EXTREMELY PRIMITIVE CLASSICAL GROUPS
TIMOTHY C. BURNESS, CHERYL E. PRAEGER, AND AKOS SERESS

ABSTRACT. A primitive permutation group is said to be extremely primitive if it is not
regular and a point stabilizer acts primitively on each of its orbits. By a theorem of
Mann and the second and third authors, every finite extremely primitive group is either
almost simple or of affine type. In this paper we determine the examples in the case of
almost simple classical groups. They comprise the 2-transitive actions of PSL2(q) and
its extensions of degree ¢ + 1, and of Sp,,,(2) of degrees 2™~ ! £ 2™~ together with
the 3/2-transitive actions of PSL2(q) on cosets of Dgy1, with ¢ + 1 a Fermat prime. In
addition to these three families, there are four individual examples.

1. INTRODUCTION

A non-regular primitive permutation group G on a set € is said to be extremely primitive
if a point stabilizer H = G, acts primitively on each of its orbits. Equivalently, G is
extremely primitive if H N H* is a maximal subgroup of H for all x € G\ H. Moreover,
by an old theorem of Manning [18], if G is extremely primitive on 2 then G, is faithful
on each of its orbits in 2\ {a}, so H N H? is also core-free in H. For example, every
2-primitive group G on {2 is extremely primitive, and the finite groups with this property
can be determined via the classification of finite simple groups.

By a theorem of Mann and the second and third authors [17, Theorem 1.1], every finite
extremely primitive group is either almost simple or of affine type, and the affine examples
are known up to a finite number of possibilities. The purpose of this paper is to determine
the examples in the case of almost simple classical groups. Our main theorem is the
following:

Theorem 1.1. Let G be a finite almost simple classical primitive permutation group, with
point stabilizer H and socle Gy. Then G is extremely primitive if and only if (G, H) is
one of the cases listed in Table 1.

Line G Type of H Conditions Reference

1 PSLqs(q) P qg>4 3.6&4.2,5.3,8.1
2 PSp,(2) O%(2) n >4 94&4.2,54

3 PSLa(q)  GLi1(¢?) G =Gy, q>2, g+ 1Fermat 5.3

4 PSL4(2) Ay 10.4

5 PSU4(3) PSL3(4) G =Go.2%20r G=Gp.2 10.4

6 PSL3(4)  Ag G =Gp22or G=Go.2 10.4

7 PSLy(11) As G = Gy 10.4

TABLE 1. The extremely primitive classical groups
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Remark 1.2. In Table 1, the type of H describes the approximate group-theoretic struc-
ture of H; this is consistent with the notation used in [14]. In the first row, P; denotes
a Borel subgroup of G, which is the stabilizer of a 1-dimensional subspace of the natural
Go-module. In the third row we require ¢ + 1 to be a Fermat prime, so ¢ = 22" for some
positive integer 7. The table contains each example up to permutational isomorphism (but
with the case Gy = Ag of degree 10 occurring in both line 1 and line 2). Note that we are
not claiming that every group of the given shape in rows 5 and 6 provides an extremely
primitive example — we refer the reader to the specific proposition recorded in the final
column of the table for the precise details.

Remark 1.3. A classification of the almost simple extremely primitive groups with a
sporadic or alternating socle is forthcoming in [6], and the extremely primitive groups of
exceptional Lie type will also be the subject of a future paper.

The proof of Theorem 1.1 requires a detailed analysis of the maximal subgroups of
finite classical groups. Let G' be an almost simple classical group over F, with socle Gy
and natural module V, where ¢ = p/ and p is a prime. The main theorem on the subgroup
structure of classical groups is due to Aschbacher. In [1], eight collections of subgroups of
G are defined, labelled C; for 1 < i < 8, and it is shown that if H is a maximal subgroup
of G such that G = GygH then either H is contained in one of these natural subgroup
collections, or it belongs to a family of almost simple subgroups which act irreducibly on
V' (we use Cy to denote this latter collection). A small additional collection of maximal
subgroups (denoted by Cyp) arises when Go = P (q) or Sp,(q)’ (¢ even), due to the
existence of certain exceptional outer automorphisms (see Section 11). See Table 2 for
a rough description of the C; families. A detailed analysis of the subgroups in the C;
collections with 1 < i < 8 is given by Kleidman and Liebeck [14], and throughout this
paper we adopt the notation therein.

C1  Stabilizers of subspaces, or pairs of subspaces, of V'

Co  Stabilizers of decompositions V' = @221 Vi, where dimV; = a
C3  Stabilizers of prime index extension fields of F,

C4  Stabilizers of decompositions V =V, ® V5

Cs  Stabilizers of prime index subfields of F,

Cs¢ Normalizers of symplectic-type r-groups

C;  Stabilizers of decompositions V = ®§:1 Vi, where dimV; = a
Cs Stabilizers of non-degenerate forms on V

Co  Almost simple irreducible subgroups of G

Cio Novelty subgroups (Go = PQy (¢) or Spy(q)’ (q even), only)

TABLE 2. The C; families

In the forthcoming paper [5], Guralnick, Saxl and the first author determine the pairs
(G, H), where G is a classical group as before, H is a maximal subgroup of G and HNH?* =
1 for some z € G. In the language of permutation groups, this provides a classification
of the primitive almost simple classical groups with a base of size 2 (here a subset of 2
is a base if its pointwise stabilizer in G is trivial). Of course, if (G, H) is such a pair
then |H|? < |G|, and it turns out that this condition is almost always sufficient. Clearly, if
HNH?® =1 for some x € G, for an almost simple primitive group G, then the corresponding
action of G on the set of cosets 2 = G/H is not extremely primitive, so the results in
[5] play an essential role in our analysis. In general, to prove that one of the remaining
cases (G, H) does not correspond to an extremely primitive group either we apply Lemma
2.2, which gives several sufficient conditions on the point stabilizer H, or we exhibit an
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explicit element x € G such that H N H” is not maximal in H. For some small values of
n and ¢, it is convenient to use the computer packages GAP [9] and MAGMA [3] for direct
calculation.

This paper is organized as follows. In Section 2 we fix our notation and we record some
preliminary results which will be useful in the proof of Theorem 1.1. The proof itself is
given in Sections 3 — 11, where we partition the analysis according to the 10 subgroup
collections listed in Table 2. More precisely, in Section 3 we handle the maximal reducible
subgroups of G, which comprise the C; collection. Next, in Sections 4 and 5 we consider
the subgroups in the Co and Cs collections, while the tensor product subgroups (comprising
the C4 and C; families) are quickly dealt with in Section 6. In Section 7 we prove Theorem
1.1 in the case where H is a subfield subgroup, and the subgroups in Cg and Cg are handled
in Sections 8 and 9, respectively. Finally, we deal with the subgroups in the remaining Cog
and Cig collections in Sections 10 and 11.

Acknowledgments. The authors thank an anonymous referee for his extremely careful
reading of the manuscript, and for numerous helpful suggestions and comments.

2. PRELIMINARIES

2.1. Notation. We start by fixing some of the notation we will use throughout the paper,
most of which is standard. Let G be a finite group and let n be a positive integer. Then
Z, and D,, denote the cyclic and dihedral groups of order n, respectively, and we write
[n] for an unspecified solvable group of order n. By G™ we denote the direct product of n
copies of G, and Soc(G) is the socle of G (the product of the minimal normal subgroups
of G). In addition, we use Z(G) and F(G) to denote the centre and the Fitting subgroup
of G, respectively, while F, is the field of ¢ elements. For integers a and b, (a,b) denotes
the highest common factor of a and b, d, is the familiar Kronecker delta, and Mgy (k) is
the set of a x b matrices over the field k.

As previously remarked, we adopt the standard notation of [14] for classical groups.
There are several exceptional isomorphisms between the low-dimensional classical groups:

Q3(q) = PSpy(q) = PSUa(q) = PSLa(q), PQ; (q) = PSLa(4?),

Q5(q) = PSpy(q), PQG(g) = PSLi(q)

(see [14, Proposition 2.9.1]). Consequently, if Gy is a simple classical group with natural
module of dimension n then we will assume n > 3 if Gg is unitary, n > 4 if G is symplectic,
and n > 7 if Gy is orthogonal. In addition, if ¢ is even then Qa,,41(¢) = PSpy,,(¢) for all
m > 1, whence we will assume ¢ is odd if G is an odd dimensional orthogonal group.

Finally, a note on our terminology for automorphisms. Let L be a finite simple group
of Lie type. By a theorem of Steinberg [20, Theorem 30|, every automorphism of L
is a product of the form idfg, where i is an inner automorphism of L, d a diagonal
automorphism, and f and g are field and graph automorphisms of L, respectively. In
this paper we adopt the terminology of [10, Definition 2.5.13] for the various types of
automorphisms of L.

2.2. Preliminary results. Let G be a primitive permutation group on a finite set €2 with
point stabilizer H. Recall that a subset B of 2 is a base for G if the pointwise stabilizer
of B in G is trivial; we write b(G) for the minimal size of a base for G. Determining b(G)
is an interesting problem, with important applications in computational group theory (see
[19, Chapter 4], for example). Bases for almost simple classical groups are studied in
[4, 5], and the examples which admit a base of size two are determined in [5]. Of course,
if b(G) = 2 then H N H* = 1 for some = € G, and thus G is not extremely primitive
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(note that a maximal subgroup of an almost simple group cannot be of prime order). This
trivial observation, combined with the main theorem of [5], plays an essential role in our
analysis.

Lemma 2.1. Let G be an almost simple permutation group, and let b(G) be the minimal
size of a base for G. If b(G) = 2 then G is not extremely primitive.

The next lemma provides four conditions on the point stabilizer H, each of which implies
that G is not extremely primitive.

Lemma 2.2. Suppose |H| is composite and one of the following conditions hold:

(i) Z(H) #

ii) F(H) is not elementary abelian.
(111) F(H)

iv) F'(H) is an elementary abelian group Z;, but H/F(H) is not isomorphic to a
subgroup of GLc(p).

is an elementary abelian group Z7, but |Q| — 1 is indivisible by p°.

Then G is not extremely primitive.

Proof. First recall Manning’s theorem: if G is extremely primitive then H = G, is faithful
on each of its orbits in 2\ {a} (see [18]). Now, if either Z(H) # 1 or F(H) is not a p-group
for some prime p then H cannot have a faithful primitive permutation representation. Now
suppose the Fitting subgroup F(H) is a p-group and let £ Z,, be an elementary abelian
characteristic subgroup of H. Then all primitive faithful permutation representations of H
are of affine type of degree p°, so if |2| — 1 is indivisible by p€, or if H/FE is not isomorphic
to a subgroup of GL.(p), then G is not extremely primitive. Finally, if F(H) # E then
H cannot have a primitive faithful permutation representation of degree p® because the
point stabilizers in such a representation, considered as subgroups of GL.(p), would have

nontrivial normal p-subgroups, and hence would not act irreducibly on the vector space
Fe. O
P

Lemma 2.3. Let Hy be a simple group of Lie type over a finite field of order a power of
a prime p, and let H be an extension of Hy by a subgroup of the group generated by the
diagonal and field automorphisms of Hy. Let K be a subgroup of H containing a Sylow
p-subgroup of Hy such that K N Hy is properly contained in a mazximal parabolic subgroup
of Hy. Then K is not maximal in H.

Proof. Let S be a Sylow p-subgroup of Hg contained in K, so S < Ky where Ky = KN Hy.
Since Hy is normal in H, it follows that Ky is normal in K, and so by the Frattini argument,
K = KoNgk(S). Now HoNk(S) properly contains KoNg(S) = K, so if HNk(S) # H
then K is not maximal in H. Thus we may assume that H = HoNg(S).

Let My be a maximal parabolic subgroup of Hy properly containing Ky. Then My
contains a Borel subgroup B of Hj containing S, and B is a normal subgroup of Ng(S).
Moreover the maximal subgroups of Hy containing B form a set of pairwise non-conjugate
maximal parabolic subgroups P; of Hy, in one-to-one correspondence with maximal proper
subsets J of vertices of the corresponding Dynkin diagram of Hy, see [7, Theorems 8.3.2 and
8.3.3]. Since H contains only diagonal and field automorphisms of Hy, Ny (S) normalizes
each maximal parabolic subgroup P; containing B. In particular, My is Nk (S)-invariant.

Set M = MyNg(S). Then M contains KoNg(S) = K. Also, since H = HyNg(S5) it
follows that H = HoM = HyK and hence |H : Hy| = |M : My| = |K : Kp|. This implies
that |M : K| = |My : Ko| and |H : M| = |Hy : My|, and hence K is not maximal in H. [
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3. REDUCIBLE SUBGROUPS

Let G' be an almost simple classical group over [F, with socle Gy and natural module
V of dimension n, where ¢ = p/ for a prime p. Write Gy = Q(V)/Z where Z is the
centre of the quasisimple group Q(V'), and let I(V') denote the full isometry group of the
appropriate Q(V)-invariant non-degenerate form on V', or GL(V) if Gy = PSL(V). In fact,
in the linear case we equip V with the trivial all-zero form, and regard every subspace of
V' as totally singular.

We begin the proof of Theorem 1.1 by considering the subgroups in Aschbacher’s C;
collection, comprising the stabilizers in G of non-degenerate or totally singular subspaces
of V, or pairs of subspaces in the linear case. In addition, if G is an orthogonal group and
p = 2 then we also consider the stabilizers of 1-dimensional non-singular subspaces of V.
The list of cases to be considered is given in [14, Table 4.1.A]. Recall that we may assume
n > 2,3,4,7 in the case of linear, unitary, symplectic, and orthogonal groups, respectively.

Let H € C; be a maximal subgroup of G and let Q2 = G/H be the primitive G-set of
right cosets of H in G. The action of G on () is permutation 1s0morphlc to the action of
G on the set of right cosets of a maximal subgroup M < G, where G is the appropriate
‘lift’ of G containing (V). Therefore, for the purpose of determining whether or not the
action of G on (2 is extremely primitive, we may replace G by G, and H by M.

Lemma 3.1. Let G be a symplectic, unitary or orthogonal group. Then G acts transitively
on the set of orthogonal decompositions of V as a sum of two non-degenerate subspaces of
given dimension (and, in the orthogonal case, of given type).

Proof. Suppose V =U; L Wy = Uy L W, where Uy and Us are non-degenerate subspaces
of the same dimension and type. By Witt’s Lemma (see [2, Section 20|, for example),
there exists g € I(V) with U{ = U,. Moreover, since S = [(U) x I(Us") is the stabilizer of
Us in the full isometry group I(V'), we have I(V) = Q(V)S and hence there exists h € S
such that gh € Q(V) and Ufh = Us. O

Proposition 3.2. Let G be a symplectic, unitary or orthogonal group, and let H = Gy
be the G-stabilizer of a non-degenerate k-subspace U of V with k < n/2. Then G is not
extremely primitive.

Proof. Here V.= U L U' and Lemma 3.1 implies that the permutation domain Q of G
can be identified with the set of non-degenerate k-dimensional subspaces of V. Since H is
maximal in G, either k < n/2, or Gy = P, (¢), k = n/2 is even and €, (¢q) x €} (¢) < H.
In any case, we have Q(U) x Q(U+) < H (see [14, Lemma 4.1.1(ii)]).

If Z(Q(U)) # 1or Z(Q(U™)) # 1 then Z(H) # 1 and thus G is not extremely primitive
by Lemma 2.2(i). Suppose these centres are trivial. If Q(U) # 1 then the socle of H
is not the product of isomorphic simple groups, again implying that G is not extremely
primitive. The only classical groups with Q(U) = 1 are the 1-dimensional orthogonal
groups, so we have reduced to the case where G is orthogonal and k£ = 1. Further, since
U is non-degenerate, we note that ¢ is odd.

Let U = (u) and let @ denote the underlying non-degenerate quadratic form on V.
Let W be a 2-dimensional anisotropic subspace of V' containing (u), so Q(w) # 0 for all
non-zero w € W. Then W N U+ = (v) for some v € V. Since ¢ is odd, (v) # (u) and we
may also choose a third subspace (w) of W, different from (u) and (v). Let Gy () and
G (wy,w denote the subgroups G,y N G,y and G,y N Gw, respectively, so we have

Clearly, the inclusion G, w < G, is proper. We claim that the first inclusion is also
proper, proving that G is not extremely primitive. Indeed, G, (. acts trivially on W
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while G,y moves every l-subspace of W different from (u) and (v), because Gy is
permutation isomorphic to Dy, 1) on its natural domain of g + 1 points. O

Proposition 3.3. Let G be an orthogonal group with n,q even, and let H = Gy be the
G-stabilizer of a non-singular 1-dimensional subspace U of V. Then G is not extremely
primitive.

Proof. We proceed as in the final paragraph of the proof of Proposition 3.2. Let U = (u)
and let W be a 2-dimensional anisotropic subspace of V containing U. Then WNU* = (u)
and G% = Dy(4+1) acts on an odd number of points, so G,y y moves every point (w) # (u)
in W. Therefore (1) holds and both of the inclusions are proper. The result follows. [

Next we turn to the stabilizers of totally singular subspaces (recall that in the case of
linear groups, all subspaces are considered totally singular). Here our analysis relies on the
following lemma, which describes precisely when the unipotent radical of such a subgroup
is elementary abelian.

Lemma 3.4. Let H = Gy be the G-stabilizer of a totally singular k-subspace U of V,
where k < n/2. Then the unipotent radical Ry of H is elementary abelian if and only if
one of the following holds:

(i) G is linear.

(ii) G is symplectic, q is even and k = 1.
(iii) G is orthogonal and k = 1.
(iv) k=n/2.

Proof. First consider the linear case. We may assume that U = (eq,...,ex), for the first
k vectors e; of a basis of V. With respect to such a basis, the elements of Ry have matrix

form
e 0
(4

where A is an arbitrary matrix over F, of size (n—k) x k, and I,,, denotes the m-dimensional
identity matrix. It is clear that such matrices commute and have order p, where p is the
characteristic of the underlying field F,.

Now assume G is a symplectic, unitary or orthogonal group. Set F = F 2 in the unitary
case and F = F, in the other two cases. We may assume that U = (ej,...,e;) and
VUL = (L +U*, ..., fr +UL), where eq,...,ex, f1,..., fr are part of a standard basis
for V' (in the sense of [14, Chapter 2]), so the underlying sesquilinear form § on V takes
the following values:

ﬁ(ei7€j> = B(fzvf]) = 07 ﬁ(ezafj) = 61,]

for all 1 < 4,5 < k, where §;; = 0if ¢ # j, and 1 if i« = j. We extend this basis
for U to an ordered basis B = (e1,...,€k V1, .-, Un_2k, frs--., f1) for V so that U+ =

(1, ., €k, V1, ..., Up_2k). In terms of this basis, the elements X € Ry are of the form
I 0 0
X=| A Lo 0 (2)
B C I

where A, B, C are matrices over F of dimensions (n—2k) x k, kx k, kx (n—2k), respectively.
Moreover, we may choose the v; so that B is standard in the sense of [14, Propositions
2.3.2, 2.4.1, 2.5.3], so the matrix representing the sesquilinear form with respect to B will
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have shape
0o 0 J
J = 0 K 0
J 0 0

and the submatrices J, J" and K have the following properties:

(i) J € kak(]F), where Jij =1if i+ j=k+ 1, otherwise Jij = 0;
(il) J' = ¢'J, where ¢ = —1if G is symplectic, and ¢’ = 1 in the unitary and orthogonal
cases;
(iii) K is the matrix of the form induced on U+ /U relative to the ordered basis (vi +
U,...,n_ox+U). This matrix satisfies K7 = ¢'K in the symplectic and orthogonal
cases (with ¢ as in (ii)), while K7 = K = K if G is unitary.

Here X7 denotes the transpose of a matrix X and, for a matrix X = (X;;) over F 2 X
denotes its image under the Frobenius map (X;;) — (Xf])

The condition that a matrix X € M,;,«,(F) preserves the form defined by J is that
J =XJXT in the symplectic or orthogonal cases, and J = XJXT in the unitary case.

For a matrix X as in (2), this is equivalent to requiring that the following two conditions
hold:

Symplectic/Orthogonal Case Unitary Case
(I) JAT = —CK J’_AT =-CK
(IT) ~-CKCT =BT +BJ  —-CKCT=JBT+BJ

Satisfying (I) and (II) is equivalent to being in Ry in the symplectic, unitary, and odd
characteristic orthogonal cases. However, if G is orthogonal with n even and p = 2 then (I)
and (IT) are only necessary conditions — in addition, X must also preserve the quadratic

form on V defined by

n/2
Q:(x1,...,2n) sz‘xnﬂ—z‘- (3)
i=1
Two elements
I 0 0 I 0 0
Xi=\| A Ligp 0 |, Xo=| Ay L9 O (4)
B, Ci I By Cy I

of Ry commute if and only if Cy4; = C1Ay. By using (I) to express C in terms of
J', A and K (using the fact that J' and K are both invertible), we deduce that this
commutativity criterion is equivalent to the conditions

ATKTA) = ATK ' Ay, AyTK 14y = AT K14 (5)

in the symplectic/orthogonal and unitary cases, respectively.

If £ = n/2 then (5) is satisfied vacuously, and it is also clear that Ry is elementary
abelian. Now assume k < n/2. We claim that any matriz A € M(,,_op)xx(F) may occur
in the (2,1) block position of an element of Ryy.

To see this, first observe that any given matrix A determines C' uniquely by (I), so by
(IT), the entries b;; of B can be chosen arbitrarily for i + j < k + 1, and b;; determines
bit1—jk+1—i uniquely. In the symplectic case, the entries b; ;41—; cancel out in (II) and
so they are arbitrary, whereas in the unitary case, (II) gives g solutions for each b; j41—;.
Similarly, if G is orthogonal and ¢ is odd then (II) determines b; j41—; uniquely. Therefore,
to establish the claim we may assume G is orthogonal and p = 2.
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Here the b; y+1—; cancel out in (II), but we claim that respecting the quadratic form @
defined in (3) determines them uniquely. To see this, suppose G is orthogonal and assume
that X7, X9 in (4) satisfy A7 = As (and hence C; = C9) and the entries with indices
i+ j < k+ 1 coincide in By and By. Then

I 0 0
X1 X, = 0 Inor O
B1 — B> 0 I
where all entries of B; — By not on the off-diagonal (i,k + 1 — ¢) are equal to 0. Denote
the entry of By — Bs in position (i, k + 1 —4) by b;. Taking the images of ey, ..., e, under
X1X, 1, (3) implies that

0= Q(ez) = Q(einXQ_I) = bi . 1,

so b; = 0 for all 7. Hence, for any A; and for any ‘upper-half’ of B, there is at most one
element X € Ry with these entries. The number of possibilities for A; and the upper-
half of B is ¢k(n—2k)+k(k=1)/2 and by [14, Proposition 4.1.20], this number is equal to |Ry]|.
Hence for each A; and for each upper-half of B, there is exactly one solution. This justifies
the claim.

Let (z1,...,x%) and (y1,...,yx) be the sequence of columns in A; and Ag, respectively,
for two matrices X1, X2 € Ry as in (4). By the above claim, if k£ > 2 then we may choose

' =(1,0,0,...,0), v =(0,0,...,0), ¥ =(0,0,...,0,1).

Then the (1,2) positions of the products on the two sides of the equations in (5) are zero
and non-zero, respectively, so Ry is nonabelian. Finally, suppose k£ = 1. If G is symplectic
we set
z] = (1,0,0,...,0), yi =(0,0,...,0,1),

in which case (5) yields the equation 1 = —1, so p = 2 is the only possibility. Similarly, if G
is unitary then we may choose 1 = (1,0,0,...,0) and y = (0,0, ...,0,w) with IFZQ = (w),
so w = w? from (5), a contradiction. Finally, if G is orthogonal, or if G is symplectic and
p = 2, then it is straightforward to check that Ry is elementary abelian. (Il

We also need the following number-theoretical lemma.

Lemma 3.5. Let g be a prime power and let n > k > 1 be integers. Then

k n+1—i

i=1\4 -1
Hk 1( — ) Eq—|-1 (mod q2).
[i= (g"1 =t = 1)

Proof. For fixed k and g, we proceed by induction on n. Let
k k
f(n) — H(qn—l—l—z _ 1) H(qk—i-l—z _ 1)—1‘
i=1 i=1
The base case is f(k+ 1) = (¢*** — 1)/(q — 1) which is obviously congruent to ¢ + 1 mod
q?. Suppose f(n) = ¢+ 1 (mod ¢?). Then

G IS )

1) = f(n) = (@ = 1) = (@78 = )] S — = kL

[T (g5 = 1) B
for some integers A, B, where ¢ does not divide B. Therefore ¢* divides f(n + 1) — f(n)
since n > k, so f(n+1) = ¢+ 1 (mod ¢?) as required. O

Proposition 3.6. Let H = Gy be the G-stabilizer of a totally singular k-subspace U
of V, where k < n/2. Then G is extremely primitive if and only if n = 2, k = 1 and
Go = PSLa(q), as in line 1 of Table 1.
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Proof. With one exception, the permutation domain 2 of G' can be identified with the set
of k-dimensional totally singular subspaces of V; the only exception is when Gy = P, (q)
and k = n/2. In this latter case, the maximality of H implies that Q = U® consists of
those subspaces W such that UNW has even codimension in both U and W (so € contains
half of the totally singular k-subspaces of V).

In all cases, the unipotent radical R of H is nontrivial. If R is not elementary abelian
then G cannot be extremely primitive by Lemma 2.2(ii). According to Lemma 3.4, R is
elementary abelian if and only if one of the following hold:

(i) Go = PSL,(q), k arbitrary. In this case,

15 (gt — 1)
15 (k=i - 1)

9] =

and |R| = ¢F("=k),

(i) Go = PSp,(g), k = n/2. Here || = [TE,(¢' + 1) and |R| = ¢"++D/2.

(iii) Go = PSp,(q), p =2, k = 1. In this case, |Q| = (¢" —1)/(¢ — 1) and |R| = ¢" "

(iv) Go = PQ(q), k = 1. If n is odd then || = (¢"~! —1)/(¢ — 1), otherwise
Q] = (¢"/? —&)(¢"/* 1 +¢)/(g—1). In all cases |R| = ¢" 2.

v) Go = PQf(q), k = n/2. In this case |Q| = 1-6;1 ¢*+1) (see the opening paragraph
n =1

of the proof) and |R| = ¢*(+~1)/2,

(vi) Go = PSU,(q), k = n/2. Here |Q = [}, (¢* ' +1) and |R| = ¢*".

In all six cases, || = ¢ + 1 (mod ¢?). This follows from Lemma 3.5 in case (i), and
from trivial calculations in the other cases. Hence, by Lemma 2.2(iii), if |R| > ¢ then G
is not extremely primitive. Since we assumed that n > 3,4,7 in the unitary, symplectic
and orthogonal cases, respectively, the condition |R| = ¢ implies that Gy = PSLa(q) with
G acting on g + 1 points (so H is a Borel subgroup of G). This possibility indeed gives
2-transitive, extremely primitive examples, and we record this case in Table 1, line 1. [J

Proposition 3.7. Suppose Gy = PSL,,(q) and H is the G-stabilizer of a pair of subspaces
{U, W} of V, where either V.=U@W, or U CW and dimU + dimW = n. Then G is
not extremely primitive.

Proof. Here G contains a graph automorphism of Gy, and H NGy is not maximal in Gy (so
H is a novelty subgroup of G). Set H = H NPGL(V) and let Wy # W be a subspace of
V with dim W5 = dim W. In addition, let us assume that either V. =U @& W5, or U C Wy
in the two cases under consideration, respectively. Then there exists z € Gy with U* = U
and W* = W,. For this particular element = we have H N H* < H because no element
of H exchanging U and W can also exchange U and Wj. Moreover, the containment
H N H® < H is proper because there are elements of H that stabilize W but do not
stabilize Ws. Therefore we have a chain of proper subgroups H N H* < H < H, and thus
G is not extremely primitive. O

4. IMPRIMITIVE SUBGROUPS

The subgroups of G in Aschbacher’s Cy collection are the stabilizers of direct sum
decompositions
V=VieVe oV
of the natural Go-module V, where kK > 2 and dimV; = m for all i. We will write

(V1,..., Vi) to denote such a decomposition of V. In the unitary, symplectic and orthog-
onal cases we require that either the V; are non-degenerate and pairwise orthogonal, or
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k = 2 and Vi, V; are totally singular. See [14, Table 4.2.A] for a complete list of the
subgroups in the Cy family. In all cases the stabilizer permutes the V; transitively.

Proposition 4.1. If m > 2 and k > 3 then G is not extremely primitive.

Proof. If G is not linear then the decomposition a = (V4,..., V%) is orthogonal with non-
degenerate V;. In all cases, H contains a normal subgroup N = Hle H;, where H; is
a classical group on V; and all the H; are isomorphic and nontrivial. Consider another
decomposition

B =Wy, Wo, Vg, ..., V)
with (V1,Va) = (Wy, W) and 8 orthogonal in the nonlinear cases. By Witt’s Lemma,
there exists z € G that maps « to 3, so the stabilizer of 8 in G is H*.

Suppose that G is extremely primitive. Then H acts faithfully and primitively on its
orbit 4, and hence its normal subgroup N acts faithfully and transitively on BH. This
means in particular that no nontrivial normal subgroup of N fixes an element of 3.
However since k > 3, Hs is a nontrivial normal subgroup of N and Hj fixes 8, which is a
contradiction. g

Proposition 4.2. If m > 2 and k = 2 then G is extremely primitive if and only if
Go = PSp4(2)" and the V; are non-degenerate, as in lines 1,2 of Table 1 with ¢ =9 and
with (n,e) = (4, —), respectively.

Proof. We distinguish several cases according to the nature of the blocks in the decompo-
sition V' = V1 @ V5 fixed by H. Again write F = F 2 if G is unitary, otherwise F = F.

Case 1: The blocks are totally singular. First assume V) and Vi are totally singular
subspaces. Since m > 2, it follows in particular that |[H| > 2. Now Gy, does not fix V;.
Let x € Gy, such that Wy := V¥ # Vi. Then H” is the stabilizer of the decomposition
(W1, Va), and we have H N H* < Hy, < H. The second inclusion is proper since H
interchanges V1 and V5. If the first inclusion is proper then this H-action is imprimitive so
G is not extremely primitive. If H N H* = Hy, then the corresponding H-orbit has length
|H : Hy,| = 2 and the kernel of the H-action is Hy, # 1 (since |H| > 2), so again G is not
extremely primitive, since in an extremely primitive group each H-action is faithful.

Case 2: The blocks are non-degenerate and |F| > 2. Now suppose G is nonlinear and
(V4, V2) is an orthogonal decomposition and each V; is non-degenerate. In addition, let us
assume |F| > 2. For a subspace U of V let Rad(U) = U N U~ denote the radical of U.
Write V; = (e;, f;) L Vi with {e;, fi} a hyperbolic pair, and define
Wi =(e1+ea, f1) L Vi, Wa=(ez, f1— f2) L Va.

It is easy to check that Wi and W5 are non-degenerate, the indicated decomposition of
each W; is orthogonal, and V= Wy 1 Ws. By Witt’s Lemma, there exists x € G such
that H” is the stabilizer of the orthogonal decomposition (Wi, Ws) of V.

Suppose g € HNH* and Vig = V5. Then W39 = W; because dim(ViNW;) =m—1>0
and dim(V; N Wy) = 0, so g cannot map Wj to Wy. Hence (Vi N Wi)g = Vi N W;. We
also have Rad(V1 N W) = (f1), so (f1)g = (f1). Summarizing, we have g € Hy, say
fig = caf1, and e1g = creq + uy for some u; € (f1) L Vi. Similarly, since Vog = Vb,
Wag = W3 and (e2) = Rad(Va N W2) we deduce that g € H,), say eag = c3ez, and also
f29 = cafo + ug for some up € (ea) L V.

We claim that ¢; = ¢3 and ¢ = ¢4. Indeed, since (e1 +e2)g = c1e1+czea+up € Wi and
up € (f1) L Vi C W, it follows that ¢1eq + c3eo must lie in W5 and hence must be a scalar
multiple of e; +es. Similarly, (f1 — f2)g = cofi —cafo—us € Wa and us € (e2) L Vo C W,
implying that co fi — ¢4 fo is a scalar multiple of f; — fs.
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A similar argument shows that if ¢ € H N H® and Vig = V5 then Wig = W5 because
m—1=dim(Vi NW1) # dim(VaNW;) = 0 and we have f1g € (e2) because Rad(V; N W)
must be mapped to Rad(Va N W3). Analogously, eag € (f1) and thus

HOH" < Hyp), ey < H-

We claim that the first inclusion is proper. If equality holds then HNH*NHy;, = H(p,) (),
which is a contradiction because |[F| > 2 and thus Hy,) (,) contains an element h with
the property ejh = cieq + uy for some uy € (f1) L Vi and eah = czeq, with ¢1 # c3. The
result follows.

Case 3: The blocks are non-degenerate and |F| = 2. Here ¢ = 2 and G is symplectic or
orthogonal. First assume G is symplectic, so m is even. If m = 2 then || = 10 and
G is an extremely primitive, 2-transitive group. (Since PSp,(2)’ = PSLy(9), in Table 1
this example is recorded in line 1 as Gy = PSL2(9) with H of type Pi, and also it is
permutationally isomorphic to the example in line 2 with H of type Oy (2).) If m = 4
then a GAP [9] computation reveals that |H N H*| = 64 for some z € G, so if S is a Sylow
2-subgroup of H containing H N H* then H N H* < S < H. Moreover, both containments
in this subgroup chain are proper, so G is not extremely primitive.

Now assume m > 4. Write V; = W; L V;, where each W; is a 4-dimensional non-
degenerate subspace. By the above analysis of the case m = 4, there exists € Sp(W; L
Ws) such that H N H* < (Sp(V1) x Sp(V2)).S < H for some Sylow 2-subgroup S of
Sp(W1 L W3). Therefore G is not extremely primitive.

For the remainder, let us assume G is an orthogonal group. Since k = 2, the only
possibility is Go = Q,}(2) with n > 8. There are two possibilities for H, depending on the
type of the non-degenerate subspaces V; in the decomposition V = V; L V5 stabilized by
H. First assume the V; are both plus type subspaces. If n = 8 then an easy calculation
with MAGMA [3] shows that there exists € G with H N H* < L < H for some subgroup
L of H, with proper containments, so G is not extremely primitive. The general case
n > 8 quickly follows from the n = 8 case, by arguing as above in the symplectic case.
The same argument also applies when the V; are minus type spaces. (|

To complete our analysis of the imprimitive subgroups we may assume m = 1, so
Go = PSL{ (q) or PO (q).

Proposition 4.3. If m =1 and Gy = PSL; (q) then G is not extremely primitive.

Proof. If ¢ = + then [11, Theorem 1.4] states that b(G) = 2, so G is not extremely
primitive by Lemma 2.1. Now suppose ¢ = —. If ¢ + 1 is not prime then F(H) is not
elementary abelian, so we may assume ¢ is even and ¢ + 1 is a Fermat prime. By [5,
Proposition 3.1] we have b(G) = 2 unless (n,q) = (3,4), or ¢ =2 and 4 <n < 7. It is easy
to check that G is not extremely primitive in each of these remaining cases. For instance,
if ¢ = 2 then
_ [SUL(2)]

121 = 3n—1n!
(see [14, Proposition 4.2.9]) and |F(H)| is divisible by 3"~2. However, [©2| — 1 is not
divisible by 3”2 when 4 < n < 7, so G is not extremely primitive by Lemma 2.2(iii). [

Proposition 4.4. If m =1 and Gy = PS2;,(q) then G is not extremely primitive.

Proof. Here n > 7 and the maximality of H implies that ¢ = p > 3 and G < PGO;,(p), so
H < 2" 1.S,. By [5, Proposition 3.1], we have b(G) = 2 unless ¢ =3 and n < 8. If ¢ = 3
then |SOE( )|

o= Dl
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and |F(H)| is divisible by 2”72, It is easy to check that || — 1 is not divisible by 2"~2
when n = 7 or 8, so the desired conclusion follows via Lemma 2.2(iii), as before. O

5. FIELD EXTENSION SUBGROUPS

In this section we assume the point stabilizer H belongs to Aschbacher’s C3 collection
of maximal subgroups of G, so H corresponds to a field extension - of I, for some prime
T.

Before we consider the various possibilities for G and H, let us give an explicit de-
scription of a natural embedding GLy,(¢?) < GLam(g). We start with an F-basis
{v1,v2, ...,y } for the natural GL,,(¢?)-module W. Let

f(x) =2? —ax — b € Fyl] (6)
be an irreducible polynomial and let v € Fy2 be a root of f. Note that b # 0 since f is
irreducible. Then f(u?) = 0 so b = —ui*! and a = u + u? = T'(u), where T : F 2 — F is
the familiar trace map defined by 7": A — A + A9. Now {1,u} is an F,-basis for F,» and
thus {v1,v2,...,0m, uv1, uvy, ..., uvy} is an Fy-basis for the natural GLg,,(¢)-module V.

Suppose A = (a;j) € GLu(¢?) and a;j = a;j + ubyj, where a;;,b;; € Fq. Then

A vy Z (aijv; + bij(uv;))
j=1
and

m

A uv; Z aij(uv;) + by (u?vy)) Z (bijbuj + (ai; + absj)(uvy))
J=1 J=1

since u? = au + b. Hence, by introducing the matrices Ag = (a;;) and A; = (b;;), we see

that the action of A on V is given by the matrix

Ao | A
A= ( bA; ‘ Ag + aAq (7)
with respect to the specific basis ordering (vi,va, ..., Up, uvy, uv, . . ., Uvy,).

We now begin the case-by-case analysis of the various possibilities for G and H, as listed
in [14, Table 4.3.A]. Our first result provides a reduction to the case r = 2 (recall that H
corresponds to the field extension Fy- /IF, for some prime r).

Proposition 5.1. If r > 3 then either b(G) = 2, or Gy = PSpg(q) and H is of type
Sp2(a?)-

Proof. This follows from [5, Proposition 4.1]. O

In view of Lemma 2.1, if » > 3 then we may assume Gy = PSpg(q) and H is of type
Spy(g?). This special case is dealt with in the next proposition.

Proposition 5.2. Suppose Gy = PSpg(q) and H € Cs is of type Spy(q*). Then G is not
extremely primitive.

Proof. If ¢ < 3 then the result is easily checked using MAGMA [3], so we will assume g > 4.
Here HNGo = Hy.{c), where Hy = PSp,(¢®) and o is a field automorphism of Hy of order
3 (see [14, Proposition 4.3.10]). Let W = V5(¢®) be the natural Ho-module and let {eq, f1}
be a symplectic basis for W with respect to the standard non-degenerate symplectic form

B on W with matrix
01
k=(14) ®)
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Then 8 = TS is a non-degenerate symplectic bilinear form on the natural Gy-module
V = Vis(q) (see [14, p.111]), where T : A — A + A? 4+ AZ is the trace map from Fys to Fy.
Let

f(x) = 2 — az® — br — ¢ € Fy[a] (9)
be an irreducible polynomial and let u € F s be a root of f. Since the coefficients of f lie
in the subfield F, we have f(u?) = f (u?”) = 0 and thus

a=T(u)=u+u?+ u, b= ~T(u') = —(u!T7 4 uiIte 4 u1+q2), ¢ = ultete’,
Now {1,u,u?} is an Fy-basis for F,s, whence {e1, f1,uer, uf1, u?er,u? f1} is an Fy-basis for
V. In addition, using the above relations, we calculate that
T(u?) = a® +2b, T(v*) =a® + 3ab+ 3¢, T(u) = a*+ 2b® + 4a®b + 4ac,
whence the matrix J representing the form § on V is given by the block-matrix

3K aK (a® +2b)K
J = aK (a® 4+ 2b)K (a® + 3ab+ 3c)K
(a2 +2b)K  (a®+3ab+3c)K  (a* + 20> + 4a?b + 4ac)K

with respect to the specific basis ordering (ey, f1, uer, ufi,u?er, u?f1). Now, if A = (ay5) €
Spy(q?) and a;j = a;j + ubi; + UQCZ'J' with a;j,bij,¢ij € Fg, then it is straightforward to
check that A acts on V by
Ao Ay Az
A= cAs Ag + bAs A +aAs ,
C(Al + CLAQ) bA1 + (ab + C)AQ Ag+adi + (a2 + b)A2

where AO = (az-j), A1 = (b”) and A2 = (Cz‘j)-

Case 1: p = 2. Here we may assume a = 0 and ¢ =1 in (9), so

K 0 0 Ay A Ay
J = 0 0 K and A = Ay A+ bAs Aq . (10)
0 K 0 A1 bA;+ Ay Ag+bAs
Let
K 0 0
z=x'=| 0 b 0 | eGL(V)
0 0 I

and note that x € G since xJz” = J. We claim that Hy N Hé”_l is a Sylow 2-subgroup
of H().

Suppose that A € Hy has the form given in (10), with Ag = (as;), A1 = (bi;) and
Ay = (¢i5) as above. Then

KA)K KA, KA,
Az = A K Ag+bAs Ay
AlK bA1 + A2 Ao + bAZ

and this matrix has the form given in (10) if and only if KA} = A1 K = A;, KAy = AK,
KA)K +bKAy = Ag+ bAs and bK Ay + KAs = bA; + As. These conditions imply that

ail ae b1 bn c11 1
Ag = , A= , Ay = .
0 <CL12 CL11> ! (bn b11> 2 (Cn 011>
In addition, A also satisfies the condition AJAT = J since A € Hp, and it is easy to see
that this holds if and only if a?; + a2y = 1. Therefore
-1
HoyNH§ = {A(a11,a12,b11,¢11) | aiy + afy = 1}
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where
ail a2 b1 b1 c11 c11
aiz an b1y b1y c11 c11
Alary, ara, b, e11) = ci1 ci1 | ann +bein aiz + beiy b1 b11
ci1 ci1 | a2 +bcin ain + beiy b1 b11
bi1 b1 | bbi1 +c11 bbiy +ci1 | air +beir  arz + benn
bi1 b11 | bbi1 +c11 bbiy +ci1 | a1z +beir ann + ben

Here b11,c11 € Fy can be chosen arbitrarily, while there are exactly ¢ possibilities for
the ordered pair of elements (a1,a12) satisfying the condition a2, + a3, = 1. It follows
that [Ho N Hg_ll = ¢3, whence HyN H(f_l is a Sylow 2-subgroup of Hy. This justifies the
claim.

It follows that Hy N H(}‘f1 is properly contained in a Borel subgroup My of Hy, where
|Mo| = ¢3(¢® — 1). Therefore Lemma 2.3 implies that H N H® ' is not maximal in H, so
G is not extremely primitive.

Case 2: p = 3. Now suppose ¢ is odd. Here we may take (a,b) = (0,1) and ¢ # 1 in (9).
First we consider the special case p = 3, so

0 0 2K A A A,
J = 0 2K 0 and A = cAy  Ag+ A Ay . (11)
2K 0 2K cA1 A1 +cAy Ag+ As
Define
Irb 0 0 01
T = 0 I, 0 ,WhereB:<0 O>
B 0 I

and note that xJz” = J, so € Gy. Suppose A € Hy is of the form given in (11), with
Ao = (aij), A1 = (b;;) and Ay = (¢;j). If 271 Ax has blocks as in (11) then an easy
calculation reveals that

_( ann a2 (0 b2 (0 ci2
AO_(O a11>’A1_<0 o>’A2_<o o)‘

Furthermore, we find that 7! Az fixes the underlying symplectic form 8 on V if and only
if a2, = 1, whence

1
HoNH§ = {A(a11,a12,b12,c12) | a}; = 1 and a2, b1z, c12 € Fy}

(modulo scalars) where

ain a2 | 0 bi2 0 c12
0 ail 0 0 0 0
0 cc a a2 +c 0 b
A(ar1, a12,b12,c12) = 0 012 (1)1 12a11 12 0 (1)2
0 ¢bi2| 0 bia+ceio | ain ajz+ cio
0 0 0 0 0 ail

By factoring out the centre of order 2 we deduce that |Hy ﬂHg_l\ = ¢ and thus Hy ﬂH(f—l
is a Sylow 3-subgroup of Hy. The previous argument now applies and we deduce that there
are no extremely primitive examples.

Case 3: p > 5. Here
3K 0 2K Ag Ay Ay
J = 0 2K  3cK and A= cAy  Ag+ As Aq . (12)
2K 3cK 2K cAy A1+ cAy Ap+ Ay
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Fix a, 8 € Fj such that 3ca — 28 = 0 and define

I, 0 0
T = 0 B 0 ,vvhereBz(1 a)andC:<Og>.
0 C I

One can check that zJz” = .J, so x € Gy. Suppose A € Hy is of the form given in (12),
with Ay = (a;;), A1 = (b;;) and As = (c;;). We calculate that 271 Az has blocks as in (12)
if and only if all of the following conditions hold:

(a) ag) = bz = by = co1 =22 =0

(b) abii + feir =0

(c) alair —age +c11) + Bbi1 =0

(d) B(an — a22) + aeeqp = 0.
Furthermore, we see that x~'Azx preserves the form A3 if and only if all the following
additional conditions hold:

(i) a22(3a11 +2c11) =3

(ii) ag2(2b11 + 3cc1) =0

(iii) a22(2a11 + 3cbi1 + 2¢11) =2

(iV) ago(3cayy + 2b11 + beeyr) = 3¢

(V) a22(2a11 + 5ebip + (302 + 2)611) = 2.
Note that conditions (iv) and (v) can be deduced from (i) — (iii). Also note that none of
the conditions (a) — (d) and (i) — (v) involve the entries aj2, bi2 or ¢ja.

Recall that 8 = (3¢/2)a, so from (d) above we deduce that ¢13 = 3(a22 — a11)/2 and
thus (b) yields b11 = —9(age — a11)/4. Since (i) holds, it follows that

az(3a11 + 3(aze — a11)) = 3a3, = 3

and thus agy = +1. Subsequently, (ii) implies that 2b11 4+ 3cci1 = 0, so

9 9 9
0= —5(@2 —ai1) + §C(a22 —ay) = 5(6 —1)(a22 — a11).
Therefore a11 = a9s since ¢ # 1, so by; = ¢11 = 0.

Consequently, we deduce that
-1
HoNH§ = {A(a11,a12,b12,c12) | a3 = 1 and a2, b12,c12 € Fy}

(modulo scalars) where

air a2 | 0 b12 0 c12
0 ail 0 0 0 0
0 cc a aig +c¢ 0 b
A(ai1,a12,b12, c12) = 0 012 51 12a11 2 0 (1)2
0 chbio| 0 biga+cein|an ain+cio
0 0 0 0 0 all

In particular, Hy N Hgfl is a Sylow p-subgroup of Hp, and so Lemma 2.3 implies that
there are no extremely primitive examples. U

Proposition 5.3. Suppose Gy = PSL,,(¢) and H € Cs is of type GLn/Q(QQ). Then G
is extremely primitive if and only if either G = PSLy(4).2 (which is permutationally iso-
morphic to the group PGLa(5) acting on cosets of H = Py as in line 1 of Table 1), or
G = PSLa(q) and g+ 1 is a Fermat prime, as in line 3 of Table 1.
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Proof. By [14, Proposition 4.3.6], H has a cyclic normal subgroup of order

oo latDlg—1,n/2)
(q - 17 TL)
Therefore, if G is extremely primitive then H must have a faithful primitive representation
of affine type, so ¢ is prime and H < AGL;(¢) by Lemma 2.2. This implies that n = 2 and
either ¢ is odd and ¢ = (¢ + 1)/2 is prime, or ¢ is even and ¢ = ¢ + 1 is a Fermat prime.
In both cases ¢ > 3 because Gy is simple. Set Hy = H N Gy.

> 1.

First assume ¢ is odd, so Hy = Dg41. There are precisely ¢(¢ — 1)/2 subgroups in
G isomorphic to Dy1, each containing (¢ + 1)/2 involutions, while there are exactly
q(¢+1)/2 involutions in Gy. Hence each involution in Gy is contained in exactly (¢—1)/2
distinct dihedral subgroups of order ¢ + 1. In particular, there are

Sa+D(a—1/2-1) < Jalg -1~ 1

dihedral subgroups of Gy intersecting Hy in a group generated by an involution, so there
is some z € Gg such that Hy N Hf contains no involutions. In this case HyN Hj =1 or
Z(q4+1)/2- However, in the latter case we would have Ho = Hy, which is false, so we deduce
that HNH*NGo = 1. Therefore | HNH*| < |G : Go| = |H|/(qg+1),s0q+1 < |H : HNH?"|
and thus G is not extremely primitive.

Now assume ¢ is even and ¢ + 1 is a Fermat prime, so Hy = Dy(,41). Here there are
q(q—1)/2 subgroups of Gy isomorphic to Dsy(441), each containing ¢+ 1 involutions. Since
there are exactly ¢°> — 1 involutions in Gy, it follows that each one is contained in exactly
q/2 dihedral subgroups of order 2(q + 1). In particular, there are

(4 +1)(a/2=1) = Jala— 1)~ 1

dihedral subgroups of Gy intersecting Hg in a group generated by an involution. Conse-
quently, every Dy(qy1) subgroup of Gy different from Hy intersects Hy in a group of size
2, whence |H : HN H*| = g+ 1 for all x € Gy \ H, and thus G is extremely primitive.
This case is recorded in line 3 of Table 1.

If ¢ = 4 then G = PSLy(4).2 gives an additional extremely primitive example. Since
here G = PGLy(5) and H is isomorphic to a parabolic subgroup of PGLy(5), this example
occurs in line 1 of Table 1. Now suppose ¢ = 22" > 4 and G # Gy. Then G = G.2°
for some s with 1 < s < r, and H = Z;41.Z9s+1 is a Frobenius group. If x € Gy \ H
then |H N H®| < 25%L; moreover, if this inequality is strict then |H : H N H*| > g + 1
and G is not extremely primitive. Suppose Z := H N H* = Z,s11; let z be a generator
of Z and let y = 22° € Go be the involution in Z. Then Cg,(y) is the unique Sylow
2-subgroup S of Gy containing y, and we have Ci(y) = SZ and |Cq(y)| = 2%q. Clearly
Z < Cg(z) < Cg(y). Moreover, S can be identified with the additive group of Fy,
so z acts as a field automorphism of order 2° on S and thus |Cg(z)| = 2%¢*> °. Hence
|Ca(y) : Cg(z)] = 22 72" > 2% and there exists w € Cg(y) \ Cg(z) such that 2% is
different from any of the 2° elements of Z of order 25!, Set W = H N H**. We claim
that W is not maximal in H. Since y € W, it follows that W is contained in the unique
cyclic subgroup of H containing y, that is, W < Z. However, W # Z because z &€ W.
This justifies the claim and we conclude that G is not extremely primitive. O

Proposition 5.4. Suppose Go = PSp,(q) and H € Cs3 is of type Spy(q?). Then G is
extremely primitive if and only if ¢ = 2 and G = Gg or G = Sg. The actions of these
groups are permutationally isomorphic to their actions on the cosets of subgroups of type
O, (2) as in line 2 of Table 1.
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Proof. We proceed as in the proof of Proposition 5.2. For now let us assume G = Gj.
According to [14, Proposition 4.3.10] we have H = Hy.{o), where Hy = PSpy(q?) and o
is an involutory field automorphism of Hy if ¢ > 2, and o = 1 if ¢ = 2. Let W = V5(¢?)
denote the natural Spy(q?)-module and let {e1, fi} be a symplectic basis for W with
respect to the standard non-degenerate symplectic form ' on W with matrix K as in (8).
One can check that 8 = T8’ is a non-degenerate symplectic bilinear form on the natural
Go-module V' = Vi(q) (see [14, p.111]), where T : A = X + A9 is the trace map from F .
to IFy.

Recall that u € F 2 is a root of an irreducible polynomial f(z) = 2? —ax —b € Fy[z] (see
(6)). The other root of f(x) is u?, so u? + u = a. Also recall that each A € Hy acts on V'
as a matrix of the form given in (7), with respect to the ordered Fy-basis (e1, fi,uer, uf1)
for V. Let J be the matrix of the symplectic form S on V, written with respect to the
specific basis ordering (eq, f1,uer,uf1). Since B3 = TB' and T'(u?) = T(au + b) = a® + 2b

we deduce that
2K aK 0 1
J(aK (a2+2b)K)’WhereK(1 O)'

Similarly, since u? = a — u, for ¢ > 2 we have

o:e el fi = fi, uer = aer —uer, ufi — afi —ufi

(L 0
o alg —IQ )

In particular, if ¢ > 2 then H is generated by ¢ and all invertible matrices A of the form
(7) which satisfy the additional relation AJAT = J.

and thus

Case 1: p = 2. Here we may take ¢ = 1 in (6) (so that T'(u) = 1), whence
0 K
7= (& k)
and every A € Hy is of the form
A | A
A= 1
(bA1A0+A1 (13)

where Ay = (a;;) and Ay = (b;;) are 2 x 2 matrices. Set

x:(%g) (14)

and note that = ! and 2Jz” = J, so x € Gy. It is straightforward to check that
-1 Az is a matrix of the form (13) if and only if the following conditions hold:

(a) b11 = baz, b12 = b

(b) a11 + a2 = a2 + a1 = bi1 + bia.

In addition, we calculate that ! Az fixes § if and only if the following conditions also
hold:

(i) bri(arn + aze) + biz(ar2 + az1) + biy + by = 0
(ii) aizag + aiage + b(bi; +biy) = 1.

Note that condition (i) follows immediately from (b) above, while (b) implies that (ii) is
equivalent to the condition

(a11 + a12)* + z(a11 + a12) + bz* = 1, where z = byy + byo. (15)
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Summarizing, A € Hy N Hg_l if and only if A = A(a11,a12,b11,b12), where

a1 a12 b11 b12
| b +biz+aiz bin+bi2+an b12 b11
A(a11,a12,b11,b12) = bb1y bb12 ain + b1 a2 + b2 (16)
bb12 bb11 a1z + b1 ain + b2

and the field elements a11, a12,b11, b12 satisfy (15).

Now, if by; = bi2 then z = by + bi2 = 0 and (15) is equivalent to the condition
a11 + a12 = 1. Hence the ¢* elements {A(c,c+ 1,d,d) | ¢,d € F,} are in Hy N Hg_l and
they form a subgroup since

Ale,e+1,d,d) - A(d,d +1,d',d) = Alc+ + e+, d+d,d+d).

Therefore HoﬁHé”_1 is contained in a Borel subgroup My of Hy (in fact, My is the stabilizer
of {e1 + f1)) and |My| = ¢?(¢> — 1). We have |Hy ﬂH{fil] < 2¢3 because for a fixed z € F,
there are ¢ pairs (b1, b12) satisfying z = b1 + bi2 and at most 2 values for aj; + a2 that
satisfy (15), and for each of these values there are ¢ compatible pairs (ai1,a12). If ¢ > 4
then 2¢° < ¢?(¢> — 1), so Hy ﬂHéfl is a proper subgroup of My. Also, Hy ﬁHSf1 contains
a Sylow 2-subgroup of Hy and thus Lemma 2.3 implies that H N H 27" is not maximal in
H. If ¢ = 2 then HyN Hgf_l = My and Gy is indeed extremely primitive. This action is
permutationally isomorphic to the Go-action on the cosets of a subgroup of type O, (2)
as in line 2 of Table 1.

Next assume p = 2 and G # Gg. If ¢ = 2 then we get another extremely primitive
example when G 22 Sg, and again this case appears in line 2 of Table 1. Suppose ¢ > 4. If
G contains graph-field automorphisms then H is not maximal in G (see [1, Section 14]), so
we may assume otherwise. In particular, H is an extension of Hy by field automorphisms
and thus Lemma 2.3 implies that H N H* ' is not maximal in H, where © € Gq is the
element defined in (14) above. We conclude that G is not extremely primitive.

Case 2: p > 2. In this case we may choose a = 0 and b = w in (6), where F; = (w), so

2K 0
J‘< 0 2wK>'

As before, first assume G = G. Set

0 0 0 1 0 0 0 1
[0 0 —wtlo 4 [0 0 —wl Wt
=11 = o ol|"" Tlo -w o0 0 (17)
1 0 0 0 1 0 0 0

and note that z € Gy since zJz” = J. Let

(A | A
A_<wA1 AQ)EH@,

where Ay = (a;;) and A; = (b;;). An easy calculation reveals that z~!Az is a matrix
of the form (7) if and only if a1 = agg, b11 = —baz and az; = bey = 0. In addition, A
preserves (3 if and only if the entries a11 and by; also satisfy the condition

Summarizing, we have A € Hy N Hg_l if and only if
a1 a2 | b b2
0 ail 0 —bll
A=A ,a12,b11,b12) = 19
(@11, 012,b11, b12) wbir  wbiz | ann a2 (19)
0 —w611 0 ail
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and the field elements a1, b11 satisfy (18).

For each pair (a};,b};) satisfying (18), there are exactly ¢* elements in Hy ﬁH&"—l of the
form A = A(ajy,a12,b3;,b12). It follows that |[H N Hz71| is divisible by ¢2, so Hy N H(S‘il
contains a Sylow p-subgroup of Hy and it is therefore contained in a Borel subgroup My
of Hy (in fact, My is the stabilizer of (f1)). Moreover, there are exactly ¢ + 1 possibilities
for the ordered pair of elements (a1, b11) satisfying (18), so by factoring out the centre of
order 2 we deduce that |Hp N ng_l\ = (g + 1)¢?. Since [My| = 1¢*(¢*> — 1) we deduce
that Hy N H((l is a proper subgroup of My, whence Lemma 2.3 implies that H N H® ' is
not maximal in H. A further application of Lemma 2.3 gives the same conclusion when

G # Gy. O

Proposition 5.5. Suppose Gy = PSp,,(q) and H € C3 is of type Spn/z(qQ), where n > 4.
Then G is not extremely primitive.

Proof. Here n = 4m with m > 2 and H N Gy = Ho.(0), where Hy = PSp,,,(¢?) and o is
an involutory field automorphism of Hy. Let W = Va,,(¢?) denote the natural Spy,,(¢?)-
module and let {e;, f; | 1 <i < m} be a symplectic basis for W with respect to a standard
non-degenerate symplectic form 5’ on W. The embedding of Hy in Gy is described in (7),
and we note that 8 = T3 is a non-degenerate symplectic form on the natural Gp-module
V = V,(q) (see [14, p.111]). Observe that the decomposition

V = @(62', f’i7 uei7ufi>
=1

is orthogonal with respect to both 3 and (', where u € F,2 is a root of the irreducible
polynomial defined in (6).

Write V = V) L Vo where Vi = (e, f1,uer,uf1) and Vo = (e;, fi,uej,uf; | 2 < i < m).
The stabilizer of this decomposition in Gy is a central product Gy o G2 with G1 = Sp,(q)
and G = Spy,,,_4(q), while the corresponding stabilizer in Hy is Hyo0Hs with Hy 22 Spy(q?)
and Hs = Spy,,_»(q?) (see [14, Proposition 4.1.3]).

Set z = (x,1) € G X Go, where x € (G1 is the element defined in (14) and (17), for ¢
even and odd, respectively. For A € Hy of the form (7), we write A;, i = 0, 1, in the block

form
o (A (Ay)
A= G ),

where (A;)11 has size 2 x 2. It is straightforward to see that z~*Az is a matrix of the form
(7) and fixes g if and only if

(Ap)21 = (A1)21 =0, (Ao)12=(41)12=0

and the 2 x 2 matrices (Ag)11 and (A7) satisfy the conditions described in (15), (16)
and (18), (19) in the cases of even and odd ¢, respectively. Hence, as we calculated in the
proof of Proposition 5.4,

S x Hy < HynHE ' < My o Hs, (20)

where M) is a Borel subgroup of H; and S is the unipotent radical of My. Thus HOOH{1 =
My o Hy where S < My < My and we note that S is characteristic in Hy N Hg_l.
The group H N H* ' normalizes Hy N Hgfl, o it must normalize Ho < Hg N H§71 and

S. Consequently, H N H ="' must fix the subspace V5 and its orthogonal complement V.
Hence

HNH*' < Hyy, < H, (21)
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where Hy, v, is the H-stabilizer of the decomposition V' = Vi L V5. Since H N H L
normalizes S, it follows that H N H ="' induces on V; a subgroup of a parabolic subgroup
and in particular H N H* ' does not contain Hy. So H N H? ' is a proper subgroup of
Hy, v, and G is not extremely primitive. g

Proposition 5.6. Suppose Gy = P, (q) and H € Cs is of type OZ//Q(qz). Then G is not
extremely primitive.

Proof. We may assume n > 8. By [12], if (n,e) = (8,+) then the action of G on G/H
is permutation isomorphic to the action of G on G/M, where M is an imprimitive Ca-
subgroup of type Oy (¢) x Oy (¢). By Proposition 4.2, G is not extremely primitive so
for the remainder we may assume (n,e) # (8,+). (In fact, the analysis of the case
(n,e) = (8,4) with ¢ < 3 is essential to our argument in the general case n > 8, so we
will deal with these cases directly. Note that we may always assume G does not contain
any triality automorphisms (see [12]).)

The possibilities for G and H are given in [14, Table 4.3.A]. We note that if n = 0
(mod 4) then ¢ =€, and if n = 2 (mod 4) then ¢ is odd and H is of type O,,/2(¢q?). More
precisely, we have H NGy = Hp.[c] where Hy = PQ;//Q(q2) is simple (since (n,e) # (8,4)),
and where ¢ = 4 if ¢ = ¢/ = +, otherwise ¢ = 2 (see [14, Propositions 4.3.14, 4.3.16,
4.3.20]). We handle all possibilities simultaneously.

Let W =1V, /2(q2) denote the natural OZ//Q(QQ)-module and let Q' and /3 respectively
denote the corresponding non-degenerate quadratic form and symmetric bilinear form
on W. Fix a basis {e;, fi | 1 < i < m} U B for W so that the {e;, fi} are pairwise
orthogonal hyperbolic pairs. Here B is empty if ¢/ = 4+, while B = {hy, ho} spans a
2-dimensional anisotropic subspace orthogonal to all e;, f; when ¢/ = —. Also, if n/2 is
odd then B = {h} is non-singular and orthogonal to all e;, f;. Let u € F 2 be a root of the
irreducible polynomial defined in (6) and note that we may choose a = 1 when ¢ is even,
and (a,b) = (0,w) when ¢ is odd, where F; = (w). Now

{es, fi,ues,uf; | 1 <i <m}U{h,uh | h e B}

is an [F-basis for the natural Go-module V' = V,,(¢), and the action of elements in H NG
on V is described in (7). In addition, @ = T'Q’ is a non-degenerate quadratic form on V,
with associated symmetric bilinear form g = T3’ (see [14, p.111]).

Consider the direct sum decomposition V = V; @ V5 with
Vi = (e1, f1,uer,uf1), Va= (e, fi,uei,ufi,h,uh |2 <i<m,heB)

and note that this decomposition is orthogonal with respect to both 3 and 5. Let G§ be
the group induced on Vi by the G-stabilizer of V;. Similarly, let Hj be the corresponding
group induced by the Hy-stabilizer of Vi. We claim that G} is of type Of (¢) and H{ is
of type OF (¢%).

Since Q'(e1) = Q'(f1) = 0, the non-degenerate 2-dimensional orthogonal space (eq, f1)
contains non-zero singular vectors for @', so H{ is of type O; (¢?). Now consider G§.
Proceeding as in the proof of Proposition 5.4, we find that the matrix J representing the
restriction of 8 to Vi is

0 K 2K 0
J—(K K)forqeven,J—<0 2wK)forqodd, (22)

with respect to the basis ordering (ei, f1,uer, uf1), where
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If g is even then {ej,uf; } and {e; +wuey, f1} are orthogonal hyperbolic pairs. For instance,
we have

Qer +uer) =TQ' (1 +u)ey) = T((1+u)*Q'(e1)) = 0.
Similarly, if ¢ is odd then {ey, % f1} and {uey, iu fi} are orthogonal hyperbolic pairs.
Therefore, for any value of g, we see that V; is the sum of two non-degenerate, orthogonal
subspaces, both of which contain non-zero singular vectors, so G{) has type OZ(q) as
claimed.

Note that the stabilizer (Go)v,.v, in Go of the decomposition V' = V; L V5 contains
G1 0 Gy with G1 = Qf (¢) and G2 =2 Q5 _,(q), while the corresponding stabilizer (Ho)v, v,
in Hy contains Hy o Hy with Hy =2 QF (¢?) and Hy = Q5/2 ,(q*). Moreover, by [14, Lemma
4.1.1], G§ and H{ are the respective full orthogonal groups. We distinguish several cases
according to the value of q.

Case 1: p = 2 and q > 4. As previously remarked, we may assume u € g2 satisfies
T(u) =1 and ud*! # 1, whence a = 1 and b # 0, 1 in (6). We define

€ GL(W),

with respect to the basis (ey, f1,uer,uf1) of V1. Noting that z stabilizes the subspaces in
the decomposition Vi = (e, uf1) L (e1 + uei, f1), it is easy to check that Q(vz) = Q(v)
for all v € V4 and so = € SO(V4) = SOf (¢). Moreover, since  maps the totally singular 2-
space (e1, e1 + uep) to the trivially intersecting totally singular 2-space (ufi, f1), it follows
that = € Qf (¢) (see [14, p.30]). Let z := (z,1) € G; x G2 and note that z = 27! and
z € Gp (modulo scalars).

Let

Ay | A
A= H, 2
(131411‘10+141>E 0 (23)
as in (7), and write
A)ir (A2 )
A; = ( 24
< (Ao (Ai) (24)
where
. a1 bll b12
(Ao)n = < a2 (An = < ba1 b2 >
are 2 x 2 matrices. In addition, erte
X11 X12 —1 }/11 Y12
= ; = 25
v <X21 X22> v <Y21 Y22> (25)

with respect to the basis (e, f1,uer, uf1) for Vi, where X;; and Y7, are blocks of size 2 x 2.
Note that z = 271, so X;; = Y;; for all 4,5 (this notation will be useful later on).

It is straightforward to verify that z~!Az is of the form (23) if and only if each of the
following conditions holds:
(i) (Y11(Ap)11 +bY12(A1)11)(X11 + X12) + (Yi2(Ao) 11 + (Y11 + Y12) (A1) 11)(Xo1 + Xa2)
+(Y21(Ao)11 + bY22(A1)11) X2 + (Yoo (Ao)11 + (Ya1 + Ya2)(A1)11)X22 =0
(

+
(ii) b(Y11(Ao)11 + bY12(A1)11) X2 + b(Yi2(Ao)11 + (Yi1 + Yi2)(A1)11) X22
+(Y21(Ao)11 + bY22(A1)11) X101 + (Yoo (Ao)11 + (Ya1 + Ya2)(A1)11)X21 =0

(iii) (Ao)21(X11 + X12 + Xo2) + (A1)21(bX12 + X21) =0
(iv) (Ao)21(bX12 + Xo1) + (A1)21(bX11 + X1 + b0X22) =0
(v) (Y11 + Yia + Y22)(Ao)12 + (Yi1 + (b+ 1)Yi2 + Ya1 + Ya2)(A1)12 =0
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(vi) (bY12 + Yo1)(Ap)12 + b(Y11 + Yi2 + Y22)(A1)12 = 0.
Since b # 1, conditions (i) and (ii) imply that
bi1 =byp =0, a2 = (b+1)bi2, a = bbay,

while (iii) — (vi) indicate that each entry in the matrices (Ag)12, (A1)12, (Ao)21 and (A1)21
is zero. Therefore Hy N Hg_l < (Ho)wvi, .- To compute the Vi-projection of Hy N Hg_l,

note that
m=i(* O O Y jaer,lap (26)
0 0 ot ) ol 0 @ @ (= P2(e2-1)

with respect to the F2-basis (e1, f1) for Vi. By writing the elements of H{ in the form
(23), it quickly follows that Hp N H@fl projects to the dihedral subgroup

{( 3 )\91 ) ( (A(u?il))l A(UQO+ g ) A GFZ}

of order 2(q — 1). Hence Ho N H ' < (Ho)v,.v, < Ho, and both inclusions are proper.
Now we can finish the argument as in the proof of Proposition 5.5. The group H N H
normalizes Hy N HOZ_I, so it must normalize Ho < Hg N Hg_l and also it must normalize
a dihedral Dy,_1) subgroup of H;. Consequently, H N H = must fix the subspace Vs
and its orthogonal complement V. Hence H N H? = < Hy, v, < H, where Hy, y, is the

H-stabilizer of the decomposition V. = Vi 1 V5. The first inclusion is also proper, since
H, < Hy, v, but Hy ¢ HNH? .

Case 2: ¢ =2. Here a =b =1 in (6) and we set

0100 1010
000 1 1 1000
=1 1100 | % T[1011
1010 0100

with respect to the basis (e, f1,uer, ufi). Noting that xg exchanges the two components
of the orthogonal decomposition Vi = (e1,uf1) L (e1 + wey, f1), it is easy to check that
zo € SOf (2). Moreover, xg € SOF (2) \ 2F (¢) since xp maps the totally singular 2-space
(e1, f1) to the intersecting totally singular 2-space (f1,uf1) (see [14, p.30]).

First suppose (n,¢) = (8,+) (and ¢ = 2). Set

zg O
= (w0 21)
with respect to the ordered basis (e1, f1,uer, uf, ez, f2,uea, ufs). Then z € QF(2) and
computation in GAP shows that Hy N H(’)f1 is a proper subgroup of a Sylow 2-subgroup
of Hy. Since G does not contain triality automorphisms, H is an extension of Hy by a
2-group. In particular, H N H @' g a proper subgroup of a Sylow 2-group of H and thus
G is not extremely primitive.

With the aid of MAGMA [3], it is straightforward to verify that there are no extremely
primitive examples when (n, q,¢) = (8,2, —), so let us assume n > 12 and ¢ = 2. Consider
the orthogonal decomposition V' = V3 L Vy, where V3 = (e;, fi,ue;,uf; | i = 1,2). Let
z € Gg be the element fixing Vj pointwise and acting on V3 as the element x given in (27).

Let A € Hy be a matrix with blocks as in (23), and write A; and the matrices z, "

defined above in block-matrix form as in (24) and (25), but with blocks (A4;)11, X11, Y11 of
size 4 x 4. Note that we obtain the blocks X;; of # and the blocks Y;; of 27! by expressing
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x and 27! in terms of the basis (e1, fi, e, fo, ueq, uf1, ues, ufz), rather than the ordering
(e1, f1,uer, ufi, e, fo,uea, ufz) used above in (27), so for example we have

0100 0000
000 0 0100
Xn=1yo9o001 " *2=l 000 0|
0000 000 1
1100 0000
100 0 100 0
Xan=1| g0 11| *2=]00 0 0
00 10 00 1 0

As before, 271 Az is of the form (23) if and only if the equations labelled (i) — (vi) hold
(with b = 1). It is straightforward to check that (iii) and (iv) imply that each entry in
(Ap)21 and (Aj)2; is zero, and we obtain the same conclusion for (Ap)12 and (A4;)12 via
(v) and (vi). Therefore Hy N H{I is a subgroup of the Hy-stabilizer (Hg)y, y, of the
orthogonal decomposition V' = V3 | V4. Moreover, by our earlier analysis of the case
(n,q,e) = (8,2,4), we see that the V3-projection of Hy N Hg_l is a proper subgroup of
a Sylow 2-subgroup of Qf (4). Therefore, the inclusions Hy N H§71 < (Ho)v,v, < Hp are
proper and we conclude that H N H? ' < Hy, v, < H, where Hy, vy, is the H-stabilizer of
the decomposition V = V3 1 V.

Case 3: p > 2 and ¢ > 5. In (6) we may assume a = 0 and b = w, where F; = (w). For
now, let us assume ¢ > 5, so w # +1. Set

O O N O
O O OoOv

2w

with respect to the basis (e, f1,uer,uf1) of Vi, and note that xJz? = J so z € SO (q)
(recall that J is defined in (22)). Now z respects the orthogonal decomposition Vi =
(e1, % f1) L (ueq, iu f1) and exchanges the singular vectors in these 2-dimensional G-
modules, so x € Qf (¢). Set z = (z,1) € G1 x G and note that 2 € Gy (modulo scalars).

Let A € Hp be a matrix with blocks as in (7), so
(Ao | A

A_<WA1 AO). (28)

Express A;, z and 27! in block form as before (see (24) and (25)), where (A4;)11, X11 and

Y11 are 2 X 2 matrices. It is then straightforward to check that 271 Az has blocks as in
(28) if and only if the following conditions hold:

(i) (Y11(Ao)11 + wY12(A41)11) X101 + (Yi2(Ao)11 + Y11(A41)11) Xo1 =
(Y21(Ao)11 + wY22(A1)11) X2 + (Ya2(Ao)11 + Y21 (A1) 11) Xa2

(i) w(Y11(Ao)11 + wYi2(A1)11) X12 + w(Yi2(Ao)11 + Yi1(A1)11) Xo2 =
Y21(Ao)11 + wY22(A1)11)X11 + (Ya2(Ao)11 + Y21(A1)11) Xo1

(
(iii)" (Y11 — Ya22)(Ao)12 + (wY12 — Y21)(A1)12 =0

(iv)" (wY12 — Y21)(Ao)12 + w(Y11 — Y22)(A1)12 =0

(v)" (Ao)21(X11 — X22) + (A1)21(X21 —wXi2) =0

(vi)" (Ao)21(wX12 — Xo1) + w(A1)21(Xa2 — X11) =

Since we are assuming ¢ > 5 (and thus w? # 1), we deduce that

a12 = ag1 = bi1 = by =0
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from conditions (i)’ and (ii)’, where (Agp)11 = (ai;) and (A1)11 = (bs;), while (iii)" — (vi)’
imply that each entry in (Ag)i2, (Ao)21, (A1)12 and (Aj)91 is zero. Therefore Hy N Hg_l
is contained in the Hy-stabilizer (Ho)v, v, of the orthogonal decomposition V = V; L V5.

To compute the Vi-projection of Hy N Hg_l, first note that the elements of Hjj are as in
(26), and the matrix

A ( (A | (ADn )

w(A1)11 | (Ao)us
satisfies the relation AJAT = .J. Therefore a11a99 + wbisbo; = 1 and aq1b12 = agebs = 0,
so either

a117é0, A0:<a11 91> andAlzo,
0 ap
or

b
blg#O,Aonand/h:( (1) (1)2>

wbi2

It follows that Hg N HOZ_1 projects to the subgroup
a 0 0 au N
(6 o) (s 5 )1eemf
which has order 2(q — 1), so

HynN Hg_l < (ffo)vhv2 < Hj

with proper inclusions. Therefore, by arguing as in the p = 2 case, we deduce that
HNH” < Hy, v, < H and thus G is not extremely primitive.

Case 4: ¢ = 3. Here (a,b) = (0,—1) in (6). First suppose (n,e) = (8,+). With respect to
the ordered basis (eq, f1, €2, fa, uer, ufi, ues, ufs) we define

_— X1 X2 ol Yii Yio
X21 X22 ’ }/21 Y22 ’

where
1 0 1 0 1 0 -1 0
0 -1 0 -1 0 —1 0 1
Xu=| _4 01 o | X2 =| o 1 o0 |’ X192 = X091 =0
0 1 0 -1 0 —1 0 —1
and
-1 0 1 0 —1 0 -1 0
0 1 0 —1 0 1 0 1
Yu=1 _, 0 -1 o | Yoo = 1 o0 -1 0 I Y12 = Y21 =0.
0 1 0 1 0 —1 0 1

Since z fixes 8 we have z € SOF(3). In fact, it is easy to check that z belongs to the
derived subgroup of SO (3), that is, € QF (3). A straightforward MAGMA calculation
reveals that |Hy ﬂHgfl| — 288 and we quickly deduce that HNH? ' is not maximal in H.
Similarly, a direct MAGMA calculation rules out any extremely primitive examples when
(n,q,¢) = (8,3, ).

Now assume n > 8 (and ¢ = 3). Consider the orthogonal decomposition V' = V3 L Vj,
where V3 = (e;, fi,ue;,uf; | i = 1,2). Let z € Gy be the element fixing V pointwise and
acting on V3 as the element x defined above in the case (n,e) = (8,+). In the usual way,
if we consider an element A € Hp with blocks as in (28) and (24) (with w = —1 and (4;)n1

of size 4 x 4) then 271 Az has the correct block structure if and only if conditions (i)’ —
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(vi)’ hold. Tt is straightforward to check that (iii)’ — (vi)’ imply that the entries in the
matrices (A;)12 and (A;)21 are all zero, so

—1
Hon Hf < (Ho)vsv, < Ho,

where (Ho)vs,v, is the Hy-stabilizer of the decomposition V' = V3 L Vj. By considering the
V3-projection of Hy N Hg_l, and using the above analysis of the case (n,q,¢) = (8,3,4+),
we deduce that the first inclusion in this subgroup chain is proper. In addition, it is clear
that the latter inclusion is also proper. We obtain H N H =< Hy, v, < H by the same
argument as in all previous cases. O

Proposition 5.7. Suppose Go = PSp,,(q) and H € C3 is of type GU,,)5(q). Then G is
not extremely primitive.

Proof. According to [14, Proposition 4.3.7], H has a minimal normal subgroup which is
cyclic of order (q + 1)/2. Therefore, by Lemma 2.2, G is not extremely primitive. O

Proposition 5.8. Suppose Go = PQ;,(q) and H € Cs is of type GU,,j2(q). Then G is not
extremely primitive.

Proof. According to [14, Proposition 4.3.18|, either H has a nontrivial cyclic normal
subgroup, or (¢,e) = (3,—) and n = 2 (mod 4). In view of Lemma 2.2, we immedi-
ately reduce to the special case (¢,¢) = (3,—) with n = 2 (mod 4). Set m = n/2 and
Hy =PSU,,(3) = H N Gy and note that we may assume n > 10.

Let W be the natural Hy-module over Fg and let 5’ : W x W — Fg be a non-degenerate
unitary form on W. Let {e1, ..., e, } be an orthonormal basis of W with respect to 3’ (see
[14, Proposition 2.3.1]). Fix u € Fg so that u?> = —1 and {eq,...,em, ue,...,uey,} is an
F3-basis for the natural Go-module V. For v € V we define Q(v) = ' (v,v),s0 Q : V — F3
is a non-degenerate quadratic form on V with associated bilinear form 5 = T35’ (see [14,
Table 4.3.A]). Note that every A € Hy is of the form

(A A
1o (L) -
(see (7)), with respect to the specific ordering (e1, ..., em,uel, ..., uey,) of the above Fs-
basis for V. In addition, J = —1I,, is the matrix representing 5 and we calculate that a
matrix A of the form (29) satisfies AJAT = J if and only if
Ag AL + A AT = I, and A, AL = AgAT. (30)
In addition, we note that the decomposition
V ={ejue; |1 <i<4)yd (ejue; |5<i<m)y=Vd Vs (31)

is orthogonal with respect to both 3 and (’, and the restrictions of the respective forms
to the two components Vi and V5 are non-degenerate.

Define
0 0 10
|l o0 001
=1 0 10 0
-1 0 0 0
and set
I, O 0
T = 0 wy 0
0 0 In4
(once again with respect to the basis ordering (e1, . . ., €m, ue1, . . ., uey,)). Then zoJzl = J

and det(xg) = 1, so 79 € SO;, (3) and = := 23 € Q,, (3).
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If we write Ay and A; in block form as in (24), where (A4;)11 has size 4 x 4, then it is
straightforward to check that 7! Axz is of the form (29) if and only if each entry in the
submatrices (A4;)21 and (A4;)12 is zero, and also (Ag)11 and (Aj)1; are of the form

a1 a2 a1z a4 bir bl bz by
A | —ai2 a1 —aw a3 A | b2 —bir by —bi3
(Ao)11 = , (A = b b b b

as; asx as3z a4 31 bz b3z b3y

—a32 az1 —azs 433 bso  —b31 bzs —bs33

Therefore
-1
HonNHy < (Ho)v, v, < Ho,
where (Ho)v,,v, is the Hy-stabilizer of the decomposition (31). Moreover, (Ap)i; and
(A1)11 have the above form, and also satisfy the conditions in (30). More precisely, com-
putation in GAP shows that the Vi-projection of Hy ﬂHSﬁl is isomorphic to Sp,(3), whence
Hy ﬂHg_l < (Ho)w,,v, is a proper inclusion. Finally, the usual argument now implies that
—1 . . o .

HNH* < Hy, v, < H and we conclude that G is not extremely primitive. O

6. TENSOR PRODUCT SUBGROUPS

Here we deal with the stabilizers of tensor product decompositions of V| which comprise
the C4 and C; subgroup collections. The specific cases we have to consider are listed in
[14, Tables 4.4.A and 4.7.A].

Proposition 6.1. Let G be an almost simple primitive classical group with point stabilizer
H € CyUC7. Then G is not extremely primitive.

Proof. According to [5, Propositions 6.1 and 6.4], either b(G) = 2, or Go = PQ{ (¢) and H
is a C4-subgroup of type Sp,(q) ® Sps(q). If b(G) = 2 then G is not extremely primitive by
Lemma 2.1, while in the remaining case we observe that the socle of H is not a product
of isomorphic simple groups. The result follows. ]

7. SUBFIELD SUBGROUPS

Let H be a maximal subgroup of G in Aschbacher’s Cs collection. Here H corresponds
to a subfield Fy, of F, such that ¢ = ¢ for some prime r. The various possibilities for G
and H are listed in [14, Table 4.5.A].

Proposition 7.1. If r > 3 then b(G) = 2 and thus G is not extremely primitive.

Proof. This follows immediately from [5, Proposition 5.1] and Lemma 2.1. O
For the remainder of this section we may assume H corresponds to an index-two subfield

of Fy. The next lemma provides a useful description of H N H*.

Lemma 7.2. Let G be an algebraic group over the algebraic closure of Fq. Let o be a
Frobenius morphism of G and set G = G,2 and H = G, where

Gy ={zx € G|oi(x) = x}.
Then HN H® = Cy(x~to(z)) for all x € G.

Proof. First observe that y € HNH?® if and only if y € H and Hxy = Hx. Since H = G,
the latter condition is equivalent to o(xyz~!) = zyz~!. Further, using the fact that o is
a group homomorphism and o(y) = y, we quickly deduce that y € H and Hxy = Hz if
and only if y € Cy(z~'o(x)). The result follows. O
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Proposition 7.3. Let G be an almost simple primitive classical group with socle Gy and
point stabilizer H, where H € Cs5 is one of the following:

Gy Type of H Conditions
() PSLn(g) GLn(go) =
(i) PSp,(q) Spu(e0) n>4, =g
(i) PO(g) O (@)  n>T7 q=gi c=+ifn even

Then G is not extremely primitive.

Proof. Case (i) with no graph automorphisms: Let G be the ambient simple algebraic
group PSL,,(K'), where K is the algebraic closure of F;, and let o be a Frobenius morphism
of G such that (G,2) = Go and (G,)" = Hy = PSL,(q). Note that Hy < H N Gg. Let V
be the natural Go-module (where we consider the action of SLy,(¢) rather than PSL,(q))
and fix a basis (vi,...,v,) for V. Without loss of generality, we may assume that o
is the standard involutory field automorphism of Gy with respect to this fixed basis, so
o (a;;) — (a%‘?). If n =2 and go < 3 then using MAGMA it is easy to check that G is not

extremely primitive, so we may assume Hj is simple.
Write Fy = (w) and set

w 1 w? —w
1 €Gy, y=axto(x)=| 0 1 ,

In,Q ‘ In72
so HyN Hf = Cy,(y) by Lemma 7.2. We calculate that C,(y) is the set of matrices in
Hy with first column (X,0,...,0)” and second row (0, \,0,...,0) for some \ € Fy, (and
A =1if n =2). Therefore
S<HyoNnHy < (Ho)uw < (Ho)u, (32)

where U = (v9), W = (va,...,v,) and S is a Sylow p-subgroup of Hy. We calculate that

1
T = 0

n—1 __

dy 1
g —1
and thus Ho N Hf < (Hp)y (recall that we are assuming gy > 4 when n = 2). Now if G
does not contain any graph automorphisms then Lemma 2.3 implies that H N H® is not a

maximal subgroup of H, whence G is not extremely primitive.

|(Ho)u : (Ho)uw| = and |(Ho)uw : HoNHF| =qo — 1

Case (i) with graph automorphisms: Assume that n > 3 and G contains graph automor-
phisms. Set G = GNPT'L,(q) and H=HNG;andset L:= HNH* L := LNG = HNH?,
and Lo := LN Go = HyoN Hi. We use some arguments from the proof of Lemma 2.3. We
refer to an unordered subspace pair {U’, W'} of V, with dim U’ = 1,dim W’ = n — 1, and
U’ C W', as a flag; in particular the pair {U, W} above is a flag stabilized by Ly.

As we showed above, the group Lo contains a Sylow p-subgroup S of Hy, and so we
have L = LoNp(S). Thus the subgroup HoNL(S) of H contains L with index |Hy :
Lo|/|Ng, (S) : N, (S)|. Now Ny, (S) is a Borel subgroup of Hy contained in Lg, and hence
N, (S) = N, (9), so |HoNL(S) : L| = |Hy : Lo| > 1. In particular, if HyNL(S) # H
then L is not maximal in H and G is not extremely primitive. Hence we may assume that
H = HoN(S). Since H is maximal in G, we have G = GoH = GoNL(95).

Thus, for some graph automorphism 7, we have L = <I~/, T), H= (I:I, 7) and G = <é, T).
Since 7 normalizes L and Gy it follows that T normalizes LN Go = Ly. Note that, since
7 interchanges stabilizers of 1-subspaces and stabilizers of (n — 1)-subspaces, reversing
inclusion, 7 induces an action on flags. Before proceeding we observe that our arguments
above show that Ly = Cp,(y) and (Ho)y,w induce the same action on W, and in particular

Ly fixes no (n — 2)-subspace of W; also L fixes a unique 1-subspace of V', namely U. It
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follows that {U, W} is the unique flag fixed by Ly, since if {U’, W'} is another flag fixed
by Lo, with dimU’ = 1,dim W’ = n — 1, and U’ C W', then W/ = W (since otherwise
W' NW would be an (n — 2)-subspace of W fixed by Ly), and U’ = U (since otherwise Lg
would fix two 1-subspaces). Then, since L is normal in L, the subgroup L fixes {U, W},
and therefore also L and 7 fix {U, W}.

Hence L < Hyywy < H. The second inclusion is clearly proper, and we examine the
first more closely. Since H = HoN(S) and Np(S) fixes {U, W}, we have Hyw) =
(HO){U,W}NL(S) Since also L = L()NL(S), this implies that

Hopn| = |(Ho)wwy - INL(S)| - |Lo| - INL(S)]

UW} — ’ -

oy [NL, (5)] [NL,(5)]

and hence |Hyywy @ L] = |(Ho)wwy : Lo|- Since n > 3, we have (Ho)uwy = (Ho)uw,

and we showed above that |(Ho)uw : Lo| = go — 1. Thus provided ¢ > 3, L is not
maximal in H and so G is not extremely primitive.

We are left with the case gy = 2. Here H acts primitively on the above suborbit, so we
examine a different suborbit. Note that in this final case, since we have Z(H) =1 and H
maximal in G, G does not contain any diagonal automorphisms, or any involutory field
automorphisms. Thus G = G and G = Go.2. As above let F} = (w). We re-define

A
T = w 0 € G,

wa

where A € SL,,_5(2) has all diagonal entries equal to 1, all super-diagonal entries equal to
w, and all other entries 0. As before we define y = 2~ 'o(2) and we have HyNHE = Cpy,(y)
by Lemma 7.2. We calculate that Cp,(y) consists of all upper-triangular matrices of the
form [C, Is] where C' € SL,_2(2) is upper-triangular such that, on each diagonal above
the main diagonal, the entries are constant (and equal to either 0 or 1). This implies that
|HoN HE| = |Ch,(y)| = 2773, and hence that |[H N H®| = 2"~3 or 2”2 and in either case
H N H?” is not maximal in H. Thus G is not extremely primitive.

Case (ii): Let o be a Frobenius morphism of G = PSp,,(K) such that (G,2) = Gy and
(Go)' = Ho = PSp,(qo0). Let F; = (w), m = n/2 and fix a standard symplectic basis
(e1, f1,---,€m, fm) for V. As in (i), we may assume o is the standard involutory field
automorphism with respect to this basis. Set Vi = (e1, f1) and Va = (ea, fo,.. ., em, fm),
so V.=V, L V5 is an orthogonal decomposition. According to [14, Proposition 4.1.3], the
Hy-stabilizer of this decomposition is H; o Hy, where Hy = Spy(qo) and Ha = Sp,,_(qo).

Let 7 = [w,w™ !, I,_9] € Gy, so y = 27 o(x) = [wio— L w90 [, 5]. Then
Zgo—1 %X Hy < Cpy(y) = Ho N Hy < My x Hy < (Ho)wy v, (33)

where My is a Ca-subgroup of Hy = SLa(qo). Now H N H® normalizes Hy N Hf, so it
also normalizes Hy (and My if g9 > 2). Suppose first that, if n = 4, then G involves no
graph-field automorphisms. Then H N H* fixes the decomposition V =V} L V5. In other
words,

HnNH* §HV17V2 <H

where Hy, v, is the H-stabilizer of the subspaces V7 and V5. Moreover, the first inclusion
is also proper since Hy < Hy, v, but Hy £ H N H”. Thus we may assume that n = 4 and
G contains graph-field automorphisms. The case gg = 2 is easily checked using MAGMA,
so let us assume gy > 4.

Suppose that G is extremely primitive. Then G acts transitively on the orbital («, 8)¢,
where H = G, and H® = G, and hence G = Go(H N H*). It follows that H N H* also
contains a graph-field automorphism, 7 say. Since qp > 4, then by (33), Hy = Spy(qo) is a
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characteristic subgroup of Hyp N H{, and hence is normalized by 7. Since 7 normalizes Hy,
7 also normalizes Cp,(H2) = Hi, and hence 7 normalizes Hy x Hy = (Hy)y, 1, and its
normalizer in Hy. This is a contradiction since 7 does not leave invariant this conjugacy
class of maximal Ca-subgroups of Hy (see [1, (14.1)]).

Case (iii) with no triality automorphisms: Let o be a suitable Frobenius morphism of
G = PSO,,(K) such that (G,2) = Go and (G,) = Hy = P (qo). Let {ey, f1,e2, fo, ...}
be a standard orthogonal basis for V' with respect to the quadratic form defining G, where
Vi = (e1, f1, €2, f2) is a non-degenerate 4-space of plus type. Without loss of generality,
we may assume o acts as a standard field automorphism on Vi. Let V5 = VlL and note
that the Hyp-stabilizer of the orthogonal decomposition V = V; L V5 is a central product
Hj o Hy, where Hj is of type O} (g0) and Hs is of type OfL/_4(q0) (the precise structure is
given in [14, Proposition 4.1.6]). As before, write Fy = (w).

To begin with, let us assume G does not contain a triality automorphism when n = 8.
Let 2 € SO%(q) be the diagonal matrix z = [wly, w1, I,,_4] With respect to the specific
basis ordering (e1,es, f1, f2,...). By [14, Lemma 4.1.1(iv)] we have x € Gy (modulo
scalars). Let y = 27 lo(z) = [w 1y, w! =%y, I, 4] and define U = {(eq,e2), W = (f1, f2).
Then

Lo x Hy < Cp,(y) = Ho N Hy < My x Ha,
where Lo = (H1)u,w and Mo = (H1)yw)- In the usual manner we deduce that
HNH* < HV1,V2 <H

and thus G is not extremely primitive.

Case (i) with triality automorphisms: To complete the proof, let us assume (n,e) = (8, +)
and G contains a triality automorphism. Set Hy = PQ;{(qO). Then according to [14,
Proposition 4.5.10 and Table 2.1.D on p.19] we have HNGy = Hy.[c], where c = 1 if p = 2,
otherwise ¢ = 4 (if p # 2 then [14, Proposition 2.5.10(i)] implies that the discriminant of
Hy is a square in Fg)). We may assume that H is almost simple with socle Hy (note that
Z(H) # 1 if G contains an involutory field automorphism), and that H contains a triality
automorphism of Hy.

Let o be the block-diagonal matrix z = [I2,w? w™2, A, B] with respect to the specific
basis ordering (e1, f1, €2, f2, €3, €4, f3, f1), where

w w2 w0 _
a=(5 &) = (8 b )

and observe that = € Gy (see [14, Lemma 4.1.1]). Set L = HNH* and Ly = LN Hy. Note
that Lo = Hyp N (H N Go)m and

|H0ﬁH6C| §|L0’§ |HﬂGOZHO|-|H0ﬂHg|:C|HoﬁHg|.

As before, we have Hy N H§ = Cp,(y), where y = 2710 () is the block-diagonal matrix
y = [Iy,w? @) =2@-1) ¢ Cc-T] with

qo—1 2q0—1 _ ,,90
w w w
c- ( |

0 w1

Now, if G is extremely primitive then L is a maximal subgroup of H. In particular, L
must be one of the subgroups listed in [12, Table III], with |Lg| recorded in the second
column of this table.

First assume gp = 2. With the aid of MAGMA we calculate that Ly = Ho N Hj =
Ds. However, [12, Table III] indicates that there is no maximal subgroup M of H with
|M N Hp| = 8, so L is not a maximal subgroup of H and thus G is not extremely primitive.
Similarly, if go = 3 then Ho N Hf = Zs and the same conclusion follows.
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Finally, suppose go > 4. It is straightforward to check that Cp,(y) is the set of block-
diagonal matrices in Hy of the form [D,\,A71, E, E=T], where D € SOJ (qo), A € Fy
and

a b "
Ee{< 0 q > aquo,bquo} < GLa(qo).

Therefore |Ho N HE| = %qo(qo —1)3, where d = (2,¢—1), and by inspecting [12, Table I1I],
as before, we deduce that G is not extremely primitive. g

Proposition 7.4. Suppose Go = PSU,(q) and H € C5 is of type Sp,,(q), where n is even
andn > 4. Then G is not extremely primitive.

Proof. If G contains a graph automorphism of Gy then Z(H) = Z3 is nontrivial, and
thus G is not extremely primitive by Lemma 2.2(i). For the remainder we may assume
otherwise. Write n = 2m and let B = {e1, f1,...,em, fm} be a standard symplectic basis
for an n-dimensional vector space W over F, equipped with a symplectic form 3’. Fix
Uu € FZQ such that u? = —u and set

V={(a+bu)w|abeF, weW}
if ¢ is odd, and
V={aw|a€cFp, weW}
if ¢ is even, so V' is an n-dimensional vector space over F 2, with basis B. Define a form
B:VxV —=TFg by
B((a1 + bru)v, (ag + bou)w) = (a1 + byu)(az — bou)B (v, w)u.
Then S is a non-degenerate unitary form on V' (see [14, p.143]) and

I, - ulpy,
(") (™)

are the matrices of the forms 3 and 3, respectively, expressed in terms of the ordered
basis (€1, .., €m, f1,---, fm). Set Hy = PSp,,(q) < H N Gy. Without loss of generality,
we may assume that V' is the natural Gp-module and that G fixes 8 and Hj fixes 5'. In
other words, modulo scalars we have

Go = {r € SL,(¢%) | xKz" = K}
Hy={z ¢ SLn(q2) ‘ tKz' = K and zJz” = J},

where Z = (z7;) for 2 = (2;;) € SL,(g%). Also note that if # € G then HY is the stabilizer

(in Go) of the symplectic form corresponding to the asymmetric matrix z='J2z~7. In
particular, we claim that

Ho N HY = Cp,(y) where y = 2~ ' Jz= T g1, (34)
To see this, note that z € HyNHY if and only if 2J27 = J and 2(x = Jz= 1)t = 27 1J2~T.
Here the former condition is equivalent to 27 = J~1271J, so z € HyN H§ if and only if
e el = 2 g
which is equivalent to the condition z € Cpy, (y).
Write ]F;2 = (w) and set Vi = (e, f1,e2, f2) and Vo = (e3, f3,...,€m, fm), so V =
V1 L V5 is an orthogonal decomposition with respect to the symplectic form 5. By [14,

Proposition 4.1.3], the Hy-stabilizer of this decomposition is a central product H; o Ha,
where H; = Spy(q) and Ha = Sp,,_4(q).

First let us assume ¢ is even. Fix the basis ordering (e1, f1,...,€m, fm) and define
r=[wi w9, I,,_4] € Go and

y=a g = W29, W2V 1,y
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If n > 6 then
Spa(q) x Spa(q) x Hz = Chy(y) = Ho N Hg < (Ho)wi, v
and the usual argument implies that H N H* < Hy, v, < H. Similarly, if n = 4 then
Spa(q) % Spa(q) = Cy(y) = Ho N Hy = (Ho)vy, v, < (Ho){v,,0s)
where U; = (e1, f1) and Uy = (eg, fa). Therefore
HNH*=Hy,u, < H{Ul,Ug} < H
and once again we conclude that G is not extremely primitive.
A similar argument applies when ¢ is odd. Here we set
w0
wl W

‘ In74

in terms of the basis (e1, fi,...,€m, fm), where (i,j) = (¢ — 1,¢ — 1) if ¢ > 5, and
(i,5) = (1,5) when ¢ = 3. This choice of i and j implies that K27 = K, so € Go.
Now y = 2~ ' Jx~TJ~1 is the diagonal matrix [w™" /Iy, w715, I, 4], and we note that
w7 #£ W, We can now complete the argument as in the g even case. (|

Proposition 7.5. Suppose Gy = PSU,(q) and H € Cs is of type O5(q), where q is odd
and n > 3. Then G is not extremely primitive.

Proof. As in the proof of the previous proposition, we may assume G does not contain
any graph automorphisms. Set Hy = PSO;(q) and assume n > 5 for now. By [14,
Proposition 4.5.4] we have Hy < H N Gy. Let V be the natural Gp-module and let B =
{e1, f1, €2, fa,...} be a basis for V' with respect to a non-degenerate unitary form 3, where
5(61,62) = ,B(fl,fg) = ,8(61,]02) = ﬂ(eg,fl) = 0 and ﬂ(@z,fl) =1 (see [14, PI‘OpOSitiOn
2.3.2]). Moreover, we may choose the basis B and a specific ordering (eq, f1, €2, fa,...) so
that
0 1
10
J = 0 1 (35)
10
‘ *

is a symmetric matrix representing 3, and modulo scalars we have

Go = {z € SL,(¢%) | zJzT = J}

Hy = {x € SL,,(¢?) | JzT = J and zJz’ = J}.
Set F;z = (w), Vi = (e1, f1,e2, f2) and Vo = V;-. Note that the Ho-stabilizer of the
orthogonal decomposition V = V; 1 V5 is a central product of the form H; o Hs, where Hy

is of type O (¢) and Ha is of type OF_,(q). Also define Uy = (e1, f1) and Us = (eq, f2).
As in the proof of the previous proposition, we note that (34) holds for all z € Gy.

Let z = [wi s, wl ™15, I,,_4] € Gy (with respect to the above basis) and define
y=a gz Tg 1= [wQ(I_Q)Ig,wQ(q_l)IQ, I, —4).
Then
LO X H2 = CHo(y) = HO N Hg < (HO)Vl,Vzv
where Lo = (Hi)y, v, is a subgroup of Hy of type OF (q) x O3 (q). The usual argument

now yields
HNH* < 1'.‘[\/17{/2 < H
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and thus G is not extremely primitive.

To complete the proof, let us assume n < 4. If ¢ = 3 then the result is easily checked
using MAGMA, so we will assume g > 5. First suppose (n,e) = (4,4). Define z € Gy and
y=a"'Jx~TJ~! as in the previous paragraph. Then

Ly=Cu,(y) = HoN Hy < (HO){U1,U2}’

where Lg is defined as before, and (Ho){y, 1, is a Co-subgroup of Hy of type O (q) 1 Sa.
It follows that H N H* < Hyy, 1,y < H.

Now assume (n,e) = (4,—). Let {v1,v2,v3,v4} be an orthonormal basis for V with
respect to 3 (see [14, Proposition 2.3.1]) and consider the basis B = {wvy,v2,v3,v4}. Now
the diagonal matrix J = [w?t!, I3] represents B with respect to B, and we also note that
det(J) = w7 is a nonsquare element of F,, so Hy is of type Oy (q) as desired. Let x
be the diagonal matrix x = [I,w?" !, w!~9]. Then z € Gy since zJzT = J, and we have
HoNHf = Cq,(y), where

y=z g TJ 1= [IQ,wQ_zq,w2q_2].

It is easy to check that each z € C,(y) is a block-diagonal matrix of the form z = [X a, ],
where X € GLa(q) and a® = b = 1. As a consequence, we deduce that HN H* < L < H,
where L is the H-stabilizer of the orthogonal decomposition V' = (wwy,v2) & (vs, v4).

Finally, suppose n = 3. Let {v1,v2,v3} be an orthonormal basis for V' (with respect
to the unitary form ) and set x = [1,w? !, w!™9) € Gy with respect to the ordered basis
(v1,v9,v3). Then Hy N HE = Cp,(y), where y = 271277 = [1,w?729,w?7 2], and we
deduce that

HOH® = Hyy), (), (vs) < Higor)(w2),(w0)) < H-

The result follows. U

8. SYMPLECTIC-TYPE NORMALIZERS

Let 7 # p be a prime. Recall that an r-group R is extraspecial if Z(R) = ®(R) = R =
Z,, where ®(R) and R’ denote the Frattini subgroup and derived group of R, respectively.
Further, an extraspecial group R is of symplectic-type if every characteristic abelian sub-
group of R is cyclic. The members of Aschbacher’s Cg collection are the normalizers of
certain absolutely irreducible symplectic-type r-groups; the various cases to be considered
are listed in [14, Table 4.6.B], and we refer the reader to [14, Section 4.6] for further details
on the structure of these subgroups.

Proposition 8.1. Let G be an almost simple primitive classical group with socle Gy and
point stabilizer H € Cg. Then G is extremely primitive if and only if Gy = PSLa(5) and H
is of type 22.05 (2). (This group is permutationally isomorphic to PSLa(4) or PSLy(4).2
on the cosets of P1, as in line 1 of Table 1.)

Proof. According to [5, Proposition 7.1], either b(G) = 2, or the action of G is permutation
isomorphic to a subspace action, or (G, H) is one of the following cases:

Go Type of H Conditions
(i) PSL2(5) 22.05(2)
(i) PSU4(3) 2%.Sp,(2)
(iil) PSps(5) 2*.0;(
(iv) PQF(3) 25.0f(

) G =Go2

2
2) G = Gop.2 < Inndiag(Gy), G # PSOj (3)

In view of Lemma 2.1 and our work in Section 3 on reducible subgroups, it remains
to deal with the cases (i) — (iv) listed above. In (i) the action of G is isomorphic to the
natural action of A5 or S5 on 5 points, so this is an extremely primitive example, which is
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recorded in line 1 of Table 1. In (ii) — (iv) it is easy to check that |2| — 1 is not divisible by
|F'(H)|, whence G is not extremely primitive by Lemma 2.2(iii). For example, in (iv) we
have G = Gp.2 and H = 26.07 (2) (see [12]), whence F(H) = Z§ but || — 1 = 3838184 is
not divisible by 64. O

9. CLASSICAL SUBGROUPS

The members of Aschbacher’s Cg collection are the stabilizers of non-degenerate forms
defined on the natural Go-module V. For example, if Gy = PSL,,(¢) and n is even then
we may define a non-degenerate symplectic form on V', which yields a Cg-subgroup of type
Sp,,(q). The various possibilities for G and H are described in [14, Table 4.8.A].

Proposition 9.1. Suppose Gy = PSL,,(q) and H € Cg is of type Sp,,(¢). Then G is not
extremely primitive.

Proof. Here n = 2m is even and m > 2. Let V denote the natural Gp-module and let
{e1, f1,. - em, fm} be a standard symplectic basis for V' with respect to a non-degenerate
symplectic form S. If G contains graph automorphisms of G then Z(H) = Z3 is nontrivial,
so G is not extremely primitive by Lemma 2.2(i). For the remainder we may assume
otherwise. Set Hy = PSp,,(¢) < H N Gy and let

(™)

be the matrix representing  with respect to the basis (e, ..., em, f1,..., fm), S0 modulo
scalars we have

Hy = {z € SL,(q) | 2J2T = J}.
In addition, we note that (34) holds for all x € Gy.

Suppose n > 6. Set Vi = (e, f1,€2, f2), Vo = (es3, f3,...,€m, fm) and fix the basis
ordering (e1, f1,-..,€m, fm). Note that the Hy-stabilizer of the orthogonal decomposition
V =V; L Vi is a central product Hj o Hy with H; = Sp,(q) and H2 = Sp,,_4(q).

First assume ¢ is even. Define

100101
1 10001 0010
010111 0001
=011 10 1 ,y=a Jz Ty l= 101 0
011100 0101
011011 | In—4
In—G

and note that x € Gp. Now V, is the 1-eigenspace of y, so Cp,(y) fixes Vo and thus
Vi = Vi* also. It follows that

LO X H2 = CHo(y) = HO ﬁHg < Hl X H2 - (HO)Vl,VQJ

where Lg is a subgroup of Hj of type Spy(q) X Spa(q) when ¢ =1 (mod 3), otherwise Ly
is of type Sp,(¢?). The usual argument now implies that H N H* < Hy, y, < H and thus
G is not extremely primitive.

Next suppose g is odd, and continue to assume that n > 6. Here we define

-1.0 0 0 0 0 —-10
0001 0 0 01
T = 0010 cy=a g Tgt=1 1 0 0 0
0100 0 -1 00

‘ In_4 ‘ In—4
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Once again, x € G and V5 is the 1-eigenspace of y. We can now proceed as in the ¢ even
case.

Finally, let us assume n = 4. The cases with ¢ < 5 are easily checked using MAGMA,
so we may assume ¢ > 5. Write F; = (w) and let x € Go be the diagonal matrix
x = [wly,w'I5] with respect to the basis (e1, f1,e2, f2), and set y = z~'Jz=TJ~! =
[w2I5,w?I5]. Note that w? # w™2 since ¢ > 5. Set Uy = (e1, f1) and Uy = (ea, f2). Then

(Ho)u,,u, = Chy(y) = Ho N Hy < (Ho){v,,0,y < Ho
and thus H N H* < Hyy, py,) < H. We conclude that G is not extremely primitive. g

Proposition 9.2. Suppose Gy = PSL,(q) and H € Cg is of type O (q) with q odd. Then
G s not extremely primitive.

Proof. Here n > 3 and q is odd (see [14, Proposition 4.8.4]). As in the proof of the previous
proposition, we may assume G does not contain any graph automorphisms of Gg. Let @

be a non-degenerate quadratic form of type € on V, with associated symmetric bilinear
form g.

First assume n > 5. Fix a standard orthogonal basis (e1, f1, €2, fo,...) for V (with re-
spect to @), where Vi = (eq, f1, ez, f2) is a 4-space of plus type. The matrix J representing
B is given in (35), so if we set Hy = PSO; (q) < H NGy then

Hy = {x € SL,(q) | xJz = J}

modulo scalars. Set V5 = Vi* and note that (Hp)y, v, is a central product Hj o Hy, where
H is of type Of (q) and Hs is of type O _,(q). Also note that (34) holds for all z € Gy.

Take z and y as in the g odd case in the proof of Proposition 9.1, so x € Gy and V5 is
the 1-eigenspace of y. Then the same argument applies, giving

HNH" < Hyy, <H

so GG is not extremely primitive.

To complete the proof, let us assume n < 4. In each of these cases, if ¢ < 5 then
the result can be checked via MAGMA so we will assume ¢ > 5. Suppose (n,e) = (4,+).
Fix a standard orthogonal basis (e, f1, ez, f2) for V. Take z = [wlo,w™ '] € Gy, where
F = (w), and y = a~ Jz~ T J 1 = [w 2L, w?Iy], where

01

10
0 1
10

J:

represents . Set Uy = (ey, f1) and Us = (e, f2). Then in the usual manner we deduce
that

HNH* L HU1,U2 < H{U1,U2} < H,

where Hyy, 17,) is an imprimitive subgroup of type O; (q) 1.Sa. The result follows.

Next suppose (n,e) = (4,—). Let {ei1, fi,u,v} be a standard orthogonal basis for V
corresponding to a non-degenerate quadratic form @ of minus type (see [14, Proposition
2.5.3(ii)]). Let J be the matrix of 5 with respect to the specific basis ordering (e1, f1,u,v),
SO
0 1
g 10
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where 2 4+t + A € F,[t] is an irreducible polynomial. Set

1/2 —1/2 01
T = 1 1 €Go, y=a gz Ty t= 10
I I
Then Hy N Hf = Ch,(y) is the set of matrices in Hy of the form
a b
—b a

*

with ab = 0 and a® — b> = 1. Note that there are exactly 4 possibilities for the ordered
pair (a,b) when ¢ =1 (mod 4), and only 2 when ¢ =3 (mod 4). In particular, we deduce
that Ho N Hf < (Ho)v, v, < Ho, where Uy = (e1, f1) and Uz = (u,v). More generally,
HNH* < Hy, y, < H and thus G is not extremely primitive.

Finally, suppose n = 3. Let {e1, f1,d} be a standard orthogonal basis for V, so

010
J=11 00
0 01

represents [ in this basis. Set Uy = (e; + f1 + d) and Uz = Ull, soV =U; L U;isan
orthogonal decomposition of V' into non-degenerate subspaces. Define

010 010
z=|00 1 |€Gy, y=aztJzlst=0 0 1
100 100

Then Hy N Hf = Ch,(y) is the set of matrices in Hy of the form

b
a
c

0
L 0O

and thus Hy N Hy < (Ho)u,,v, < Ho. In the usual manner, we conclude that H N H* <
Hy, 1, < H and the result follows. O

Proposition 9.3. Suppose Gy = PSL,,(q) and H € Cs is of type U,(qo) with n > 3 and
q= qg. Then G is not extremely primitive.

Proof. Let {ey, f1,...} be a standard unitary basis for V' with respect to a unitary form
B (see [14, Proposition 2.3.2]). Let G be the ambient simple algebraic group PSL, (K),
where K is the algebraic closure of IF;, and let o be a Frobenius morphism of G such that
(G,2) = Gy and (G,) = Hy = PSU,(qo). Without loss of generality, we may assume
o = 7¢ is the standard graph-field automorphism of G with respect to the above basis, so
T is the inverse-transpose graph automorphism and ¢ is the involutory field automorphism
defined by ¢ : (a;;) — (ag](-)). Write Fy = (w).

To begin with, let us assume gy > 4. Let U = (ey, f1,d) be a non-degenerate 3-
dimensional subspace of V' such that f(e;,d) = B(f1,d) = 0 and S(d,d) = 1. Also set
V1 = <€1,f1> and VQ = VlJ‘. Define

Y o
=1 o o0 1 €Go, y=ato(@)=|_0 w'"®
‘ In72
‘ In73

with respect to the basis ordering (eq, f1,d,...). Applying Lemma 7.2 we deduce that
HoNHg = Cry(y) < (Ho)wi,v, < Ho.
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Moreover, since gy > 4 we have w0l #£ w179 5o Cpy, (y) is a proper subgroup of
(Ho)v;,v, and in the usual way we deduce that H N H* < Hy, v, < H.

A very similar argument applies when ¢o < 3. Indeed, if g9 = 3 we set

2
LS Lw?
Tr = (/JG w w2 € G07 y= mil (x) = wﬁ —1 )
‘ In—?
‘ In-3

while if gy = 2 we define

1 w w?
o1 o1
Tl w1
‘ I3
(in terms of the specific basis (e1, f1,d,...)). Taking V; and V5, as before, we see that V3
is the 1-eigenspace of y and once again we conclude that H N H* < Hy, v, < H. g

Proposition 9.4. Suppose Gy = PSp,,(q) and H € Cs is of type O%(q) with q¢ even. Then
G is extremely primitive if and only if ¢ = 2, and then G occurs in line 2 of Table 1.

Proof. Here G is isomorphic to the orthogonal group 2,,41(¢q). In the case n = 4, we may
suppose that G does not contain a graph-field automorphism because otherwise G has no
maximal subgroup of type O%(q) (see [1, (14.1)]). The action of G on the cosets of H is
permutation isomorphic to the action of €,11(q) on the set of non-degenerate hyperplanes
T of type ¢ of the natural (n + 1)-dimensional module V. The non-degenerate quadratic
form @ on V preserved by G has a non-singular radical Rad(V') = (d), and TNRad(V') =0
for each such T'. Note that this G-action is 2-transitive if and only if ¢ = 2. Let 3 denote
the corresponding symmetric bilinear form on V.

Let H = Gy be the stabilizer of a hyperplane U of V of type €. For all singular 1-spaces
(u) of U, we shall construct ¢ — 1 non-degenerate hyperplanes W of V' of type € such that
(UNW)* = (u,d) and W # U. These ¢—1 hyperplanes constitute a block of imprimitivity
for the action of H = Gy on all hyperplanes.

We make use of the standard basis {e1, ..., em, f1,..., fm,d} for V given in [14, Propo-
sition 2.5.3(iii)], where n = 2m, Q(e;) = Q(fi) = 0, Q(d) # 0, B(ei,e;) = B(fi, fj) =
B(ei,d) = B(fi,d) = 0 and (e, f;) = 0;; for all i, j. More precisely, we choose d so that
Q(d) = X and the polynomial t? + ¢t + A € F,[t] is irreducible.

As @ is primitive on the hyperplanes of type ¢ we may assume that

U= <el7--'7em7f17"'7fm> ife =+
<ely--~,em—1;f17---;fm—17d17d2> ife =—
where, for e = —, (d1,da,d) = (em, fm,d) and (dy, d2) is a non-degenerate 2-space of minus

type. Note that in both cases we have U = (e1, f1) L Uy with Uy a non-degenerate space
of dimension n — 2 and type €.

For any g € G\ H, let K = H9 and W = UY, so K is the G-stabilizer of W. Then
U NW has codimension 2 in V and hence (U N W)+ is a 2-dimensional space containing
Rad(V). Moreover U N W is a hyperplane of the non-degenerate space U, and hence
UnUNW)*t = (v) and (UNW)* = (v,d) for some v € U.

We claim that for all singular 1-spaces (u) of U, there are exactly ¢ — 1 non-degenerate
hyperplanes W of V of type € such that W # U and (U NW)* = (u, d).

To prove our claim, note that, as H is transitive (indeed primitive) on the singular
1-spaces of U, we may assume that u = eq, so u™ = (uy L Uy L Rad(V) and wtnNU =
(u) L Up. Note that we must have u € U NW as otherwise u € ({(u) L (UNW))+ =U",
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contradicting the fact that U+ = Rad(V). Since UNW C utNU for each subspace W of
type € associated with w, it follows that U N W = (u) L Up for each such W. Thus each
such W is of the form W = (u,w, Up) for some w € V. Note that w ¢ u’ as otherwise
u € W contradicting the fact that W+ = Rad(V). Thus, multiplying w by a scalar
if necessary, we may assume that w = f; + w’ for some w’ € u’. Next, by adding an
element of Uy to w' if necessary, we may further assume that w = ae; + f1 + bd for some
scalars a,b. If b =0 then w € U and U = W, which we do not want. Thus b # 0. Now
B(er,w) = 1, and Q(w) = Q(ae1 + f1 + bd) = a + b*>Q(d). Hence, for a given (non-zero)
value of b, there is a unique a such that Q(w) = 0, namely a = v*Q(d), and for this a
we have exhibited a basis showing that the space W is non-degenerate of type € (namely
(e1,.. . em,w, fo,..., fm) if e = 4+ and (e1,...,em—1,w, fo, ..., fm—1,d1,d2) if e = —; in
this latter case, if m = 2 this reads (e1,w,dy,ds)). Also (UNW)* = (u,d) as required.
Distinct values of b give distinct spaces W (b) = ((u) L Up) @ (f1 +bd), so we have exactly
q — 1 non-degenerate W (b) of type € for the given singular 1-space (u). This proves our
claim. Note also that H, acts transitively on these ¢ — 1 subspaces W (b).

Let W be the set of non-degenerate hyperplanes W so that (U N W)+ = (¢,d) for some
singular ¢ € U. Those spaces W for which (U N W)+ = (u,d) for a fixed singular (u) C U
form a block of imprimitivity of size ¢ — 1 and, as noted above, Hy,) acts transitively on
those ¢ — 1 hyperplanes . Thus W is an orbit of H and if ¢ > 2 then the H-action on W
is imprimitive. Therefore, the G-action is not extremely primitive. On the other hand if
q = 2 then the H-action on W is equivalent to its (primitive) action on singular 1-spaces
of U, and in this case the G-action is 2-primitive and hence is extremely primitive. This
case is recorded in line 2 of Table 1. g

10. ALMOST SIMPLE IRREDUCIBLE SUBGROUPS

Recall that Aschbacher’s main theorem on the subgroup structure of G (see [1]) states
that if H is a maximal subgroup of G then either H belongs to one of eight geometric
subgroup collections (which we label C;, for 1 < ¢ < 8), or H is almost simple and acts
irreducibly on the natural Gg-module. We write Cy to denote this latter collection of
maximal subgroups (note that Kleidman and Liebeck [14] use S, rather than Cg, to denote
this collection). These subgroups also satisfy a number of additional properties (see [14,
p.3]), which are introduced to ensure that a Cy-subgroup is not contained in one of the
geometric C; collections. We also note that a small additional family of novelty subgroups
arises when Gy = PSp4(g)’ (with ¢ even) or PQy (¢) — we will deal with these extra cases
in Section 11.

Lemma 10.1. Let G be an almost simple primitive classical group with socle Gy and point
stabilizer H € Cg. Then one of the following holds:

(i) b(G) = 2.
(ii) The action of G is permutation isomorphic to a subspace action.
(iii) (G, H) is one of the cases listed in Table 3, where Hy = Soc(H).

Proof. See Section 10 of [5]. O

In view of Lemma 2.1 and our earlier analysis of subspace actions in Section 3, it remains
to deal with the list of explicit cases recorded in Table 3.

Lemma 10.2. If Gy = Q7(q) and Hy = Ga2(q) with q odd, then G is not extremely
primitive.



38 TIMOTHY C. BURNESS, CHERYL E. PRAEGER, AND AKOS SERESS

Go Hj Conditions
1 Q(q) Ga(q)'
2 PSpy(q) Sz(q) q even, logy ¢ > 1 odd
3 PSL4(2) As
4 PSLy4) Ag
5 PSLy(19) As
6 PSLy(11) As
7 PSLy(9) As
8 PSUg(2) PSU4(3)
9 Moy,
10 PSU4(3) PSLs(4)
11 Aq
12 PSU3(5) Ay
13 Ag
14 PSL3(2) G = Gy.2
15 PSU3(3) PSLs(2)
16 Spg(2) Ao
17 Spg(2)  Us(3)
18 Qf,(2) A G =Gy.2
19 Q,(2) A
20 Q3,(2) A
21 PQI(3)  QF(2)
22 QF(2) Ag
23 :(3)  Spe(2)
24 Ag

TABLE 3. H € Cy, b(G) > 2

Proof. We may view G as a subgroup of an 8-dimensional orthogonal group X = Qg (q)
such that Gy acts irreducibly on the 8-dimensional orthogonal space V. By [12, Propo-
sition 3.1.1(iv)], Naug(x)(Ho) contains a triality automorphism 7 of X. Moreover, by
[12, Proposition 3.1.1(vi)] (noting that Go is a Kj-group in Kleidman’s terminology),
Go NG = Ga(q) is the stabilizer in Gy of a non-singular 1-space (v) of V. Since Hy = H{
it follows that Go N G§ = Ho = (Go)(v)- Multiplying the quadratic form @ preserved by
X by an appropriate scalar, if necessary, we may assume that @Q(v) = 1. Thus the action

of Gy on € is equivalent to its action on the set of 1-dimensional non-singular subspaces
of V.

This Gp-action was analyzed in [16, Proposition 2] and it was shown there that there
exists an Hp-orbit A of length ¢® — 1. Thus [(Ho)s| = |Ga(q)|/(¢® — 1) = ¢°(¢* — 1)
for 6 € A, and it follows from the list of maximal subgroups of G2(g) in [13, Theorem
A] that the only maximal subgroups containing a Sylow p-subgroup of Hj are parabolic
subgroups. Hence (Hp)s is contained in a maximal parabolic subgroup My of Hy. Now
|Mo| = ¢°(¢>—1)(¢—1), and so (Hy)s is a proper subgroup of My and Gy is not extremely
primitive on €.

Finally, let us assume G # (Gg. Since G leaves invariant the conjugacy class of stabilizers
Ga(q) in Gy, it follows that H induces only diagonal and field automorphisms on Hy =
G2(q). Therefore Lemma 2.3 applies: the stabilizer Hs contains (Hp)s and hence contains
a Sylow p-subgroup of Hj. Since (Hy)s is properly contained in a maximal parabolic
subgroup of Hy, we conclude that Hs is not maximal in H. ]

Lemma 10.3. If Go = PSp,(q) and Hy = Sz(q) then G is not extremely primitive.
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Proof. Here q is even, logy,q > 1 is odd and H N Gy = Hy. If G contains an involutory
graph-field automorphism then Z(H) # 1, so we may assume G = Gy.(¢) and H = Hy.(¢),
where ¢ is a field automorphism. According to [15, Table 1], there exists an element
z € Cg,(¢) such that |Hy N HE| = ¢* (we can take z to be the root element labelled
Zq+p(1) in [15, Table 1]). Therefore HyN H{ is properly contained in a maximal parabolic
subgroup My of Hy and thus Gg is not extremely primitive. If G # Gy then Lemma 2.3
implies that H N H* is not maximal in H, so G is not extremely primitive in this case
either. g

Our main result for Co-subgroups is the following proposition. Here we adopt the
standard ATLAS [8] notation for the conjugacy classes of involutions in G.

Proposition 10.4. Let G be an almost simple primitive classical group with socle Gg and
point stabilizer H € Cyg. Let Hy denote the socle of H. Then G is extremely primitive if
and only if (G, H) is one of the following:
(i) Go = PSL4(2) and Ho = A7 (line 4 of Table 1).
(ii) Go = PSL3(4), Ho = Ag (line 6 of Table 1) and one of the following holds:
(a) G = Go.(a,b) = Go.2% and H = Hy.22, where a € 2C, b € 2D.
(b) G = Gp.2 = Gy.(a) and H = My, where a € 2B is an involutory graph-field
automorphism.
(¢) G =Gyp.2 =Gy.(a) and H=PGL2(9), where a € 2D is an involutory graph
automorphism.
(iii) G = PSLa(11) and H = As (line 7 of Table 1).
(iv) Go = PSL2(9), Hyp = As and either G = Gy or G = Sg (line 2 of Table 1 with
(TL,E) = (47 _))
(v) Go =PSU4(3), Hy = PSL3(4) (line 5 of Table 1) and one of the following holds:
(a) G = Go.{a,b) = G¢.22 and H = Hy.2%, where a € 2B is a diagonal involu-
tion of type [—1,1I3] and b € 2F is an involutory graph automorphism with
centralizer of type Oy (3).
(b) G = Go.2 = Gy.{a) and H = Hy.(c), where a € 2F and c is an involutory
graph or graph-field automorphism.

Proof. In view of Lemmas 10.1 — 10.3 we may assume that (G, H) is one of the cases
numbered 3 — 24 in Table 3. In each of these cases we use MAGMA [3] to verify the desired
result. For example, in the cases 3,4,6,7 and 10 (corresponding respectively to the cases
labelled (i) — (v) in the statement of the proposition) we can use the MaximalSubgroups
and CosetAction commands to construct G as an explicit permutation group on the set of
right cosets of H in G; it is then straightforward to confirm the above results. Each of
these extremely primitive examples is recorded in Table 1. (Note that the case labelled 7
appears in line 2 of Table 1 as the case Gy = PSp,(2)" with H of type O, (2).)

In each of the remaining cases we claim that G is not extremely primitive. To see this
we use MAGMA to construct both G and H as explicit permutation groups, and then by
random search we quickly identify an element x € GG such that H N H” is not a maximal
subgroup of H. From a computational perspective, the most difficult case here is when
G = 07,(2) and H = Sig; here the natural G-module V is the fully deleted permutation
module for G over Fy. First we note that G = PSO7,(2), which MAGMA stores as a
permutation group on 8255 points. Next we construct H. According to the Web-Atlas
[21], we have

Aig = (a,b|a € 3A, b e 15F, |ab| = 14, |abb| = 63) .
Now, if a € 34 in Ajg then dimCy(a) = 12 and thus |a®| = 10924032. Similarly, if
b € 15F in A then [b%| = 15036051337981584715284480. (To deduce this, we use the
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fact that the associated embedding arises from the fully deleted permutation module for
Ay over Fo — see [14, p.185].) By random search, it is easy to find elements @ and b in G
such that

la| = 3, |b] = 15, |a®| = 10924032, |b%| = 15036051337981584715284480.

Next, we use random search once again to find G-conjugates e = a® and f = b? such
that |ef| = 14, |ef?| = 63 and |{e, f)| = |A16]. Then A1 = (e, f) and we can take
H = Ng({e, f)). Using MAGMA it is easy to identify the order of every maximal subgroup
of H and we then use random search to find an element z € G such that |[H N H?| is not
equal to the order of such a subgroup. In this way we deduce that G is not extremely
primitive. ([l

11. NOVELTY SUBGROUPS

In order to complete the proof of Theorem 1.1, it remains to deal with the small addi-
tional collection of so-called novelty subgroups which arise in one of the following special
cases:

(i) Go = PSpy(q)’, p =2 and G contains graph-field automorphisms;
(ii) Go = PQyg (q) and G contains triality automorphisms.

By a novelty subgroup, we mean a maximal subgroup H of G such that H N Gy is not
maximal in Go. The possibilities arising in case (i) were described by Aschbacher (see [1,
Section 14]), while those in case (ii) were determined later by Kleidman (see [12, Section
4]).  We record the various cases in Table 4, and we use Cip to denote this subgroup
collection.

Gy Type of H Conditions
PSpy(q)" O3(q) 1.5 q>2
05 ()2
Pyo = [¢"].GL1(g)?
PO (q)  GL5(q) x GLi(q) g>3ife=+
O (¢*) x O3 (¢*)
Ga(q)
[2%].5L3(2) qg=p>2

Pi34 = [q""].GLy(q)GL1(g)?
TABLE 4. The Cq( collection of novelties

Lemma 11.1. Let G be an almost simple primitive classical group with socle Gy and point
stabilizer H € Cyo9. Then either b(G) = 2, or (G, H) is one of the cases listed in Table 5.

Go Type of H Conditions
PSp,(q) O3 (¢°):2 q=2
Pio = [¢"].GL1(g)*
PO (q)  GUs(q) x GUi(g) ¢=2,G=Gp.Ss
Ga(q)

P134 = [¢"].GLa(q)GL1(q)?
TABLE 5. H € Cyg, b(G) > 2
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Proof. See [5, Proposition 11.1]. O

Proposition 11.2. Let G be an almost simple primitive classical group with socle Go and
point stabilizer H € C1g. Then G is not extremely primitive.

Proof. In view of Lemmas 2.1 and 11.1, we may assume (G, H) is one of the cases listed in
Table 5. First assume Gy = PSp,(¢)’. Using MAGMA it is easy to check that if ¢ = 2 and
H is of type O (¢?).2 then G is not extremely primitive. If H is a parabolic subgroup of
type Pp o then |F(H)| = ¢*, but ¢* does not divide |Q| — 1 = (¢ +1)?(¢> +1) — 1 and thus
Lemma 2.2(ii) or (iii) applies.

Next let us turn to the cases in Table 5 with Gy = PQ (¢). In the first case, the socle
of H is not a product of isomorphic simple groups, while Z(H) # 1 when H is of type
G2(gq). In both cases we conclude that G is not extremely primitive. Finally, if H is of
type Pi34 then |F(H)| = ¢! and it is easy to check that ¢!! does not divide |Q| —1. O

This completes the proof of Theorem 1.1.
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