3.22 and thus [t5P(9)| = ¢" — 1. Similarly, in the last row we have [t&2(@)] = ¢6 — 1.
If Gy = PSL{(q) (resp. PQ4d (g)) then each possible type for Cg,(a) corresponds to precisely
one (resp. two) Ag,-class(es) of graph automorphisms.

Definition 3.47. Suppose a € G — PGL(V) is a graph automorphism of prime order. If
Go = PSL;,(¢) then we say that « is of symplectic-type if Cq, () has socle PSp,,(q), otherwise o
is non-symplectic (or orthogonal if ¢ is odd). If Gy = PQJ (¢) then « is said to be a triality graph
automorphism; it is of Ga-type if Cq,(a) = G2(q), otherwise «v is a non-Ga triality. In general,
a triality automorphism is any order three graph or graph-field automorphism of PQ; (q).

Lower bounds on the size of Gy-classes of certain outer automorphisms are recorded in the
next lemma. Here we denote the type of each outer automorphism by writing f, g and gf for
field, graph and graph-field automorphisms respectively.

Lemma 3.48. Let x € Aut(Go) — PGL(V) be an element of prime order r. Then |2%°| >
h(n,r,q), where h is given in Table 3.11.

Proof. For field and graph-field automorphisms we apply Proposition 3.43(ii). For example, if
Go = P, (q), where n is even and ¢ = ¢(, then the relevant bounds hold since

0(a6) = O (ao)| > "V =), [0 (@) : Oy (q0)] > g3,

Similarly, if Go = PSL§,(¢) and z is a field automorphism then

1
1A PSLE (q)] 1 ¢ 20 e o1y
Go > _ 1,.Gs :’—n — - (n 1)(1 7‘) 1
= (g = e = e (] T 2 g ¢

as claimed. If Gy = PQ4 (¢), ¢ = ¢} and « is a triality graph-field automorphism then Cg, (z) =
3D4(qo) and the result follows since
29 = [POF () - *Dalao)| > (@ + V(e ~ Dl ~1) >

The possibilities for Cg,(x) when z is a triality graph automorphism are listed in Table 3.10
and the bound [z%°| > 1¢'* quickly follows. If Gy = Sp,(g)’ and = is an involutory graph-field
automorphism then |90 > |Sp,(q) : Sz(¢)| = ¢*(¢ + 1)(¢> — 1) > ¢° as claimed. Finally, let
us assume z is an involutory graph automorphism of Gy = PSLY (q). If n is odd then Cg,(x) is
orthogonal and the desired bound follows since |Cg,(z)| = 27%|Oy(q)|, where a = 2 — 62, (see
[18, 4.5.5, 4.8.4] and [2, 19.9(i)]). If n is even then the bound follows from [18, 4.5, 4.8] if ¢ is
odd and from [2, 19.9(ii)] if ¢ is even. O

Corollary 3.49. If z € Aut(Go) — PGL(V) has prime order then |x%°| > H(n,q), where H is
defined as follows:

GO H(”‘vQ)

%(1—5) 1/,2
PSLy(q) §(5%4)" arttoned
PSp,(q) gt
PQE( ) %qin(n—l)

Lemma 3.50. Let H < G be_a subgroup and suppose x € H — PGL(V') has prime order. Then
either x N H C Hx where H = H N Gy, or x is a tmalzty automorphzsm of Go = PQ (q), G

contains an involutory graph automorphism of Go and % N H C Hz U Hz?,
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[
|
N
()
N[

1(1—e)
g r=2,no0dd ? (n*+n—4)

g r =2, n even % (n2—n—4)
gf (r.q, e) (2,42, +) %qf(nLB) 1
gf (n ) (47 27 2)7 10g2 q odd q5
P (q), neven f g¢= qo %q%n(n,l)(lf%)
1
9/ <n rg.e ) (8,3, 43, +) 1,%
g (n,re)=(8,3,+) Lo
Qu(q), ngodd  f q=dj 1ghn(n-n(1-1)

Table 3.11: Conjugacy classes of graph, field and graph-field automorphisms

Proof. Define G=GnGaG,. According to [11, 2.5.12], field and graph automorphisms of Gy

commute modulo G, and it follows that either & = 2C or x is a trlahty automorphlsm of
Go = PQZ (¢), G contains an involutory graph automorphism and ¢ =29 U (x )G. Since G is

normal in G we have (21)¢ N H C Hz' and the desired result follows. O

In the next proposition we describe how the elements of Aut(Gy) permute the G,-classes of
elements of prime order. Two cases merit special attention:

(a) Go = Sp4(q)’, q even: action of graph-field automorphisms;
(b) Go =PQgZ (g): action of triality graph automorphisms.

We deal with cases (a) and (b) in Propositions 3.52 and 3.55 respectively; the remaining cases
are considered in Proposition 3.51 below. Here we adopt the c(i, €) notation from Lemma 3.33
and also the z; notation from Lemma 3.35.

Proposition 3.51. Let x € G, be an element of prime order v and define

Spa(a)-(¢)  if Go=Sp4(q)’, q even
G =1 PGOj(q).{¢) if Go=PQg(q)
Aut(Gp) otherwise,

where ¢ is a field automorphism of order f = log, q.

(i) Suppose r # p is odd. Let i > 1 be minimal such that r|(¢" — 1) and set ¢ = c(i,€) if
Go = PSL;, (q).

(a) If x has associated o-tuple u = (l,a1,...,a¢) and 7 € G then 7 has corresponding
o-tuple ' = (I, Ap(1)s -+ ,ap(t)) for one of M possible permutations p € Sy, where M
divides N =2°f and o =1 if Go = PSL{,(q) and c is odd, otherwise o = 0.

(b) Suppose Go = PSL;(q). If Cg(x) is connected and ¢ = 1 then x% is a union of d
distinct Gy-classes, for some divisor d of 2f. If Ca(z) is non-connected and ¢ = 1

then eitheT z = x9 and 2% = 28 or z = x; for some 1 < j <r—1 and zC =
Uxea w/\ for a subset A C {1,...,r — 1} where |A| divides 2f. If Ca(x) is non-
connected and ¢ > 1 then & = xG
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(ii) Now assumer =2 ifr # p. Then either xC = 2% or Gy = PQ (q) and 2€ = 2% U(27)%
where T is an involutory graph automorphism, n = 0(4) and one of the following holds:

(a) r =p > 2 and the associated partition of x has no odd parts;
(b) r=p=2 and x is O} (q)-conjugate to a,s;
(c) r=2<p and|Cg, ()| = |GL;, 5(a)|2 or [0} ,(¢*)|2.

Proof. We begin with (i)(a). If 7 is a field automorphism then without loss we may assume 7 is
standard, say 7 = o}, where o, is the Frobenius morphism corresponding to the automorphism
A — AP of the underlying finite field. Then u' has the given form since af; permutes the non-
trivial o-orbits. Furthermore, ' is determined by &, and so the number of distinct possibilities
for y/ divides log,q = f. If Go = PSL;,(q) and 7 € G is an involutory graph automorphism
then &,- = {\71: X € & }. Therefore £, # &£, if and only if ¢ is odd and the multiplicity of a
non-trivial o-orbit §; in &, differs from that of Q;l for some j. Now consider (i)(b). If Ca(x)

is non-connected then Lemma 3.34 implies that x is G-conjugate to U jrs Wl jry - - - ,w’”_lln/r],

Go since

where w € K is a primitive r*® root of unity. If ¢ > 1 then &, is well-defined and 2% = z
£, = &, for all 7 € G. The same argument applies if ¢ = 1 and x is G,-conjugate to zg. The
remaining claims are trivial since |G : G| = 2f.

For (ii), let us begin by assuming Go = PSL¢ (q). If 7 = p then the G,-class of z is uniquely
determined by its associated partition A. Of course, if 7 € G is a field automorphism then = and
2" have the same Jordan decomposition on V = V ® K and therefore = and 2™ are G,-conjugate
since Cz(z) is connected. The same conclusion holds if 7 is a graph automorphism since A
and A~' are conjugate whenever A € GL,(K) is unipotent. If z is a semisimple involution
then inspection of Table 3.8 reveals that |2%7 | uniquely determines the Gy-class of = and thus
2@ = 2C7 as claimed. Now assume G is symplectic and let 7 € G be a field automorphism of
order [. Without loss we may assume o = O’IJ: and 7 = a};/ l, so G, < G,. If = is a semisimple
involution then the previous argument applies so let us assume r = p. As before, x and 27 have
the same Jordan decomposition on V =V @ K and the result follows from Proposition 3.22 in
the case p = 2. Now assume p > 2. We claim that the map y°= — 3% induces a bijection
between the set of G -classes of elements of order p in G, and the set of G,-classes of order p
elements in G, (so in particular, every unipotent class in G, is defined over the prime field). To

see this, fix an element y € G, of order p, set E = Cg(y) and define bijections
1 1 {Go-classes in y© N G,} — H' (1, E/E°), 1y : {Gy-classes in y© NGy} — H'(c, E/E°)
(see Proposition 3.6). Since |H'(7, E/EY)| = |H (0, E/E")| = |E : E°|, the map
o H'\(r.E/E°) — H'(0.B/E"), wn((y")%) = a((y)7)

is a bijection and hence the composition ¢y Loy, is also a bijection and the claim follows.
Therefore (:cT)G“ﬂC_?T is non-empty and so there exists an element z € G such that 2 27z € G,.
Since G, < G—1 and 7! = o we have

Zﬁll‘TZ _ (ZileZ)Tl_l _ (Zfl)Tl_le'ZTl_l _ (ZTl_l)fleT

and we conclude that z and z” are G,-conjugate.

Finally, suppose Go = PQ (q). Let us start by assuming x has order » = p > 2. Now, if
the associated partition A of x has no odd parts then ¢ = 4+ (see Remark 3.19) and there are
precisely two distinct G-classes corresponding to ), with representatives = z and z3 say,
which fuse in PO, (K). Since Cg(z;) is connected (see [8, p.399]) we have (z&), = 25 and
thus 2¢ = x?" U :rg;" since z and x9 have the same Jordan form on V for all g € G. Because x;
and zy are conjugate in PO, (K), there exists a reflection 7 € G such that zo = 27. We claim
that this is the only case for which #& # 2G>, To see this, recall that a unipotent G-class is

uniquely determined by its associated partition X if and only if A has one or more odd parts.
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Consequently, if A has odd parts and € # — then z and 2" are G,-conjugate for all 7 € PGL(V).
Further, if 7 is a field automorphism then our earlier argument applies and the same conclusion
holds. Now assume G, has socle Gy = P, (q), so G, < G2 and G2 has socle PQ;F(¢?). Let
y € G, be an element of order p. Repeating our earlier argument, we find that the natural
map y& — y%2 of conjugacy classes extends to an injection ¢ from the set of G,-classes of
elements of order p in G, to the corresponding set of G 2-classes in G 2. Any 7 € Aut(Go)
is the restriction of an automorphism of P (¢?) and therefore our earlier work implies that
x and 27 are G 2-conjugate and thus G,-conjugate since ¢ is injective. Finally, let us assume
x is an involution. If p = 2 then the result follows from [2, 8.12]; the case p # 2 is entirely
straightforward and is left to the reader. O

Proposition 3.52. Let G = Spy(K), where K is the algebraic closure of Fy and ¢ = 2f with
f =2m+1. Let o be a Frobenius morphism of G such that G, = Spy(q), let x € G, be an
element of prime order r and let T € Aut(Gy) be an involutory graph-field automorphism. If x
and 27 are G,-conjugate then one of the following holds:

(i) r =2 and z is G,-conjugate to ca;
(i) v =5 and &, = {w,w™, w2 W29} for e = +1, where w € K is a primitive r** root of
unity and 0 : B, — F, is the field automorphism p— p?".

Proof. Let IT = {a,b} be a set of simple roots which generate a root system ® of type Bs, where
a is short and b is long. Then ® = {+a,+b, £(a + b),£(2a + b)} is the full root system, where
+band + (2a + b) are long roots, and G, is generated by the corresponding root elements
{za(t): a € ®, t € Fy}. As described in [7, §12.3], there is a bijection p of ® which interchanges
long and short roots; we may assume that a” = b and (a + b)? = 2a + b. It is also well-known
that the bijection ¢ : Gy — G, defined by

0 Za(t) = Tar (M) (16)

extends to a graph-field automorphism ¢ of G, where A(3) = 2 if 3 is a long root, otherwise
A(B) = 1. We note that p? = ¢ is the field automorphism induced from the map F, — F, which
sends p to p?. In particular, ¢™¢ is an involutory graph-field automorphism and in view of
Proposition 3.43(i) we may assume that 7 = ¢™ .

Next we identify the root subgroups X, = {z4(t) : t € Fy} for each positive root o € .
Fix a standard symplectic basis {e1, e2, f2, f1} of V, where (e;, e5) = (fi, fj) = 0 and (e;, f;) = di
with respect to the non-degenerate G,-invariant symmetric bilinear form (, ) on V. For t € F,
define

24(t) = Iy + Eo1(t) + Eaa(t), wp(t) = I+ Eza(t),

ZTatb(t) = Is + E31(t) + Eaa(t), x2a46(t) = Is + Es(t)

where (E;j(t))m = td; 16;; with respect to this specific ordered basis. Evidently, representatives
for the three classes of involutions in G, can be chosen by setting

az = :L'a(l)a bl = ZEb(l), C2 = xa(l)xb(l)

and (i) follows since (16) implies that 7 maps as to by and fixes the G,-class of cs.
Now consider (ii). For each aw € ® and ¢ € K* define

ha(t) = 2a(t)z_o(t ™ Daa(t)za(Dz_o(1)za(1) € G,
where z,(t) for t € K* is represented in the obvious way. Then
{ha(t)a hb(t)a ha-i-b(t)v h2a+b(t)} = {[t_la t, t_l’ t]v [17 t_lv t 1]? [t_la t_lv 2 t]’ [t_1> L1, t]]’?

where the diagonal matrices are written with respect to the basis ordering {e1, es, f2, f1}, and
any z € G of odd order is G-conjugate to an element in (hy(s), hy(t) : s,t € K). Furthermore,
the proof of [7, 12.3.3] gives

7 ha(t) = hao (2@, (17)
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where p and \ are defined as before and § = ¢™. Now if v(z) = 2 then z is G-conjugate to
ha(t) or hy(t) for some t € K* — 1 and therefore (17) implies that  and 27 belong to distinct
G-classes, and hence distinct G,-classes. Now assume v(x) = 3, say

T = diag[)‘_la M_lvl% )‘] = ha()‘)hb()‘)hb(:u)

(up to @-co_njugacy) where A and p are primitive 7" roots of unity. Then r > 5 and (17) implies
that 27 is G-conjugate to diag[A\=u=0 A=u? Nu=% A94f] and we easily deduce that = and =™
are G-conjugate (and hence G -conjugate) if and only if ;207€ € {\, A7} for some e = £1. [

3.6 Some further remarks on orthogonal groups

Let us assume G' = PSO,,(K) and G, has socle Gy = PQ¢ (q), where n is even. For the proof of
Theorem 1 we require results analogous to Propositions 3.22, 3.24, 3.36 and 3.40 for the group
G = PGOS(q) = Go.(7), where v is an involutory graph automorphism of Gg. In the statement
of the next proposition, the functions F' and G are defined as in Corollary 3.38.

Proposition 3.53. If x € G has prime order and v(z) = s then F(n, s, q) < ]a:é| <2.G(n,s,q).
Also, if r is prime then

1
s =~ qz° if s<n/2
ks G < 2, k 7,8 G <
palG) <p srs(G) { q%(sﬂ) otherwise.

Proof. If x € G4 then Corollary 3.38 gives
F(n,s,q) < |267] < ]2€| < 2|29 | < 2.G(n, 5, q)

so we may as well assume x € G- G, is an involution and thus s < n/2 is odd. If ¢ is even
then x is G-conjugate to by and the proof of Proposition 3.22 gives %qs("_s) < |29 < 2453,
On the other hand, if ¢ is odd and s < n/2 then

SOL(9)]
SO5()|1SOn—s(9)|

1 ~
7qs(nfs) < |xG| —

<9 s(n—s)
B q

and there is a unique G-class for each such s. If s = n/2 is odd then there are precisely two
distinct G-classes, with representatives y and z where

SOL(9)]
’SOn/Q(Q)PQ

1 1.2 G 1.2 1 1.9 G \SO;(q)\ 1,2
—qi" < |y”| = <2q7", —qi" < |2V = g o < gt
4 SOy /2(¢%)2

W

Finally, let 7 be a prime. If s is even or r is odd then ks, o(G) < ksra(Go) for a € {s,u}
and the result follows from Propositions 3~.24 and 3.40. On the other hand, ~if s < n/2is odd
and 7 = 2 then as above we have k, 5 ,/2(G) = 2 if s = n/2, otherwise ks 2.4(G) = 1. O

Remark 3.54. We also require similar results for the (non-almost simple) group G = PGOJ (q).
Here s = 2 or 3 and the reader can check that the conclusion to Proposition 3.53 holds for G.

For the remainder we shall assume Gy = P (q). Here the corresponding Dynkin diagram
D, admits a rotational symmetry of order three, giving rise to the triality automorphisms we
introduced in Definition 3.47. As remarked in §3.1, Aschbacher’s main theorem excluded the
case Gy = PQg (¢) with G containing triality automorphisms; an extension to these groups was
obtained later by Kleidman [17].

If Gy = PQJ (¢) and G contains a triality automorphism then Proposition 3.51 fails to hold.
This underlines the fact that this special case needs to be treated separately in our subsequent
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analysis. In Proposition 3.55 below we describe how a triality graph automorphism acts on the
conjugacy classes of elements of prime order in Inndiag(G)).

As before, let K denote the algebraic closure of Fy, where ¢ = p! for some prime p. Let
G = PSOs(K) and let o be a Frobenius morphism of G such that G, has socle Go = PQg (q). As
previously described, we can uniquely associate a partition A to each unipotent G,-class; if p is
odd then this correspondence is 1-1 unless A € {(4?), (3%,12),(2*)} in which case A corresponds
to precisely two distinct G,-classes, with representatives A and X say. For semisimple involutions
we label G,-class representatives as follows (see Table 3.8):

type of Gg-centralizer G,-class representatives

05 (¢9)? Y1

OI(QQ) Y2, Y3

GLi(q) 21, 25
O (a) x O5(a) &

Proposition 3.55. With the notation established, let x € G, be an element of prime order r
and fix a triality graph automorphism T € Aut(Gg). Then the following hold.

(i) If r = p > 2 then T permutes the class representatives in the sets {(2%), (2%),(3,1°)} and
{(42), (42),(5,13)} and fizes all others.

(ii) If r = p = 2 then T permutes the G,-class representatives {ca,a4,al} and fizes all others.

(iii) If r = 2 and p is odd then T permutes the G,-class representatives {y1,y2,ys}, {25, 25, 25}
and fizes the remaining class.

(iv) If r #p is odd and &, = {pF : 1 <i < 4} then

1
Ear = Eg{u%m, B s, 1S, o ts, prafes, fisfia, 1, 0},

where ozg = ,u%ugug;m and ( = + is a choice of sign.

Proof. Part (iv) follows from [18, p.196]. (There is a choice of sign since £ -1 = &7, where
v € Aut(Gp) is an involutory graph automorphism.) Now consider parts (i), (ii) and (iii).
Inspecting G,-class sizes, it is clear that the only classes which could possibly be cyclically
permuted by 7 are precisely the classes which we claim are indeed permuted. To justify this
claim we appeal to [17, Table I]. For example, suppose r = p > 2 and z has associated partition
A = (2%). According to [17, Table I] we may assume without loss that z lies in a €j-subgroup H;
of type Sp,(¢)®Sps(q) with the property that H{ is a €;-subgroup of type O5(q) x O3(q). Clearly
there are no unipotent elements in H] with associated partition (2*) and we conclude that 7 does
indeed cyclically permute the G,-class representatives in the set {(2%), (2%),(3,1°)}. Similarly,
if r =p =2 and z is a co-involution then z lies in a %-subgroup K of type O¢ (¢) x O3 (¢) and
KT is a %2-subgroup of type GL4(q). The result follows since there are no ce-type involutions
in K. We leave the remaining cases to the reader. O

Remark 3.56. Let x € G, be a semisimple element of odd prime order. Then part (iv) of
Proposition 3.55 implies that &~ = & -1 if and only if 1 € &. Further, if 1 € &, then either x
and x7 are G,-conjugate or 1 & &,-.

Remark 3.57. There are exactly six distinct G,-classes of involutory graph automorphisms in
Aut(Go) and a triality graph automorphism permutes these classes with cycle-shape (32).

4 Proof of Theorem 1.1: H € %,

We begin the proof of Theorem 1.1 by considering the collection %4. The subgroups here arise
from a tensor product decomposition V = Vi ® V5 of the natural module V'; the specific cases
to be considered are listed in Table 4.1, where dim V' = n = ab (see [18, Tables 3.5.H, 4.4.A]).
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Gy type of H conditions
0 PSLe) OLilg) @ L) a>b>2 (o) £ (22)
' (@) Spu(q) ®Oj(q)  aeven, qodd, b >3, (b,q) # (3,3)
iii) PO (q) Sp.(q) ®Spy(q) a>b>4, a,beven
(@) Spu(q) ®Spa(q) a >4 even, ¢ # 2, (a,p) # (4,2)
v)  Ul(q)  Oalq) ®O0p(q)  a>b>3, abg odd
vi) PQY(q) OL(q) ®02(q) a>b>4, a,beven, g odd
vii) PQS(q)  O4(q) ® Op(q) bg odd, a > 4 even, b > 3

Table 4.1: The collection %4

Proposition 4.1. The conclusion to Theorem 1.1 holds in case (i) of Table 4.1.

Proof. Let o be a Frobenius morphism of G = PSL,(K) such that G, = PGLS,(¢). Observe
that H N PGL(V) < PGLE(q) x PGLE(q) = H.

Case 1. z € HNPGL(V)
Let z € H N PGL(V) be an element of prime order r such that v(z) = s (with respect to V)
and note that

2% N H| < |HNPGL(V)| < ¢* "2, (18)

If s >n/2 and Cgz(x) is connected then Corollary 3.38 implies that

|xG‘ > 1 q nq%(n2+2n72)
2\qg+1

and thus (18) gives f(z, H) < 1/2 + 1/n as required (see (2)). Similarly, if s > n/2 and Cg(x)

is non-connected then r is odd and again (18) is sufficient since

1 q "oer1
G n (1 )
xX > — | — q r),
‘ ’ 21 <(] 1>

Now assume s = n/2. Here Cx(z) is non-connected if and only if r = 2 and p > 2, whence
Corollary 3.38 gives |2%| > (¢ + 1)_1q%anrl and (18) is sufficient unless (n,a,q) = (6,3, 3).
(Note that Lemma 3.20(i) implies that |z90| > (29| if r = p.) In this case the desired result
quickly follows through direct calculation. For example, if ¢ = + then Lagrange’s Theorem
implies that r € {2,3,13} and the hypothesis s = 3 rules out r = 13. If (r,€) = (2,+) then we
calculate that f(z, H) < .374 since

GLy(3)] GLy3)| | |CLa(3) GLy(3)]
2N H| < (IGL2(3)HGL1(3)! * 1) <|GL1<3>122 * \GL1<32>\2> > LR

The other cases are similar.
Now assume s < n/2. Following the proof of [20, 4.3], write x = (z1, x2) and define s; = v(z;)
with respect to the obvious natural modules. Then [20, 3.7] states that
s > max(ase, bsi) (19)

and thus s; < a/2 and sg < b/2. Furthermore, Lemma 3.40 yields

el s/l 2
H) < 51 S2 1 43
kars(H) <> ™) ¢ < (q_l) gat

s1=0 $20=0

and if we assume x is semisimple then Corollary 3.38 implies that

2as1 —8% —s1+2bsa —s% —59 }

S48
G H )"
NH| <k H)4| ——
|z | s.r,s (H) (q - 1> aéts/iﬁli}z(ﬁs/ﬂ{q
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The maximum is realized when s; and so are as large as possible, whence

s s
2+ a + b 2as 2 2bs_ s2
q b b2 a a2

\xGﬂH\<4(q1

and it is clear that this upper bound also holds if x is unipotent (see Lemma 3.24 and Corollary

3.38). The hypothesis s < n/2 implies that [2¢7| = |2%9|, so Corollary 3.38 gives [2¢| >

3(g+1)71g?*™=9%1 and the result follows since 2 < s < 1(n — 1).

Case 2. z € H— PGL(V)
First assume z is a field automorphism of prime order r. Then ¢ = qj, (¢,7) # (—,2) (see
Remark 3.42) and Lemma 3.48 gives

2% > £ (g +1) g0, (20)

Now Lemma 3.50 states that z“NH C H x, where x induces field automorphisms on both direct
factors of H, whence Proposition 3.43 implies that

126 A H| < |2PCU(@)||gPCL@)| < g4+ -2 (1-1)

and the desired result follows. The argument for an involutory graph-field automorphislm is very

2
similar. Finally, if = is an involutory graph automorphism then |z¢| > %(q + 1) 1g2(m" =2
and applying Lemma 3.14 we deduce that

|29 N H| < ia(Aut(PSLE(¢))).ia(Aut(PSLE(q))) < 4(1 + g1 )2qz (@ FatbiTh—a)

These bounds are sufficient unless (n,a) = (6,3) and g € {3,4}. Here f(x,H) < .591 since
12%| > [PSL§(q)|/|Spg(q)| and io(Aut(PSLE,(q))) takes the following values:

m (36 =06,+) 3,-) (4+) (4-)
3 351 315 1963 1235
2 9 9 25 25

Proposition 4.2. The conclusion to Theorem 1.1 holds in case (iv) of Table 4.1.

Proof. Set G = PSO.(K), H = PSp,(K) x PSpy(K) and let o be a Frobenius morphism of G
such that G, has socle Gy = PP (q), where n = 2a. If a = 4 then we may assume p is odd (see
Table 4.1) and G does not contain any triality automorphisms (see Proposition 3.3). Observe
that

H NPGL(V) < PGSp,(q) x PGSp,(q) = H.

Now, if x € H — PGL(V') has prime order r then ¢ = ¢ and the bounds

|.Z‘G N H| < |xPGSpa(q)||xPGSp2(q)| < 4q(%(a2+a)+3)(17%)7 |I‘G| > lq(Qana)(lf%)

are always sufficient. For the remainder, let us assume x € H N PGL(V) has prime order r.
Write © = (21, 22) and define s, s; and s2 as before, so (19) reads s > max(2s1,as2).

Case 1. s<a

Since s > max(2s1, ass), the hypothesis s < a implies that x5 = I, whence s = 251 and = € G,.
Let us start by assuming z is semisimple. Then 2 < s; < a/2 and thus s > 4 and a > 6.
Applying Corollary 3.38 and Proposition 3.51 we deduce that

G PGSp,(q) q 1 as_s% 1 G 1 q s(2a—s—1)
NH| <1 . <] 21— 27872, > [ ——
| | < logy q.|z; | <logyq <q_1> q 2 > 7 11!
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and the desired result follows.

Next assume r = p > 2. Let X = (a™=e,...,1™) F a denote the associated partition of
z1 € PSp,(K) and observe that the Jordan form of z = z1 ® Iy on V is described by the
partition A = (a®™e, ..., 1%™) I 2a. Therefore 2% N H = 2™ and [6, 2.3] implies that

dimz™ = ldimxé + §(a - Z m;)
4 4 _ /
j odd
since p is odd. If ¢ denotes the number of non-zero terms m; in A then the hypothesis s < a
implies that ¢ > 2 and applying Lemma 3.18 and Corollary 3.21 we deduce that

1
| G H t l(dirnxé—l—3a) G 1 " q ' dim &
a7 NH| <2t s 2> (5 1) (21)

where a > max(4, 1t(t + 1)). Now [6, 2.3, 2.4] imply that

~ 1 1 1
dim 2% > 2at(t — 1) — ~t* + -t* — ¢
imx at( ) 5 + 3 3
and thus (21) is sufficient if ¢ > 3. Now assume ¢t = 2. If X = (2,1%72) (which must be the

case if a = 4) then [z N H| < ¢® — 1, |29 > £¢"@7% and the result follows. If not, then

dim 2% > 8a — 20 (minimal if N = (22,1%7%)) and the bounds in (21) are sufficient for all a > 6
and ¢ > 3.

Finally, let us assume r = p = 2. Here it is easy to see that the Sp,(¢)-class of z1 and the
Spy(q)-class of xo determine the O (q)-class of x as follows:

ro =1 b

x1=1Iq Iag Qg (22)
a asy aq
by, ¢ as Ca

For instance, if z3 = by then x is O; (¢)-conjugate to either a, or ¢, since Jo®Jy = [ ® Jo = [JZ]
(up to conjugacy). If v = v; @ va € V' then

(UCC,U) = (01331,01)1(112562,712)2,

where (, ), (, )1 and (, )2 denote the relevant non-degenerate symmetric bilinear forms on V,
Vi and V, respectively. By definition, if 1 is an a-type involution then (viz1,v1); = 0 for all
v; € V1 and thus (vz,v) = 0 for all v € V and z is also an a-involution. If not, then there exists
some v = v; ® vy € V such that (viz1,v1)1 # 0 and (vaza,v2)2 # 0, so (vz,v) # 0 and z is a

c-type involution. In particular, the hypothesis s < a implies that x is G-conjugate to as and
Proposition 3.22 yields

’xG N H| < 2bqis(2a75) + 2qis(2afs+2)’ |33G‘ > %qs@afsfl)

where b =1 if s = 0(4), otherwise b = 0. These bounds are always sufficient.
Case 2. s>a, r=2

Here s = a and we start by assuming p = 2, so a > 6 (see Table 4.1). If z is an a-type involution
then (22) implies that

la/4] = o

q a I a I fa=0(4

WA H < 3 lany ©b)| 1 18 @)1 Fl(eg @ DT il a=0(4)
J=0 ‘(b% ® I2)7| if a=2(4),

where we set ag = I,. Using Proposition 3.22 we deduce that

1

|$G N H‘ < 2((]2 _ 1)71qia2+4 + 2qia2+%a(1 + qf%a) < 4qia2+§a
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and the result follows since |2¢| > %q“(“_l). Similarly, if 2 is G-conjugate to ¢, then |2&| > %q“Q
and Proposition 3.22 gives

la/4] _ la/a-1/2] - .
o€ N H| < (e2; @b) 1+ D (b1 @ b1)H| < 2(g® — 1) gale +2aH10),
Jj=1 j=0

Again, one can check that these bounds are always sufficient.

Now assume p is odd. If z is conjugate to [—I,I,] then |G| > %q“2 and z¢ N H is a
union of at most two distinct H-classes. The result follows since Proposition 3.37 implies that
2C N H| < 2q‘12/4+a/2+2 + 2bqa2{4 where b=1if a =0 (4), otherwise b = 0. On the other hand,
if Cs(2) is of type GL, then 2% N H is a union of precisely |a/4] + 2 distinct H-classes, with
representatives

20 = [—ily2,ila0] ® Iz, 2zj = [—1Iaj, la—2j] ® [1,i], 0<j < a/4,
where i € K satisfies i> = —1. Using Proposition 3.37 we deduce that
) la/4] o ) )
|1,G N H‘ < QqZ(QQ—f—Qa) + Z 4q2a]—4]2+2 < 2qza2(q§a + 2(q2 N 1)—1(]4)
§=0
and [z¢] > 1(q+ 1)~1¢*~o*+1 It remains to deal with the case a = 4 for ¢ < 5. Here we can
calculate directly. For example, if ¢ = 3 then |2¢ N H| < A+ AB + C = 1548, where

4= 15P203)] Sp2(3)] _ [Spa3)] Sp4(3)]| _ 1Sps(3)] Sp4(3)|
IGL.(3)[2 ~ |GU.(3)[2 Spa(3%)[2  [Spa(3)[72° [GLa(3)|2  [GU2(3)[2

and we conclude that f(z, H) < .605 since [29| > $|SOF (3) : GU4(3)| = 189540.

Case 3. s> a, r=p>2 )
Here z € G, and s is even. We claim that 2 N H is a union of at most two distinct H-classes.
To see this, first observe that up to conjugacy we have J; ® Iy = [le] and

‘ . [e]iJrl, Jifl] ifi<p
Ji® J2 = { [J2] if i = p. (23)
Since p is odd, a unipotent class in PSp,, (k) is uniquely determined by its associated partition
and therefore it is sufficient to show that elements (z1,z2), (z],22) in H are G-conjugate only

if 1 and 2 are PSp,(K)-conjugate. This is trivial if 9 = I3 so assume zg = Jo and suppose

x1 and 2} have associated partitions (p?,...,1%) I~ a and (p%,...,1%) I~ a respectively. Then
applying (23) we deduce that z; ® z2 has associated partition A\, where
A = (pPrtar-1 (p —1)%=2 (p— 2)%-1tap=s  gdstar ja2) i oq (24)

if p>5and \ = (323792 241 192) |- 2q if p = 3. Therefore 71 ® r3 and 7} ® z2 are G-conjugate
only if

2ap +ap—1 = 2b, +bp_1, ap_2 =bp_2, ax = by
and

ap—it2+ap_; =bp_jyo+bpi, 3<i<p—1
The claim follows since these equations hold if and only if a; = b; for each 1 < j < p.

Suppose x € G has associated partition A = (p™»,...,1™) I 2a, with precisely ¢ non-zero

terms m;. If y =1 ® Jp is conjugate to x, where x1 has associated partition (pP,...,19) F a,
then (24) and [6, 2.3] imply that |yC N H| < 2t¢4mv™ | where

-1 p—2
7 1 3 1 ]
: H : G 2
dimy :Zdlml’ +Za+2_1 ap—l—é aj+E ajaj41 + E aj—l—.g a;
J=1 Jj=1 J j odd
1 ~ 3 3
< g dima®+ Ja+ o
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Applying our earlier work (see (21)) we deduce that

_ t+1 t _
e ¢ 3\ 1(dimaCi3a) |G 1 q dim €
N < 2°(1 2)g1 , SN st
2" N H| <2(1+q2)q |z™| <2 1) ¢

where dimz® > a(a — 1) (minimal if £ = 1 and X\ = (2%)). The reader can check that these
bounds are sufficient unless a = 4. Here the possibilities are listed in the following table (the
symbol t denotes the additional condition p > 5 which ensures x has prime order).

z [J5, J3]T (T3] [J3, Io] [J3, J5, Ii] [J5]
1 ® T2 [T @[] [ ®[L] [J2]@[JL] [J, L[k [J2]@ [l2], [Ii]® [J]
fla H) < 472 408 488 400 552

For example, if z = [J2, I5] and ¢ = 3 then f(x, H) < .488 since

1Sp4(3)|  ISp2(3)]
SO5(3)[3% 3

O£ (3)|

= 7680, |2C| > ——8 1
12 10, 3)ps

12 N H| < = 94348800.

The same bound holds for all ¢ > 5 and the other bounds are derived in a similar fashion.

Case 4. s> a, r#p, r>2

Let i > 1 be minimal such that r|(¢* —1) and let u = (I, a1, . ..,a;) denote the associated o-tuple
of x € G,. Let d be the number of non-zero terms a; in p and set e = 2 if ¢ is odd, otherwise
e = 1. We note that d is even if ¢ is odd and we also observe that

d(2—e)+1 _
1 q e
G dim z
— | —— . 25
|;lj | > 2 <q—|— 1) q ( )

Let y = (y1,y2) be an arbitrary element of z¢ N H. Now, if i > 3 then y» = I and y; has
associated o-tuple p' = (1/2,a,(1)/2,...,a,1)/2) for some p € S;. Therefore

g 1, 1 1

1 ) 1 ~
dim z :a2+a—l2—4l—42€;a§:4dimxa+i(a—l) (26)

2 2 8

and d 1/a; G
|1,G N H| < log, q'2§(e—1)q1(d1mz +3a)’
where dimz% > a(a — 1) (see [6, 2.9]). This bound with (25) is always sufficient.

Now assume i < 2. We claim that if the elements y; ® y2 and 21 ® 29 in H are POy (K)-
conjugate and ys is PSpy(K)-conjugate to zo then y; and z; are PSp,(K)-conjugate. This is
trivial if yo = I so assume &, = {w,w™ '}, where w € K is a primitive 7*® root of unity.
Set Top = {1,1} and T; = {w’,w ™} for 1 < j < ¢, where t = 1(r — 1). For any two subsets
A ={a1,a2} and B = {b1,bs} of K define A ® B = {a1b1, a1b2,asbi,asbe} and observe that

ol =I1uly, It =TyUul}_q, Fj@Fl :Fj_HUFj_l 1<j<t—1.
If ¢; (resp. d;) denotes the multiplicity of I'; in £, (resp. &,,) then these relations imply that
cp=dy, 2¢co+co=2dy+dz, ¢t 1+cr=di1+di, cj+cjpo=dj+dj2 1<j<t—2

and therefore ¢; = d; for all j. In particular, £, = £., and Lemma 3.39 implies that y; and z;
are PSp, (K)-conjugate as claimed.

Now, if y = y1 ® y2 is conjugate to z, where &, = I'1 and c¢; denotes the multiplicity of I';
in &,,, then the above relations imply that dimy* < 1(dimz% + 3a + 8) since

t—

[\

(¢j = Cj+2)2~
1

=

_ 1 —
dimy? = E(dimmc +3a+8—4cyg—c1 — (2c0 — ) — (co1 — )?) —

J
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Our above work implies that the H-classes in 26 N H are parameterized by the number N of
choices for yo € PSpy(K) (up to conjugacy). Evidently, N < t+ 1 = 4(r + 1) and therefore
N < 3(g+4 — 2e) since i < 2. In view of (26) we conclude that

1 o
2 N H]| < logy ¢.25 V(1 + 5@+ 4= 2)¢7)qs (o, (27)

where dimz® > a(a — 1). The reader can check that this bound with (25) is sufficient unless
a = 4. Here ¢ is odd (see Table 4.1). If Cs(z) = GL4 then 2% N H is a union of at most two
distinct H-classes, with representatives [I4] ® [\, A"!] and [Ao, A\"115] @ [I5] for some A € K*.
In this case the bounds

29N H| <logzq.(q(g+€) + ¢* (g + €)(g" = 1)), |29 > (a+ e) (¢ + 1)(¢® + e)(¢* — 1)

are always sufficient, where ¢ = (—1)""1. If Cx(z) # GL4 then dim2C > f(d), where f(e) =
f(2e) =18, f(3e) = 22 and f(4e) = 24. The result follows via (25) and (27). O

The remaining cases in Table 4.1 are entirely straightforward and are left to the reader.

5 Proof of Theorem 1.1: H € 65

Here ¢ = qé“ , where k is a prime, and the specific cases are recorded in Table 5.1 (see [18, Table
4.5.A]). For convenience we postpone the analysis of the €5-subgroups of type Sp,,(¢) and O, (q)
in unitary groups to §8 and our work with the collection %3.

Go type of H conditions
(1)  PSL{(q) GLS(q0) Kk oddife=—
(12)  PSp,(q) Spn(q0)
(151) PQ(q) O (qo) kodd if e = —
(iv) PQi(q) Onl(q) k=2

Table 5.1: The collection &5

Proposition 5.1. The conclusion to Theorem 1.1 holds in case (i) of Table 5.1.

Proof. We may assume n > 3. Let og be a Frobenius morphism of G = PSL,,(K) such that G,
has socle Gy = PSL¢ (¢5), where o = of. We begin by considering elements x € H N PGL(V) of

prime order r, where H N PGL(V) < PGL{,(q0) = G4, (see [18, (4.5.5)]).

Case 1. z € HNPGL(V), r=p )
Let A = (n%,...,1%) I n be the associated partition of 2 and observe that [% N H| < |2%0].
Applying Lemma 3.18 we deduce that

1
1\z(=9
|-TG N H| < Q(t_l)(62#10+%(1+5)) <qoq—(|)_> q(c)hsz (28)
and o
1 qk L€ k(di G
G [ _40 (dimz~—1) 99
!:c!>2<q,8+1> % (29)

where t denotes the number of non-zero terms a; in A.

First assume A = (27,1"7%) for some j > 1 (note that A must have this form if p = 2). Then
dim 2% = 2j(n — j), t < 2 and the bounds (28) and (29) are always sufficient if & > 3. Now
assume k = 2, 50 € = + (see Table 5.1). If j > 1 then n >4, dim2% > 4n — 8 and (28) and (29)
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are sufficient unless (n, qo) = (4, 2), where direct calculation yields f(z, H) < .483. If j = 1 and
go = 3 then we are left to deal with the case (n,qy) = (3,3) where a similar calculation gives
f(z, H) < .523. Finally, if (j,q0) = (1,2) then the bounds |2¢ N H| < 22"~! and |2%| > 24>
are sufficient for all n > 3.

Now assume A # (27,1"7%7) and p is odd. If ¢ = 1 then [6, 2.4] implies that dimz® > In?
(minimal if A = (2"/2)) and the result follows via (28) and (29). If t > 2 then nz 3t(t+1) and
if we assume (¢, k) # (2,2) then the above bounds are sufficient since dimz® > g(n,t), where
g is defined in the statement of Lemma 3.25. If (¢, k) = (2,2) then € = + and the bounds (28)
and (29) are sufficient since n > 4 and dim 2% > 4n — 6 (minimal if A = (3,1"73)).

Case 2. € HNPGL(V), r #p
Let us begin by assuming r = 2. If Cz(z) is connected then dimz% > 2n — 2 and the bounds

’(L‘GHH’ |$ go‘<2qd1mx ‘x ‘>1< qlg >quime
2 \gf+1

are always sufficient. On the other hand, if Cx(x) is non-connected then n is even,

|GL7, (q0)| |GL;, (q0)] in o 1 q’g 12
n <2 2™ > 2
STGLE ()2 T [GL (@2 i 126 1) %

and the result follows.

Assume for the remainder that r is odd. If Cx(x) is non-connected then Lemma 3.35 implies
that r divides n and we deduce that

2 1 k r—1 2 1
G r—1 n2(1-1) G 1 40 kn*(1-7)
" NH|<2 , |7 > — .

These bounds are sufficient unless (n, k,7,q0) = (3,2,3,2), where a more accurate calculation
yields f(z, H) < .587. Now assume Cg(7) is connected and let i > 1 (resp. ig > 1) be minimal
such that r|(¢" — 1) (resp. r|(g> — 1)), so
. [ do/k if k divides g
L= { i0 otherwise. (30)

Define the integers | and d as in Definition 3.32 (with respect to o-orbits). Now, if k does
not divide ig then og- and o-orbits coincide, otherwise each non-trivial og-orbit is a union of &
distinct o-orbits and thus k divides d. Applying Lemma 3.30 we deduce that

1(176) k ad _

(1 a) (90 1) 2 dim 2@ 1 ( 0] > kdim 2

" NH|<2lo 210 —_ T > = ,
’ ’ g2 qo- ( o ‘0) o | ’ D) q’a’ 1 4o

where v = 1 if e = — and i = 2 (4), otherwise & = 0. The result now follows by applying the
lower bound for dimz% given in Lemma 3.33.

Case 3. z € H—PGL(V)

First assume z € G is a field automorphism of prime order . Then Lemma 3.50 implies that
2N HC @gox and Lemma 3.49 gives

1 k(n?-1)(1-1)

1(q’g +1) g, v/ (31)

G
>
2] > 3

If » # k then o = ¢} and x induces a field automorphism on Gy,. In this case, Proposition

3.43 implies that |z N H| < |zC70| < 2¢ (" “DU=T) and the result follows. If 7 = & then we
may assume that x centralizes G, and thus 129 N H| < i,(Gyy) + 1. In fact, if » = k > 3 then
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it is easy to see that the bounds |2% N H| < |Gy,| < qSLQ_l and (31) are always sufficient. If
r =k = 2 then ¢ = + and Lemma 3.14 implies that

_ 1
¢ N H| <ig(Goy) +1 < 2(1 4+ g5 g

Now |2¢] > 1(n, ¢ — 1)_1qg2*1 and we find that we are left to deal with the following cases:

(nv gO) (47 3) (47 2) (37 4) (37 2)
i2(Gop) 8451 315 315 21
flz,H) < 594 534 572 .646

Here the listed upper bounds are derived using the upper bound |2% N H| < i2(Gy,) + 1 and
an accurate lower bound for |z%|. For example, if (n,qy) = (3,2) then f(z, H) < .646 since
io(PGL3(2)) = £|GL3(2)| = 21 and |2%| > $|SL3(4) : SL3(2)| = 120.

The argument for an involutory graph-field automorphism is similar and is left to the reader.
Finally, let us assume z € G is an involutory graph automorphism. Then ¢ N H C Gy
and each y € 2% N H induces an involutory graph automorphism on Gy, such that C@ao (y)

and Cg,(x) are of the same type, i.e. they are either both symplectic or non-symplectic (see
Definition 3.47). Therefore

10,2 k k(2
5 (n*+an—2) 1 q, 2 (n*+an—4)
o€ 0 H] < 208" ) g (B g
0

where a = 1 if x is non-symplectic, otherwise a = —1. If x is non-symplectic then these bounds
are sufficient unless (k,n, qo) = (2, 3,2), where direct calculation yields f(x, H) < .573. On the
other hand, if x is symplectic then n is even and we are left to deal with the case (n,k) = (4,2)
for gy < 4. Here e = +, |29 N H| < @3 (g3 — 1), [2°] > $4¢3(¢S — 1) and thus f(z, H) < .603 for
all gg > 2. O

Proposition 5.2. The conclusion to Theorem 1.1 holds in case (ii) of Table 5.1.

Proof. This is very similar to the previous case and to avoid unnecessary repetition we shall
assume (n,p) = (4,2) and G contains a graph-field automorphism (see Remark 3.44).

We start by assuming - € HNPGL(V) has prime order 7, where HNPGL(V') < Sp,(q) = H.
If r = 2 and x is G-conjugate to cy then Lemma 3.22 gives |2% N H| < 24§, |2%| > %qgk and
the result follows. On the other hand, if x is G-conjugate to by then the subsequent bounds
2CNH| = 2\b§p4(q°)\ < 2¢4 and |2%| > ¢¢F are always sufficient (note that the involutions b; and
ay are G-conjugate - see Proposition 3.52). The case r > 2 is just as easy. Define the integers
1, 19, | and d as in the proof of the previous proposition and set e = 2 if i is odd, otherwise
e = 1. Note that (30) holds. Now, if i and ip have the same parity then replacing x by a suitable

G-conjugate we deduce that

' . (2—e)d .
lz¢ N H| < 2lo 93ip ¢~V dimaC® | G 1 ab k dim 2.C
82 4o- ) x| > 5\ @
4o +1

and the result follows via Lemma 3.33. The argument when ¢ and iy are of different parity is
just as easy.

Finally, let us assume z € H — PGL(V). If x is a field automorphism of prime order r # k
then gy = ¢] and the bounds

77 10(1-1 1 10k(1-1%
|$GﬂH‘<|ZEH|<2q0( 'r)’ |33G‘>1q0 ( r)

are always sufficient. If 7 = k then we may assume z centralizes H, thus |[2¢ N H| <i.(H) + 1.
In fact if k is odd then the trivial bound |2% N H| < |H| is always sufficient; if k¥ = 2 then
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Lemma 3.14 implies that |2 N H| < 2(1 + ¢ ')q§ and it remains to deal with the case gy = 2.
Here f(x,H) < .601 since zg(ﬁ ) = 75. Finally, let us assume z is an involutory graph-field
automorphism. Then z¢ N H C Hz and [ and k are both odd, where gy = 2'. If I > 1 then
applying Proposition 3.43 we deduce that

2% N H| < |Spy(qo) : S2(q0)| < 245, |2 > |Spalah) : Sz(ah)| > ai"

and the result follows. Alternatively, if / = 1 then the bounds |z N H| < |Hz| = 720 and
27| > |Sp,(8) : Sz(8)| = 36228 imply that f(x, H) < .627. O

Proposition 5.3. The conclusion to Theorem 1.1 holds in cases (iii) and (iv) of Table 5.1.

Proof. We consider both cases simultaneously. Fix a Frobenius morphism o of G = PSO,,(K)
such that G, has socle Gy = PQ¢ (gf), where o = o0& and n > 7. Observe that H N PGL(V) <
PGOS (q0) = H. Let (A) denote the hypothesis “(n,e) = (8,+) and G contains triality au-
tomorphisms”. According to Proposition 3.3, if (A) holds then we may assume ¢ = +. The
argument when z € H N PGL(V) is straightforward and is left to the reader. Note that if (A)
holds then a triality graph automorphism 7 of G induces a triality on PQ;{ (qo) and Proposition
3.55 describes the action of 7 on H-classes.

For the remainder let us assume x € H — PGL(V) has prime order r, begmnlng with the
case where z € G is a field automorphism. Here Lemma 3.50 implies that z“NHC H x, where
H= Gy < H, and Lemma 3.49 gives

k(.2
2% > ¢ : (32)
If r # k then go = ¢] for some ¢; and the result follows via (32) since Proposition 3.43 gives
12 (11
2€ 1 H| < 220,

If r = k is odd then the bounds (32) and |#% N H| < ]ﬁm| < qg(n_l)/z are sufficient. If r =k =2
then e = + if n is even (see Remark 3.42) and we may assume that x centralizes H if n is odd
or e = +;if € = — _then z induces an involutory graph automorphism on H. In all cases we
have |2% N H| < ig(H) + 1 and applying Lemma 3.14 we deduce that
~ 12

2 N H| <ip(H) + 1< 20+ 5 ag "7, (33)
where n = v (2). If qo is even then |2%| > %qg(n_l)/Q and we may assume that n is even. Here
we find that (33) is sufficient unless (n,qp) € {(10,2),(8,2)}. Similarly, if go is odd then (32)
holds and we are left to deal with the cases (n,qp) € {(8,3),(7,3)}. In these exceptional cases
we derive the following upper bounds through direct calculation:

(n>QO) (1072) (872) (&3) (773)
f(z,H)< 585 617 .608 .630

For instance, if (n, qo) = (8,2) then f(x, H) < .617 since |z%| > |Of (4) : OF (2)| and (33) gives
|2 N H| < 3.2'°. Similarly, if (n,qo) = (8,3) then [z¢] > $]0¢ (9) : O (3)| and we deduce that
f(x, H) < .608 since Propositions 3.37 and 3.53 imply that i(PGOS (3)) < 61301583.

The argument when x is an involutory graph-field automorphism is very similar and is left to
the reader. Finally, let us assume (A) holds and recall that we may assume H is of type O+(qo)
Now if T € G is a triality graph automorphism then Lemma 3.50 implies that 2NH C HrUHz?
where z* induces a triality graph automorphism on H such that the centralizers C’PQ+( " )( ’)
and Cg,(2") are of the same type. The possibilities for Cg,(z) are listed in Table 3.10 and the
result quickly follows. For instance, if x is a Ga-type triality (see Definition 3.47) then

26 N H| < < 4g)t 2023 g 14k
= |Ga(qo)] Ga(qf)]

> 2
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and we conclude that f(x, H) < 5/8 for all k,qo > 2. Finally, if x € G is a triality graph-
field automorphism then Lemma 3.48 gives |2¢| > iqg%/ % and we find that the trivial bound
129 N H| < |H| < 6klogy qo.q2® is sufficient for all k>3and g >2 Ifk= 2 then qo = ¢}
for some ¢; and again Lemma 3.50 implies that & N H C Hz U Hz? , where x' acts on H as

a trlahty graph-field automorphism. Therefore Proposition 3.43 1mphes that |z¢ N H| < 2|H :
3D4( )| < 4q56/3 and the bound |z%| > q0 12/3 i always sufficient. O

6 Proof of Theorem 1.1: H € %

Let k£ be a prime. Then a k-group R is said to be of symplectic type if every characteristic
abelian subgroup of R is cyclic. Let R be a symplectic type k-group of minimal exponent,
i.e. exp(R) = k(k,2), and fix a prime p # k. Then R has precisely |Z(R)| — 1 inequivalent
faithful absolutely irreducible representations over an algebraically closed field of characteristic
p. Furthermore, each of these representations has degree k™ for some fixed m > 1 and the
smallest field over which they are realized is e, where

e=min{z € N: p* = 1mod |Z(R)|} (34)

(see [18, 4.6.3] for example). In this way we obtain embeddings R < Cl,(q), where n = k™,

Cly(q) is a finite almost simple classical group over F, with socle Gy and
B pg if G is unitary

1= { p®  otherwise. (35)

The members of the collection %5 are the subgroups Ng(R), where R < G is a symplectic type
k-group of minimal exponent irreducibly embedded in G. Here n = k™ and ¢ is defined by (35),
with e given in (34) (this restriction on the underlying field ensures that a subgroup in %5 is not
contained in a member of the subfield subgroup collection %5). The cases we need to consider
are listed in Table 6.1 (see [18, Table 4.6.B]).

Go type of H |Z(R)| conditions

( (@) K" Spyn(k)  k  kodd, e= (-1
(i) PSL&(q) 2°™Spy,(2) 4 k=2 e= (-1
(iii) PSp,(q) 2*™.0,(2) 2 k=2e=1

(iv) PQi(g) 2*m.03 (2) 2 k=2e=1

Table 6.1: The collection %

Lemma 6.1. Let G be a finite group, V an m-dimensional faithful irreducible F,G-module,
where ¢ = p/, and let X = V.G be an extension of V by G. Fix a prime r dividing |X| and let
{g1,...,9n} be a complete set of representatives for the G-classes of elements of order r in G.

(i) If r # p then i, (X) < Zf\il g™ ™i|g¥|, where m; = dim Cy (g;).
(ii) Ifr = p then i, (X) < ¢ —14+ 3N, ¢ g%, where m), is the number of Jordan r-blocks
in the Jordan normal form of g; on V.
Proof. Let x € X —V be an element of prime order r and let £ = Vx denote the image of x
under the quotient map X — X/V = G. Now an element vz € Vz has order r if and only if

r—1

VAT 0T 40 =0

which is equ1valent to the condition v(1+Z +Z2+---+2""!) = 0 as a linear map. If r # p then
v(1+Z+ -+ 2"1) =0 if and only if v € im (1 — x) and thus i, (Vz) < [im (1 — 7)| = ¢™ 7,
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where [ = dim Cy (Z). Then (i) follows since i,(V) = 0 and dim Cy(Z;) = dim Cy(Z2) if Z; and
To are G-conjugate. On the other hand, if r = p then i,(V) = ¢"* — 1 and (ii) holds since

ZT(VZ') < \ker (1 + x4+ jT—1)| — gmar
where a, denotes the number of Jordan r-blocks in the Jordan normal form of z on V. O

Remark 6.2. If V.G is a split extension then equality holds in both parts of Lemma 6.1.

Let H be a %g-subgroup of G and let V' be the natural Go-module. Then H N PGL(V)
is primitive, irreducible and tensor-indecomposable on V. In particular, each non-trivial z €
H NPGL(V) lifts to an element & € GL(V'), where V = V ® F,, with the property that there
exist four GL(V)-conjugates of & whose product is a non-trivial scalar (see [13, p.452]). This
implies that v(x) > n/4, where n = dim V, and lower bounds on |z%| follow via Corollary 3.38.

For easy reference, we record this fact in the next lemma.
Lemma 6.3. If v € HNPGL(V) is non-trivial then v(z) > n/4, where n = dim V.

Proposition 6.4. The conclusion to Theorem 1.1 holds in case (i) of Table 6.1.

Proof. Let * € H be an element of prime order r and observe that [18, Table 4.6.A, (4.6.1)]
implies that H N PGL(V) < k?™.Sp,,, (k) = H. First assume z € H N PGL(V). Then applying
Lemma 6.3 and Corollary 3.38 we deduce that

~ 1
’xG ﬁH’ < ‘H‘ < k2m2+3m7 ‘J;G’ > §(q_|_ 1)—2q%n2+1

and we are left to deal with the cases (k,m) € {(5,1),(3,1)} and (k,m,q) = (3,2,2). If

(k,m,q) = (3,2,2) then Gy = PSUy(2), H :~34.Sp4(3) and Lagrange’s Theorem implies that
r € 4{2,3,5}. Applying Lemma 6.1 we get i,(H) < n,, where

ns = 315184, nz = 3% — 14 3.(480 + 240 4 40 + 40), ny = 3.1 + 3%.90.

Since n = 9, Lemma 6.3 implies that v(x) > 3. In particular, if » = 2 then |2| is minimal when
 has associated partition A = (23,1%) and thus f(z, H) < .276 since |x¢ N H| < no. The case
r € {3,5} is similar. If (k,m) = (3,1) then H = 32.Sp,(3), r € {2,3} and we may assume p > 5
since p # k and PSU3(2) = 32.Qg. Therefore = is semisimple, hence |27 > %(q +1)"!¢® and
the result follows since Lemma 6.1 implies that |2“ N H| < 9if r = 2 and |29 N H| < 80 if r = 3.
The case (k,m) = (5,1) is just as easy.

Now assume z € H — PGL(V). If z is a field automorphism of prime order r then ¢ = ¢,
k > 5 (since ¢ = p if k = 3) and the result follows via Lemma 3.48 since

126 N H| < |H| < 2log, q.k2™ +3m. (36)

The argument for an involutory graph-field automorphism is entirely similar. Now assume x is an
involutory graph automorphism. Since n = k™ is odd we have |z%| > %(q + 1)_1q("2+"_2)/ 2 (see
Lemma 3.48) and (36) is sufficient unless (k,m) = (3,1). Here ¢ = p > 5, [#CNH| < |Hz| = 216
and the previous bound for |2C| is sufficient unless p = 5. In this exceptional case we have
Go = PSU3(5) and therefore f(x, H) < .773 since |2%| > 1050. O

Proposition 6.5. The conclusion to Theorem 1.1 holds in case (ii) of Table 6.1.

Proof. Here n = 2™, m > 2 and Gy = PSL{(q), where ¢ = p and € = (—1)°"1. Observe that
HNPGL(V) < 22™.Sp,,.(2) = H and first assume = € H N PGL(V) has prime order 7. Then
arguing as in the proof of the previous proposition we quickly reduce to the case m = 2. Here
r € {2,3,5} and Lemma 6.1 implies that i,(H) < n,, where

ns = 24144, ng = 2240 +22.40, ny =2* — 142315+ 22.(45 + 15).
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If v(x) = 1 then we claim that x is semisimple and 7 divides ¢ — €. Of course, if x is semisimple
and v(z) = 1 then r must divide ¢ — € since each o-orbit must be a singleton set. To rule out
unipotent elements, we appeal to [16, Theorem II]. Here Kantor lists all subgroups of SL(V)
which are generated by transvections and it is easy to see that no subgroup of H belongs to this
list. This justifies the claim. In particular, if v(x) = 1 then

[GLi(g)]

J:G>
> e oL

=g+ e)(*+1)

and one can check that the bounds |% N H| < n, are sufficient unless (e,r,q) = (—,2,3). In
this exceptional case the associated permutation character x is given in [9, p.53] and we derive
the following results, where PGU4(3)-classes are labelled as in [9].

PGU4(3)-classof z v(z) |29 NH| |29 f(z,H)<

—~

2A 2 195 2835 .664
2B 1 60 540 .651
2C 2 120 4536 .569

Similarly, if v(z) > 2 then |z9| > (¢ +1)7!¢° and we are left to deal with the case ¢ = 3. Here
we can work with the associated permutation character and the desired result quickly follows.

Now assume z € H —PGL(V) has prime order. Then x is an involutory graph automorphism
since ¢ = p. According to Lemma 3.50 we have |2 N H| < |Hz| < 227" 3™ and if we assume
Cg,(z) is orthogonal then |2€| > 1(q + 1)~1¢*+n=2)/2 and the desired result follows for all
m > 3. Similarly, if Cg,(z) is symplectic then [z¢] > (g + 1)~ 1g(*=n=2)/2 and if we assume
m > 3 then we are left to deal with the case (m,q) = (3,3). Here H < 27.Spy(2) and we deduce
that f(x, H) < .471 since

129 N H| < ia(H) < 27in(Spg(2)) = 27.4823, |2%| > |[PSUg(3) : PSpg(3).2].

Finally, if m = 2 then using GAP [10, 14] we obtain the following bounds:

Aut(Go)-class of . [29NH| < 2% > f(x, H) <

2D 36 126 741
2F 340 5670 .675
(Note that the class labelled 2F does not meet H.) O

Proposition 6.6. The conclusion to Theorem 1.1 holds in case (iii) of Table 6.1.

Proof. Here Go = PSp,,(q), where n = 2™ and m > 2. Since ¢ = p is odd we have H < PGL(V)

and [18, (4.6.1)] implies that H < 22™.0,, (2) = H. Applying Lemma 6.3 and Corollary 3.38
we deduce that

~ 1
’a:G ﬂH| < |H| < 22m2—&-m+17 ‘LEG’ > g(q+ 1)—1q%n2+1

and if we assume m > 3 then these bounds are sufficient unless m = 3 and ¢ < 11. Here
H =25.04(2), so r € {2,3,5} and Lemma 6.1 implies that i,(H) < n,, where

ns = 215184, n3 = 2°.80 + 21.480 + 22.240, ny = 20 — 14 25.36 4 2%.(270 + 45) + 23.540.

Now |2% N H| < n, and we find that the previous bound for |z%| is sufficient unless ¢ = 3 or
(q,7) = (5,5). If (¢,7) = (5,5) then |2¥| is minimal when 2 has associated partition A = (22, 14)
and we find that an accurate bound for |z| is sufficient. If (¢,r) = (3,3) then using GAP [10]
we calculate that v(x) > 4 and f(x, H) < .369. The other cases with ¢ = 3 are dealt with in a
similar fashion.
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It remains to deal with the case m = 2. Here H = 24.0; (2) so Lagrange’s Theorem implies

that r € {2,3,5} and Lemma 6.1 gives i,(H) < n,, where
ng = 2424, ng = 22.20, ny =2*—1+23.10+ 22.15.

Clearly, there are no semisimple elements © € H with v(x) = 1 (indeed, there are no such
elements in G) and [16, Theorem II] implies that the same is true for unipotent elements.
Therefore Corollary 3.38 implies that |[2%| > %(q + 1)7'¢® and the bounds |z% N H| < n,
are sufficient unless (¢,7) = (11,5) or ¢ < 7. If (¢,7) = (11,5) then f(z,H) < .411 since
2% N H| < ns and |2%] > |Sp,(11) : Spy(11)GLy(11)|. We claim that the following upper
bounds for f(z, H) hold when ¢ < 7.

r=2 3 )
qg=3 .836* .800* .696
5 .526 .629 .681
7 .392 371 .384

Here the asterisk indicates that we have an exception to the main statement of Theorem 1.1
and therefore the case (m,q) = (2, 3) is listed in Table 1.2. We now explain how we derive these
results. In the case r = 2, GAP [10] gives the following results, where ¢ = € (4) and G-classes
are labelled as in [9]. The relevant entries in the above table follow at once.

PGSp,(q)-class of z  |2% N H| Fd
2A 5 3P +1)
2B 0 5P(q+e)(?+1)
20 20 3¢%(¢* — 1)
2D 60 3¢’ —e)(d®+1)

Now assume r € {3,5}. If ¢ € {5, 7} then we compute more accurate lower bounds for |2“| and
apply the bound |2% N H| < n,. For instance, if (q,r) = (7,5) then 2| = |Sp,(7) : GU{(7?)]
and thus f(z, H) < .384 since ns = 2*.24. Finally, if ¢ = 3 then the associated permutation
character y is given in [9] and we can compute accurate values for both |2“ N H| and |2¢|. For
instance, if r = 3 then x(x) > 0 if and only if z resides in the Go-class labelled 3C, whence
2% N H| = 80, |%| = 240 and thus f(z, H) < .800*. O

Proposition 6.7. The conclusion to Theorem 1.1 holds in case (iv) of Table 6.1.

Proof. Here Go = PQ2(q), where n = 2™, m > 3 and ¢ = p is odd. According to Proposition 3.3
we may assume G does not contain any triality automorphisms if m = 3 and thus [18, (4.6.1)]
implies that H < 227.05, (2) = H < PGL(V).

Since |z N H| < \ﬁ | < 92m*+mtl e quickly reduce to the case m = 3 by applying Lemma
6.3 and Corollary 3.38. Then r € {2,3,5,7} and using Lemma 6.1 we deduce that i,.(H) < n,,
where ny = 26.5760, ns = 2%.1344 and

nz = 241120 4+ 22.112, ny = 2% — 1 4 25.28 4+ 2%.(210 + 105) + 23.420.

Applying Lemma 6.3 and Corollary 3.38 we deduce that |2| > %(q +1)7!¢!! and the bound
2% N H| < n, is sufficient unless (¢,7) = (7,7) or ¢ < 5. If (¢,r) = (7,7) then [16, Theorem I
implies that

04 (7)]
05(7)[101(7)[7°
(minimal if x has associated partition A = (3,1%)) and we conclude that f(x, H) < .566. In the
remaining cases we derive the following upper bounds for f(xz, H):

E

r=2 3 ) 7
g=3 .590 .534 .459 .495
) 497 514 536 .334
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The entries in the case ¢ = 5 are obtained by applying the bound |z% N H| < n,, together with a
more accurate bound for |z¥|. For instance, if (¢,7) = (5,3) then [2%| > |Of (5) : Og (5)GU1(5)|
and therefore f(z, H) < .514 since |z N H| < n3. If ¢ = 3 then the listed bounds are easily
checked using GAP [10]. O

7 Proof of Theorem 1.1: H € 6~

Here V' admits a tensor decomposition V =V} ® --- ® V;, where dimV; = a and t > 2. The
subgroups in %7 preserve this tensor product structure; the particular cases which we must
consider are listed in Table 7.1, where n = a’ (see [18, Tables 3.5.B-E, 4.7.A] and [17, p.194]).

Gy type of H  conditions

(1)  PSLi(q) GLG(q)1S: a =3, (a,q) #(3,2) if e = —
(#1)  PSp,(q) Spu(¢)1S: aeven, gt odd, (a,q) # (2,3)
Eiii) Qu(q)  Ou(g)1S:  agodd, (a,q) # (3,3)
(

i) POS(a) Spa()0Si a gt even, (a,g) € {(2.2), (2.3)}, (a,1) # (2.3)
v) PQf(q) O%(q)1S: qodd,a>4ife=—,a>6ife=+

Table 7.1: The collection %%

We begin with a preliminary lemma which is taken from the proof of [12, 7.1].

Lemma 7.1. Let X < GL(V) be a group preserving a tensor product structure V.=V ®---QV,,
where t > 2 and dimV; = a for each i. If x € X is a non-scalar element of prime order r and
(a,t,7) € {(2,2,2),(2,3,2)} then v(z) > al/?.

Proof. Let (r",17="") be the cycle-shape of the permutation induced by 2 on the subspaces

{Vi,...,Vi}. If t = hr then without loss of generality we may assume x = 1 ® x2, where
r1 € GL(Vi®---®V,) =GL(U), x2 € GL(V,41 ® ---® V;) = GL(W) and (z1) acts transitively
on {Vi,...,V,.}. It follows that vy (x1) = (a" —a)(1—r~1), where vy (z1) denotes the codimension

of the largest eigenspace of x; in its action on U, and thus (19) implies that
v(z) = a (" —a)(1—r7Y). (37)

We conclude that v(z) > a'/? for all (a,t,7) & {(2,2,2),(2,3,2)}. Now assume k =t — hr > 0,
say x fixes the subspaces {Vi,...,Vi}. If k = t then (19) gives v(z) > a'~' > a'/? so let us
assume otherwise. Write z = z} ® x5, where 2f € GL(V} ® --- ® V) = GL(U’) and zf, €
GL(Vjy1®---®V;) = GL(W'). Then as before we have vy (z4) > a*= %" (a" — a)(1 —r~!) and
a further application of (19) implies that (37) holds. O

Proposition 7.2. The conclusion to Theorem 1.1 holds when H € ¢7.

Proof. Consider case (ii) of Table 7.1. The other cases are very similar and are left to the reader.
Let o be a Frobenius morphism of G = PSp,,(K) such that G, has socle Gy = PSp,,(q), with ¢
odd. Observe that H N PGL(V) < PGSp,(¢)*.S;. Let x € HNPGL(V) be an element of prime
order r and assume (a,t) # (2,3). Then applying Lemma 7.1 and Corollary 3.38 we deduce that
12&| > é(q—k1)_1(]‘lt(‘1t/2_1)Jrl and the result follows since |zCNH| < [HNPGL(V)| < tlgt(@*+a)/2,

If (a,t) = (2,3) then we may assume ¢ > 5 (see Table 7.1). Now if 2N H C B, where
B = PGSpy(q)?, then |2 N H| < ¢ and the result follows via Corollary 3.38 since (19) implies
that v(z) > 4. Now assume 2% N H € B, so r € {2,3}. If r = 3 then the proof of [6, 5.3] gives

. [I4,(,e)]2,(,d2[2] ifp 7& 3
V3 L] if p=3

(up to G-conjugacy) where w € K is a primitive cube root of unity. Therefore |z¢| > iqm
and the trivial bound |[2% N H| < |H N PGL(V)| < 6¢° is always sufficient. If » = 2 then
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without loss we may assume that z € Brw, where 7 = (12) € S3 fixes V3. Evidently there are
precisely three distinct B-classes of involutions in the coset Bm, with representatives 7, (1,1, 2)7
and (1,1, 2")m, where z and 2’ represent the two classes of involutions in PGSpy(q). If x is B-
conjugate to either (1,1,2)r or (1,1,2")w then z is G- conjugate to [ ily,il4), where i € K
satisfies > = —1. Therefore [2%| > 1¢?° and the bound |2¢ N H| < 6¢° is always sufficient. On
the other hand, if x is B-conjugate to 7 then |2¢| > 1 q'? since z is G-conjugate to [ I, Ig]. In
particular, 7 = 7y is G-conjugate to both mo = (13) and 73 = (23) and therefore |#¢ N H| < 3¢3
since Cp(m;) = PGSpy(q)%. The result now follows.

Finally, if € H — PGL(V) has prime order r then ¢ = ¢,
129 N H| < |H| < logy q.tlgz** %

and Corollary 3.49 gives [2¢| > %q(“%‘*at)/ 4. These bounds are always sufficient. O

8 Proof of Theorem 1.1: H € %5

In this final section we assume H is a maximal non-subspace subgroup in the classical collection
%s. As advertised in §5, we also include the %-subgroups of type Sp,,(¢) and O¢ (¢) in almost
simple groups with socle Gy = PSU,,(¢). Therefore Gy = PSL{,(¢) and the cases to be considered
are listed in Table 8.1 (see [18, Tables 4.5.A, 4.8.A]).

type of H conditions
(1) Spulg)  neven
(i) O5(a)  qodd
(i1) Un(g) €=+ q=q

Table 8.1: The collection %3

Proposition 8.1. The conclusion to Theorem 1.1 holds in case (i) of Table 8.1.

Proof. Here + = 1/n (see Table 1.2) and so we may assume n > 6. Let o be a Frobenius
morphism of G = PSL,(K) such that G, has socle Gy = PSL¢(¢). Let H = PSp,,(K) and
observe that H N PGL(V) < PGSp,,(q) = H.

Case 1. z € HNPGL(V)
Let x € HNPGL(V) be an element of prime order r, so [6, Theorem 1] implies that

dim 2 < (1 + 1> dim z¢. (38)
2 n
First suppose r = p > 2. Let A = (n%,...,1%) I n denote the associated partition of z and
let ¢ be the number of non-zero terms a; in A (note that odd parts in A must occur with an even
multiplicity). Since p is odd, the H-class of z is uniquely determined by A and applying (38) we
deduce that

1, G 1 q b G
NH| < 2t (2 )dlmx ’ G > = dimz —1' 39
2% N H] 2> 5 () @ (39)

If t = 1 then [6, 2.4] implies that dim % > %nQ and these bounds are always sufficient. Now

assume t > 3. Here the parity condition on the parts of A implies that

2 1

N 1
2.,

>2) (2i+1)+ > 2> S+ St = o,

=0 =1
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where o = | (t — 1)/3], and if we assume ¢ > 3 then the result follows via (39) since dimz¢ >
g(n,t), where g is given in the statement of Lemma 3.25. If t = 2 and A # (2,1"72) then
dim 2% > 4n — 8 (minimal if A = (22,1"7*)) and (39) is sufficient unless (n, q) = (6,3). Here we
may assume A = (22,12) (if not, then dimz® > 24 and (39) is sufficient) and direct calculation
yields f(z, H) < .637. Finally, if A\ = (2,1"2) then the bounds |% N H| < ¢" and [2%| >
%(q +1)71¢?"=3 are always sufficient.

Next assume r = p = 2. Then z is G-conjugate to [J}, I,, o] for some integer 1 <1 < n/2
and applying Lemma 3.20 and Proposition 3.22 we deduce that

1
‘JZG‘ > 5((] + 1)71q21(n71)+1' (40)
If [ is odd then z is H-conjugate to by, so 12¢ N H| < 2¢!™*1) and (40) is always sufficient.
Similarly, if [ is even then Proposition 3.22 implies that [z¢ N H| < 2¢/"~D 4 2¢!(»=41) and
again the desired result follows via (40). The case r = 2 < p is just as easy so assume r #* p and
ris odd. If Cz(z) is non-connected then Lemma 3.34 implies that r divides n and the bounds

r—1
26 N H| < 230Dz (=) 16 (L) g
2r \g+1

are always sufficient. Now suppose Cg(z) is connected. Let i > 1 be minimal such that 7|(¢’ — 1)
and define the integers [ and d as in Definition 3.32, and ¢ = ¢(7, €) as in the statement of Lemma
3.33. Observe that [ is even (or zero) and d is even if ¢ is odd. Then

G 1 q ad G
dim x

> (—— :

9> 5 (1)

where « =1 if e = — and i = 2 (4), otherwise a = 0. Applying (38) we deduce that

G
’

|29 N H| < log, q.288(3+7) dime

where 8 = 0 if 7 is even, otherwise § = %(3 —¢€). Now n > [ + dc and the reader can check that
these bounds are always sufficient by applying the lower bound on dim 2 from Lemma 3.33.

Case 2. z € H— PGL(V)
If z is a field automorphism of prime order r then ¢ = ¢ and (20) holds. The result now follows
since % N H C Hz (see Lemma 3.50) and Proposition 3.43 implies that

2% N H| < [Sp,(q) : Spa(g'/)] < 22" D0-7),

The same bounds hold (with r» = 2) if z is an involutory graph-field automorphism. To complete
the proof, let us assume x is an involutory graph automorphism of Gy, so

1 1
291 > S(g+1) Mgz e, (41)
where @ = 1 if x is non-symplectic, otherwise @ = —1. Let v be a symplectic-type graph

automorphism of Gg which centralizes H. If we identify GL, < Sp,, as the stabilizer of a
maximal totally singular subspace then we may assume that

. J o In/2
’y—(_J )ESp%, vvhereJ-(_In/2 >€Spn

and J is written with respect to the specific ordering {e1,...,ey/2, f1,- - ,fn/g} of a standard
symplectic basis for V. First assume Cg,(z) is symplectic. Then 2°NHC{helL(H): hy ~
v}, where the relation ~ signifies G,-conjugacy and I2(H) denotes the set of elements h € H
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such that h2 = 1. Now if ¢ is odd and h € Iy(H) satisfies C; (h)° = GL,, /2 then we may view h
as the block diagonal matrix [J, J] € Sp,,, and we deduce that Cg,(hy) is orthogonal since

_In

In fact, we see that hv is an orthogonal-type graph automorphism if and only if Cz(h)? = GL,, /2
Therefore

[n/4] ( 2 -
G 2j(n—23) In
|z ﬂH|<Z2q <2<q2—1>q4 (42)
7=0
and (41) is always sufficient. Now assume p = 2. Here hy ~ v if and only if hy € Sp,, is
conjugate to a, and this is true if and only if A is an a-type involution. Therefore (42) holds and
(41) is sufficient unless (n, q) = (6,2), where direct calculation yields f(z, H) < .658. Finally, if
x is non-symplectic then the desired result follows via (41) since

n/2

2
|CCGﬁH| < E :2qj(nfj+1) < 2< 2C] 1) qzn(n+2)
- q° —
Jj=0

Proposition 8.2. The conclusion to Theorem 1.1 holds in case (ii) of Table 8.1.

Proof. Here q is odd (see Table 8.1) and we may assume n > 3. Define G = PSL,(K), H =
PSO,,(K) and let o be a Frobenius morphism of G such that G, has socle Gy = PSL (q).
Observe that H N PGL(V) < PGOS (q) = H. If z € H N PGL(V) then we proceed as in the
proof of Proposition 8.1 and the reader is left to make the necessary minor adjustments. For
the remainder we will assume x € H — PGL(V') has prime order r.

If z is a field automorphism of prime order r then ¢ = ¢, (20) holds and Lemma 3.50
1mphes that 2 N H C Hz. Moreover, if either n or r is odd then 2 N H C Hz, where
H= Inndiag(PQ (¢)), and the desired result follows since Proposition 3.43 implies that

26 1 H| < (05 (q) : 05 (¢/7)] < 22"~ D(1=3),

Now assume both n and r are even, in which case € = + (see Remark 3.42). If ¢ = + then
Proposition 3.43 gives

2 N H| < |07 (9) : OF (¢"*)| + |07 (9) : 05, (¢2)] < g™V
and the result follows via (20). On the other hand, if ¢ = — then z induces an inner automor-

phism on H and again (20) is sufficient since Lemma 3.14 implies that

1.2

29N H| <ia(H) +1<2(1+q gi™ .

Similar reasoning applies when x is an involutory graph-field automorphism.

To complete the proof, let us assume z is an involutory graph automorphism. Let v be an
orthogonal graph automorphism of Gy which centralizes H. Now, if Cg,(z) is orthogonal (which
must be the case if n is odd) then Lemma 3.14 implies that

2 N H| < ip(H) +1 < 2(1+ ¢ Hgi™ =),

where n = (¢ (2). This bound with (41) is sufficient unless (n,q) = (3,3), where f(z, H) < .423
since io(H) = 9 and |zC| > |SL3(3) : SOs(3)| = 234. Finally, if n is even and Cg, () is
symplectic then |z¢ N H| is at most the number of involutions h € H such that hy € Gis a
symplectic graph automorphism. Identifying GL;,, < Sp,,, we may assume

In
7=<_% )6%%
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and arguing as in the proof of the previous proposition we deduce that h~y is a symplectic-type
graph automorphism if and only if C(h)? = GL,, /5. Therefore |29 N H| < 3¢""2/% and (41)
is sufficient for all n > 6. If n = 4 then we may assume ¢ = + (see Proposition 3.37) and we
calculate that f(x, H) < .711 for all ¢ > 3 since

1SO7 (9)] | 1807 ()]
|GL2(q)|  |GUa(q)|

[PSL4(q)|
1Sp4(q)|

1
2% N H| < =2¢%, |2 > > 10*(¢* — 1),

Proposition 8.3. The conclusion to Theorem 1.1 holds in case (iii) of Table 8.1.

Proof. We may assume n > 3. Let o¢ be a Frobenius morphism of G = PSL;,(K) such that
Gs, = PGL,(qo) and let v denote the inverse-transpose graph automorphism of G. Then

HNPGL(V) € Gyyy = PGU,(q0) < PGL,(q) = G,

where 0 = 02 and ¢ = ¢3. The argument for elements + € H N PGL(V) is straightforward.
For example, suppose x has odd prime order r # p and Cg(z) is connected. Let i > 1 (resp.
io > 1) be minimal such that r|(¢* — 1) (resp. |(gi° — 1)) and observe that i = in/2 if 7o is even,
otherwise i = ig. Define the integers [ and d as in Definition 3.32 (with respect to o-orbits) and
note that each non-trivial ogy-orbit is a union of two distinct o-orbits if ig # 2 (4), whereas o(y-
and o-orbits coincide if ig = 2 (4). In particular, d is even if iy #Z 2 (4) and we deduce that

_ ad : G
29 N H| < 2% logy go.272 Tlgg™ ",

where o = 0 if igp = 2(4), otherwise o = 1. Now [2z¥| > %qulm‘”G and the result follows by

applying the lower bound on dimz® given in Lemma 3.33 (with ¢ = i).

Now suppose z € H — PGL(V). If z € G is a field automorphism of odd prime order r then
go = q] and the bounds

n 1 n2— 1y
26 M H| < 2" 0077 g6 5 L2 n0r) -

obtained via Proposition 3.43 are always sufficient. If ¢ € G is an involutory field automorphism
then ¢° N H C H¢ (see Lemma 3.50) and ¢ induces an involutory graph automorphism on
H =PGU,(qp). Applying Lemma 3.14 we deduce that

n2+4n—2)

169 1 H| < ia(Aut(PSUn(q0))) < 2(1 + g5 1)gi (43)

Similarly, if ¢ € G is an 1nv01utory graph-field automorphism then we may assume 1) centralizes
H, whence ¢ N H| < io(H) 4 1 and again (43) holds (with ¢ replaced by ). Now if z = ¢

or 1 then |z%] > 1(n, ¢} — 1)_1q6L2*1 and one can check that (43) is sufficient unless (n,qo) €
{(4,3),(4,2),(3,4),(3,2)}. Let us assume (n, qo) is one of these exceptional cases. Now

n

2% > (n,q3 — 1) "“”H L),

where 8 = 1 if & = ¢, 8 = —1 if x = 9, and we calculate that (43) is sufficient unless
(n,q0) = (3,2). Here f(¢, H) < .609 since

|29 N H| = 3°|PSU3(2) : Q3(2)| = 3°.12, [2%] = 371 |PGL3(4) : PGL3(2)| = 3°.120,

where ¢ = 1 if PGL3(4) < G, otherwise ¢ = 0. Similarly, for 1) we have f(y, H) < .409 since
1% N H| < i2(PGU3(2)) + 1 = 10 and || > 280.
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Finally, let us assume x € G is an involutory graph automorphism of Gg, so

1 2
G n°+an—2
7| > — ) 44
291> 5 g (44)
where o = 1 if z is non-symplectic, otherwise & = —1. Then 26N H C Hz and each yea®nNH

induces a graph automorphism on PSU,,(qo) such that the centralizers Cpgy,, (4,)(¥) and Cg, ()
are of the same type. If z is non-symplectic (which must be the case if n is odd) then the bounds

2¢ N H| < 2(1(()n2+n_2)/2 and (44) are always sufficient; otherwise |% N H| < 2qén2_n_2)/2 and
we are left to deal with the case (n,qp) = (4,2). Here we calculate that f(z, H) < .519 since
2% N H| = [SU4(2) : Spy(2)| = 36 and |2¥| = [SL4(4) : Spy(4)| = 1008. O
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