ON THE ORDERS OF IRREDUCIBLE SUBGROUPS
OF FINITE CLASSICAL GROUPS
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ABSTRACT. Let G be a finite almost simple classical group over F, with socle Gy and
natural module V' of dimension n. Let H be a core-free maximal subgroup of G. By a well-
known theorem of Aschbacher, either H is contained in one of eight subgroup collections
that are defined in terms of the geometry of V, or H is almost simple and the embedding
of H in G arises from an absolutely irreducible representation of a covering group of the
socle of H. We write S for the latter collection of irreducibly embedded almost simple
subgroups. Determining the subgroups in § is an intractable problem, in general, which
has only been fully resolved in low dimensions. However, many applications require some
control on the subgroups in S, expressed in terms of their order, or properties of their
elements, for example. Extending a theorem of Liebeck from the 1980s, and building on
later work by Burness, Guralnick and Saxl, in this paper we determine all the subgroups
H € 8§ satisfying the lower bound |H| > ¢". We also highlight a recent application of our
main result to a problem in finite geometry.

1. INTRODUCTION

Let G be a finite almost simple classical group over F, with socle Gy and let V be the
natural module for Gy. Write ¢ = p/ and n = dim V, where p is a prime.

The main theorem on the subgroup structure of finite classical groups is due to Aschbacher.
In [I], eight collections of subgroups of G are introduced, denoted by Ci,...,Cs and defined
in terms of the geometry of V. For instance, the collection C; comprises the stabilisers in G of
suitable subspaces (or pairs of subspaces) of V. And the subgroups in Cy are the stabilisers of
certain direct sum decompositions of V', and so on. Aschbacher’s main theorem then states
that if H is any core-free maximal subgroup of GG, then either H is contained in one of the C;
collections, or H is almost simple and the embedding of H in G is afforded by an absolutely
irreducible representation p : L — GL(V'), where L is a quasisimple covering group of the
socle of H. In the latter situation, we say that H is contained in the collection S and we note
that the image p(L) must satisfy several additional conditions that are designed to ensure
that H is not contained in one of the geometric C; collections (see Definition [2.1]).

In [15], Kleidman and Liebeck present detailed information on the geometric subgroups
comprising each C; collection. In particular, they calculate the order of every subgroup of this
form and more importantly, assuming n > 13, they determine all of the maximal subgroups
in C; up to conjugacy in GG. This is complemented by the more recent work of Bray, Holt and
Roney-Dougal [4], which completely determines the maximal subgroups, up to conjugacy,
in the low-dimensional classical groups with n < 12. The latter work in [4] also deals with
the subgroups in §, and the analysis has subsequently been extended to the groups with
n € {13,14,15} by Schroder [22] and n € {16,17} by Rogers [21I]. However, the problem of
determining the maximal subgroups in S (even up to isomorphism) for all n is intractable.

The latter observation has an impact on a wide range of applications. For instance, by
combining the O’Nan-Scott Theorem with the Classification of Finite Simple Groups, we
obtain a powerful strategy that can sometimes be used to reduce a general problem on finite
primitive permutation groups to the case where G < Sym({2) is an almost simple classical
group with point stabiliser H. And since H is a core-free maximal subgroup of GG, we may
be able to use Aschbacher’s theorem to reduce further to the situation where H is contained
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in §. At this point, additional information concerning certain properties of H will usually
be needed in order to reach the desired conclusion, despite the fact that we do not know the
subgroups comprising S, in general.

For some applications, it is sufficient to have restrictions on the order of H, even if we
cannot determine its precise structure. For example, in the permutation group setting, upper
bounds on fized point ratios play a central role in the application of probabilistic methods
to a wide range of problems, from group generation to the study of base sizes (we refer the
reader to the survey article [7] for more details). Given an element = € G, we write

|xGﬂH|
|2C|

for the fixed point ratio of x, which is simply the proportion of points in {2 fixed by x. So
in order to derive an upper bound on fpr(z,)), we need to combine an upper bound on
|2% N H| with a lower bound on |z%|. Of course, we can obtain a crude upper bound on the
numerator by taking |x% N H| < |H|, so long as we have some control on the order of H.

fpr(z, Q) =

In the special case where G is a classical group as above and H is a subgroup in the
collection S, it is natural to seek an upper bound on |H| in terms of the defining parameters
n and ¢ (for example, this can then be combined with a lower bound on |2%|, which can also
be expressed in terms of n and ¢). In practice, it may be desirable to derive a more refined
statement, which states that the pair (G, H) either belongs to a known list of candidate cases
(and for each one, we can work directly with the embedding of H in G), or |H| < f(n,q) for
some explicit function in n and gq.

The first result in this direction is due to Liebeck [I8] and it has been very useful in a
wide range of applications. In [I8, Theorem 4.2], all the pairs (G, H) such that H € S and
|H| > f(n,q) are determined, where

An+8

f(n7Q) = { 32n+4

if Gy = Uy(q) is a unitary group,
otherwise.

For certain applications, it is desirable to extend Liebeck’s theorem by weakening the lower
bound on |H| at the expense of expanding the list of possibilities for (G, H). For example,
the main theorem of [J] determines the exact base size of every finite almost simple primitive
permutation group with classical socle and point stabiliser in S, and the probabilistic proof
relies heavily on fixed point ratio estimates. In order to simplify the proof for unitary
groups, Liebeck’s lower bound of |H| > ¢*"*® in this case was extended to |H| > ¢**** via
[9, Theorem 2.10], bringing it in line with the existing lower bound for all the other classical
groups.

With a view towards further applications, the main aim of this paper is to significantly
extend the earlier work on this problem by replacing the lower bound |H| > ¢?"™* in [9]
Theorem 2.10] by |H| > ¢".

Theorem 1. Let G be a finite almost simple classical group over F, with socle Go and let
n be the dimension of the natural module V' for Gy. Let H € S be a mazimal subgroup of G
and let Hy be the socle of H N Ggy. Then one of the following holds:

(i) Ho = Agq, ¢ =p is a prime and V is the fully deleted permutation module for Hy.
(ii) (Go, Ho) is one of the cases recorded in Table[1] or[3
(iii) |H| < ¢™.
Remark 1. Let us record some comments on the statement of Theorem [Il
(a) In the statement, and throughout the paper, we assume Gy is one of the following:
Ln(Q) (TL > 2)7 Un(Q) (TL 2 3)a PSpn(Q)/ (n 2 4)7 PQZ(Q) (n 2 7)a

where we adopt the standard notation for simple groups from [15] (in addition, we
will sometimes write L,,(q) = L; (¢) and U, (¢) = L, (¢)). This is a valid assumption
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due to the existence of isomorphisms between some of the low-dimensional classical
groups (see [15, Proposition 2.9.1}).
Similarly, we assume that Go # La(5), La(7), Sp4(2)’, PSp,(3) since

L2(5) = L2(4), L2<7) = L3(2), Sp4(2)/ = L2(9), PSp4(3) = U4(2)

(b) In (i), Hy = Aq is an alternating group and V is the fully deleted permutation module
for Hy over F),. We refer the reader to [15, Section 5.3] for details on the construction
of this familiar module, together with the list of pairs (G, H) that arise (also see [9]
Table 3]). For example, G = Sp,,(2) and H = Sp4+2 with n = 0 (mod 4) is one
possibility, in which case there is clearly no upper bound of the form |H| < ¢f ()
(valid for all n) for any linear function f(n) = an + b. This explains why the cases
involving the fully deleted permutation module need to be recorded separately in
Theorem [l

(c) In (ii), we divide the relevant pairs (Go, Hp) into two parts, according to whether
or not Hy € Lie(p), where Lie(p) is the set of finite simple groups of Lie type in
characteristic p. The pairs with Hy ¢ Lie(p) are recorded in Table [l while the
remaining pairs appear in Table [2]

(d) In Table [1] for the case (Go, Hy) = (L4(13),U4(2)) we have G = Go.(7y), where 7 is
an involutory graph automorphism with Cg,(y) = PSps(13). And in the final row
with (Go, Hop) = (L2(9), As) we write ¢ for an involutory field automorphism of Gj.

(e) Let Hy € Lie(p) be one of the cases in Table [2[ and recall that we may view V as
an absolutely irreducible module for a quasisimple covering group L of Hy. If k is
the algebraic closure of F,, then V =V ® k is an irreducible module for the ambient
simple algebraic group X corresponding to L and we write A for the highest weight
of V as a kX-module, expressed in terms of a set of fundamental dominant weights
{A1,..., A} for X, which we label in the usual manner (see [3]). In the third column
of Table [2, we record the highest weight A of V', up to quasiequivalence.

(f) In Table [2f we adopt the following notation:
— In the first row, weset z=1ife=+and z2=d—1if e = —.
— For Gy = PQ5(q) and Hy = LE(g) with A = Aj + \g_1, we set ¢ = 2 if p divides
d, otherwise c; = 1.
— For Gy = P, (¢) and Hy = PSp,(q) with A = Ag, we set co = 2 if p divides d/2,
otherwise co = 1.

(g) For the groups with n > 18, we are not claiming that every pair (G, Hp) appearing
in Tables [1| and |2 corresponds to a maximal subgroup H € S. In every case, there is
an irreducibly embedded subgroup of the given form, but additional conditions may
be required to ensure maximality. By appealing to the relevant tables in [4], 21, 22],
we have omitted any candidate pairs (G, Hy) that do not give rise to a maximal
subgroup H € § when n < 17. And some candidate pairs (Go, Hp) with n > 18 have
also been excluded because H is clearly non-maximal. For example, if Gy = Q}E (q),
p=2and Hy = Sp;(q) with A\ = X5, then Hy < Q7,(¢) < G and H is non-maximal.

(h) In Table [2| there are several cases where Gy = PQf (q) with n even and the sign
€ = + has not been specified. In general, there is no straightforward or uniform way
to determine the sign, which will typically depend on various conditions involving
the defining parameters for Hy. For example, we refer the reader to Remark [£.4] for
the special case where Hy = Lg(q) and A = Ay + A\g_1.

Our proof of Theorem [I| naturally divides into two parts, according to whether or not
Hy is in Lie(p). And by appealing to the detailed information on maximal subgroups in
[4, 21 22], it is a straightforward task to read off all the pairs (Go, Hy) with |H| > ¢" when
n < 17. So most of our work involves the high-dimensional groups with n > 18, where we
do not know all the maximal subgroups in S, in general.
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Go Hy Conditions
Uso(q) PSpg(3) q=
PQys(q) Ru q=
Uxr(q)  2(3), Fizz ¢ =2
Las(q)  PSpy(7) q=2
PQ3,(q)  Co ¢=2,3,5
923((]) COQ q= 3
PSpys(q) Cos qg=2
PQ4,(g)  Cos q=3
Cog, McL q=2
Q21(q) Us(2) q=3
PSpy(q) HS q=2
PO (q)  Ua(3) q=2
Liga) A (a,€) = (3,+)
An (g,€) =(2,-)
U14(q) PSpG(S) q = 5, G = G0.2
PO () Ga(3) g=2
Uis(q)  PSps(3) q=2,5
L§2(Q) Suz (CL 6) = (2 7) (57 *)7 (7a +)
PSpi5(q) Ga(4) qg=5
Suz q=3
L(25) q=2
POo(g)  Ls(3) q=2
L11(2) LQ(QS)7 M24 q = 2
Liol) M (a,€) = (3,+)
Mas (g,6) = (2,+),(3,—)
PSpyo(q) Us(2) q=3
PQio(q) Mo q=2
Us(q) Lx(19),J5  ¢=2
PSpg(q)  Lo(17) q=2
PQI(a)  QF(2) q=3,5,7
q= 11, G 75 Go
q = 13, G= Go.Sg
Q7(q) Spg(2) q=3,57T
Lg(‘]) U4(3) ((LE) = (2 —),(57_)7(7, +)7(117_)7(137 +)
M (g:€) = (3,+)
Ls(4) (0.6) = (5,-)
Mas (g,€) = (2,-)
PSpg(q)  J2 q=>5,9
L(13) q=3
Us(3) q=2
L@ L0 (60=-)G+)
U4<2) (Qa 6) = (57 _)7 (77 +)
Mi1 (¢,€) = (3,+)
Li(q) A7 (g,€) =(2,+),(3,-),(5,—)
U4(2) (g,€) = (57_)>(7 +), (11, -)
(g,€) = (13, +), G = Go.(7) = Go-2
Ls(4) q=3
PSps(q) Ae q=>5,G=Gp.2
A7 q= 7
L5(q) Ag (¢,€) = (4,+),(5,-)
A? (q’ 6) = (57 _)
L2(7) (q 6) = (37 _)7 (5’ _)
La(q) As q=9,G=Go(p) = Go.2

TABLE 1. The cases (Go, Ho) arising in Theorem [I[ii) with Hy ¢ Lie(p)
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Gy Hy A n Conditions
L< (q) La(¢%) A1+ g\, d? d>3,e=+
La(q) Ao d(d—1)/2 d>5
2\ d(d+1)/2 d>3,p>3
A3 dd—1)(d—2)/6 de{7,8}
PQY(q)  Aija—1 2d/2-1 d € {10, 14}
E§(q) A1 27
PSp,(¢) Ly(a)  A+Aa 4 -2 d>6,d=2(mod 4), p=2
A3 20 d=6,p>3
La(¢*)  (I+q+¢)M 8 d=2,p>3
PSp,u(q) A2 did—-1)/2 -2 d>12,d=4(mod 8), p =2
PQ;(q)  Adj21 2d4/2-1 d=12,p>3
Qa(g)  Aa-n2 2(4-)/2 d=13,p>3
E7(q) A7 56 p=3
A\l 132 p=2
G2(q) At 6 p=2
’By(q) A1 4 q=27, f>30dd
PQS(q) Li(g) A4 Aaoy d?—c d>3,d#2(mod4) orp>3
A3 20 d=6,p=2,e=+
PSpy(¢®) (1+q)M d? d>4, (d,p) # (4,2)
PSpy(q) A2 d(d—1)/2 —c2 d>6,d#4(mod 8)orp=>3
2\ d(d+1)/2 d>4,p>3
Adj2 2d4/2 de {6,812}, p=2,¢=+
PQ7(q)  Aija—1 2d/2-1 d=12,p=2,e=+
PQi(qO) Adja—1 2d/2-1 d=8,qg=q, e=+
PO (g) Ao d(d—1)/2 d>8p>3
Qa(q) A2 d(d—1)/2 d=27,p23,|G:Go|l>2
Ad-1)/2 2(d-1)/2 de{7,9},p=3,e=+
Es(q) As 248
E7(q) A7 56 P = 2, e=+
A\l 133 p>3
Eg(q) )\2 78 — 537;,,
F4(q) )\4 26 — (5371,
A\ 26(2 — da.,)
3D4(q) A2 28 p=3
*Di(q0) M 8 q¢=q5 e=+
G2(q) A1 7 p=3
Ao 7(2 — 03,p) p=3,e=+if ¢q=1,7(mod 12),
e=—if ¢ =5,11 (mod 12)

TABLE 2. The cases (Go, Ho) arising in Theorem [I[ii) with Hy € Lie(p)

The cases with Hy ¢ Lie(p) are handled in Section 3| and we consider each possibility for
Hy in turn. If Hy is a sporadic simple group, then by considering the order of the Monster
group we immediately reduce the problem to the groups with n < 180, which then allows us
to appeal to work of Hiss and Malle. In [10, 11], all the absolutely irreducible representations
of dimension at most 250 of quasisimple finite groups are determined, excluding groups of
Lie type in defining characteristic. In addition, we are also provided with information on
the associated Frobenius-Schur indicators and Brauer character fields, which we can use to
determine Gy.

We adopt a similar approach when Hy ¢ Lie(p) is an alternating group or a simple group
of Lie type. For the alternating groups, we apply results of James [12] and Wagner [24] to
reduce to the groups with n < 75, which then allows us to bring in [10, 11] once again. And
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for groups of Lie type, we consider each possibility for Hy in turn, combining an upper bound
on |Aut(Hp)| with the well-known dimension bounds of Landazuri and Seitz [I7] in order to
reduce the problem to a setting where the results of Hiss and Malle are applicable.

The proof of Theorem [1|is completed in Section 4] where we handle the subgroups with
socle Hy € Lie(p). Here we have Hy = L/Z(L) and

L=X,={xeX :2° =z},

where X is a simple algebraic group over the algebraic closure k of F,,. Then V=V&kis
an irreducible £k X-module with highest weight A and we can appeal to well-known results in
the representation theory of simple algebraic groups in order to obtain information on both
n and the defining fields for Gy and Hy (for example, see Proposition in the case where
Hy is untwisted). We can then combine this with work of Liibeck [19], which gives detailed
information on the low-dimensional irreducible kX-modules, and this is how we proceed.

In addition to the appealing simplicity of the bound |H| < ¢" in part (iii) of Theorem
one of our main motivations for seeking an extension of [9, Theorem 2.10] stems from
an application in finite geometry. In order to outline the connection, let Q@ = (P, L) be a
finite thick generalised quadrangle with point set P and line set £, and assume Q has a
flag-transitive automorphism group G. In this setting, a widely studied conjecture of Kantor
[13] from the early 1990s asserts that Q is either one of the so-called classical generalised
quadrangles, or it is one of two sporadic examples, up to duality. In [§], Burness, Feng and
Lu complete the proof of Kantor’s conjecture in the special case where G acts primitively on
both points and lines.

By earlier work of Bamberg et al. [2], the latter problem has been reduced to the case
where G is an almost simple group of Lie type, which provides the focus of the recent work
in [§]. The proof in [8] proceeds via a sequence of reductions, which includes the case where
G is an almost simple classical group and a point stabiliser H is contained in the collection
S. If we write Gy for the socle of G as above, and we set K = H N Gy, then [8, Lemma 2.7]
gives the lower bound

K| > [Out(Go)|~>/°|Go["/°, (1)
where Out(Gg) is the outer automorphism group of Gy. In particular, we can eliminate
the candidate pair (G, H) if the lower bound in is not satisfied. Of course, in order to
implement this approach, we need an upper bound on the order of H.

For example, suppose Gy = PQ (¢q) is an orthogonal group, where n > 10 is even and
q = pf with p a prime. If we set d = ged(4, ¢/ — €), then

(n—2)/2
1 Lnn— n 7
Gol = 5a " (g2 =) [ (¢ = 1), [Out(Go)| = 2df
i=1
(see [I5 Table 5.1.A]) and one can check that
q2n+4 < ’Out(Go)rS/G‘Go‘l/ﬁ

only if n > 28. Therefore, the upper bound |H| < ¢**** in [9, Theorem 2.10] is not sufficient
for the desired application in [§].

However, we find that ¢" < |Out(Gg)|=%/¢|Gy|/® for all n > 16. So putting the special
cases arising in parts (i) and (ii) of Theorem [I| to one side (they are treated separately in
[§]), this allows us to assume n € {10,12,14} and we can then consult the relevant tables
in [4, Chapter 8] and [22], Chapter 11] for a complete description of the subgroups in S. In
this way, Theorem 1| plays an important role in the proof of the main theorem of [§], and we
anticipate that it will find other applications in future work (for example, in ongoing efforts
to extend the results in [§] to generalised hexagons and octagons).

Notation. Our group-theoretic notation is standard. In particular, we adopt the notation
from [I5] for simple groups of Lie type. All logarithms in this paper are in base 2, unless
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stated otherwise. Given a pair of positive integers a, b, we use the familiar Kronecker delta
notation dgp, in which case d,p = 1 if a = b, otherwise d,5 = 0.
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2. CLASSICAL GROUPS AND THE COLLECTION &

Let G be an almost simple classical group over F, with socle G and natural module V.
Set n = dim V and write ¢ = p/, where p is a prime. In view of the existence of exceptional
isomorphisms among certain low-dimensional classical groups, as detailed in [I5, Proposition
2.9.1], we may assume Gy is one of the following groups:

Linear: Ln(q), n>2
Unitary: Un(q), n>3
Symplectic: PSp,,(q)’, n > 4 even (2)

Qn(q), n> 7, ng odd
PQE(q), n > 8 even

In addition, as explained in Remark [1(a), we will assume that
Go # L2(5), La(7), Sp4(2)’, PSpy(3). (3)

Let H be a core-free maximal subgroup of G. By a theorem of Aschbacher [I], either H
belongs to one of eight subgroup collections defined in terms of the geometry of V, or H
is almost simple and acts irreducibly on V. The latter collection is denoted by S and we
will adopt the following formal definition (see [15, p.3]). Notice that the various conditions
appearing in the definition are designed to ensure that a subgroup in S is not contained in
one of the eight geometric subgroup collections.

Definition 2.1. Suppose Gy # PQg (q), Sps(q) (with ¢ even) and let H be a core-free
maximal subgroup of G. Then H € § if and only if all of the following conditions are
satisfied:

Orthogonal: {

(i) The socle Hy of H is a nonabelian simple group and Hy % Gjp.

(ii) If L is the full covering group of Hy, and if p : L — GL(V) is a representation of L
such that p(L) = Hy (modulo scalars), then p is absolutely irreducible.

(iii) p(L) cannot be realised over a proper subfield of F, where F = F 2 if Go = Uy,(q) is
a unitary group, otherwise F = F,.

(iv) If p(L) fixes a nondegenerate quadratic form on V' then Gy = P (q).

(v) If p(L) fixes a nondegenerate alternating form on V', but no nondegenerate quadratic
form, then Gy = PSp,,(q).

(vi) If p(L) fixes a nondegenerate hermitian form on V' then Gy = U,(q).
(vii) If p(L) does not fix a form as in (iv), (v) or (vi) then Gp = L, (q).

We need to modify the definition of the collection & in the special cases where Gy = PQ; (q)
or Sp4(q) (with ¢ even in the latter case). Indeed, both cases were excluded in the statement
of Aschbacher’s main theorem in [I] due to complications arising from the existence of special
automorphisms. For Gy = Sp,(q) with ¢ even we refer the reader to [I, Section 14] for a
description of the maximal subgroups of GG, while the groups with socle Gy = PQéF (q) were
handled in later work of Kleidman [14] (also see [4, Tables 8.14, 8.50]). For the purposes of
this paper, we extend the definition of the collection S as follows:



8 TIMOTHY C. BURNESS AND LEI WANG

(a) For Gy = Sp,(q) with ¢ = 2/ even, we say that H € S if and only if f > 3 is odd
and H NGy = QBQ(C]).

(b) Now assume Go = PQg (¢). By inspecting [4, Table 8.50], we say that H € S if and
only if H N Gy is one of the following:

Q7(q) (p > 3), Sps(q) (p = 2), PGL§(q) (¢ = € (mod 3)), POy (q0) (¢ = ¢),
*Di(q0) (= q3), QF(2) (g=p > 3), 2B2(8) (g =5), Ag(q=2), Aig(q=5).

Given this definition, it is worth noting that S may contain subgroups that are not almost
simple in these two special cases. For example, if G = PQg(q).<T>, where ¢ = 1 (mod 3)
and 7 is a triality graph automorphism, then S contains a maximal subgroup 3 x PGL3(q).
Similarly, if G = Sp,(q).(y), where ¢ = 2/ with f > 3 odd and v is an involutory graph
automorphism, then 2 x ?By(q) is contained in S.

For this reason, we will always refer to Hy as the socle of H NG, which is consistent with
our notation in Definition .11

3. PROOF OF THEOREM [I} Hy & Lie(p)

Let G be a finite almost simple classical group over F, with socle Gy and write ¢ = p!
where p is a prime. Recall that we assume Gg is one of the groups listed in and we
exclude the handful of groups in . Recall that for each subgroup H € S, we write H for
the socle of H N Gy.

Our goal in this section is to prove Theorem [I| for the subgroups H € S with Hy ¢ Lie(p).
Therefore, we are handling the cases where Hy is an alternating group, a sporadic group, or
a simple group of Lie type over a field F; with ged(¢,p) = 1. We will prove the following
result.

Theorem 3.1. Let H € S be a maximal subgroup of G with Hy ¢ Lie(p). Then either
|H| < q" or one of the following holds:

(i) Ho = Agq, ¢ =p is a prime and V is the fully deleted permutation module for Hy.
(ii) (Go, Ho) is one of the cases in Table[]]

Proposition 3.2. The conclusion of Theorem [3.1] holds if Hy is a sporadic simple group.

Proof. First observe that |H| < [M| < 289 where M is the Monster sporadic group, so we
may assume n < 179.

For n < 17 we can inspect the relevant tables of maximal subgroups in & which are
presented in [4] (for n < 12), [22] (for n = 13,14, 15) and [21] (for n = 16,17). The reader
can check that all of the relevant cases that arise have been recorded in Table [Il

Now assume 18 < n < 179. Here the possibilities for (n, Hp) have been determined by
Hiss and Malle [10, [11], with [IT, Table 2] as our main reference. And if ¢ = p/ is a prime
power such that the prime p satisfies the restrictions given in the third column of [I1], Table
2], then it is easy to check that |Aut(Hp)| < ¢" with the exception of the cases recorded in
Table 3]

We now consider each possibility listed in Table [3] in turn. In each case, let x be the
corresponding Brauer character of the appropriate covering group of Hy and let ¢ be the
Frobenius-Schur indicator of y. In addition, let Z be the set of algebraic irrationalities of
the associated character ring, which is the subring of C generated by the values of x. We
refer the reader to [4, Section 4.2] for a discussion of Brauer character irrationalities and we
adopt the notation therein.

First assume Hy = Cog and (n,p) = (23,3). According to [II, Table 2], we have + = +
and Z is empty, which means that the corresponding representation of Hy is defined over
the prime field F3 and the image preserves a nondegenerate quadratic form. Therefore,
Go = Q23(3) and this case is recorded in Table [1} Similarly, if Hy = HS and (n,p) = (20, 2)
then G = Spyg(2) and |H| > 2%0.
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HO (nap)

Js  (18,2)

HS  (20,2)

McL (22,2)

Cos  (22,3),(22,2)

Coy  (23,3),(22,2)

Coi  (24,5),(24,3),(24,2)
Ru  (28,2)

Fiyy (27,2)

TABLE 3. A list of candidate subgroups with Hy sporadic

Next assume Hy = Cos, n = 22 and p € {2,3}. By inspecting [II, Table 2] we see
that « = — (for p = 2) and ¢ = + (for p = 3), and in both cases Z is empty. Therefore,
Go = Spyy(2) for p = 2 and Gy = PQ5,(3) for p = 3. In the latter case, we can use the
fact that |Cos| is divisible by 23 in order to deduce that e = +. Similarly, if Hy = Coy and
(n,p) = (22,2) then Gy = Q5,(2), using the divisibility of |Cog| by 23 in order to determine
the sign. And if Hy = Ru and (n,p) = (28,2) then G = Q55(2), noting that Gg is a minus-
type group since |Ru| is divisible by 29. All of these claims concerning the sign of Gy can
also be verified using OSCAR [20] (see [0, p.257], for example).

The case Hy = McL with (n,p) = (22,2) is similar. Here G = Q255(2) and we can identify
the natural module for Gg with an irreducible module W for J = Cos, noting that Hy is
a maximal subgroup of J and the restriction of W to Hy is irreducible. This means that
Hp < Cog < Q5,(2) and thus € = +, as recorded in Table [I| (as above, this can also be
checked using OSCAR).

Next suppose Hy = Co1, n =24 and p € {2,3,5}, so Go = PQ5,(p). For p € {3,5} we can
associate V' with the irreducible module A ®z IF,, for the double cover 2.Hy, where A is the
Leech lattice. And then from standard properties of A it follows that 2.Hj, and hence Hy
itself, preserves a plus-type nondegenerate quadratic form on V and thus ¢ = +. Reduction
of the Leech lattice action modulo 2 gives an embedding of Co; in O3;(2), so € = + when
p=2.

Now assume Hyp = J3, n = 18 and p = 2. From [I1, Table 2] we see that « = o and
Z = {z3,bs}. Set u = bs and let i@ € Fy be its 2-modular reduction. As recorded in [4]
Table 4.2], we have p € R and the field extension Fa(jz) has degree 2 and thus i € Fy \ Fa.
The latter property means that [, is the minimal field of definition for the corresponding
representation, which in turn implies that Go = Lig(4) or Uyg(2) since ¢ = o. Finally, by
appealing to [4, Corollary 4.4.2], noting that y € R and g ¢ Fa, we see that Gy = Lig(4)
and we conclude that |H| < ¢™.

The final case Hy = Figg with (n,p) = (27,2) is very similar. Here ¢ = o and Z = {z3, b1 }.
By inspecting [4, Table 4.2] we deduce that Gy = Ua7(2) via [4, Corollary 4.4.2], so this case
appears in Table O

Proposition 3.3. The conclusion of Theorem [3.1] holds if Hy is an alternating group.

Proof. Write Hy = Ay with d > 5 and note that we are free to assume that V is not the
fully deleted permutation module for Hy. As before, the cases where n < 17 can be read off
from the relevant tables in [4] 2], 22], so we will assume n > 18.

First assume d > 24. By arguing as in the proof of [I8, Theorem 4.1], working with results
due to James [12] and Wagner [24], we have n > d(d — 5)/4 and the result follows since

1
log |H| < dlogd < Zd(d_ 5).

(Here, and throughout the paper, all logarithms are in base 2, unless stated otherwise.)
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Now suppose 5 < d < 23, so |H| < 23! < 27 and the result follows if n > 75. Finally, for
18 < n < 75 we can read off the possibilities for (n, Hp) by inspecting [11, Table 2] and in
every case we find that |H| < ¢™. O

Proposition 3.4. The conclusion of Theorem [3.1] holds if Hy is a group of Lie type.

Proof. Let Hy be a simple group of Lie type defined over F;, where ged(t,p) = 1. In view of
the previous proposition, we may assume

Hy ¢ {L2(4),L2(5), La(9), La(2), Sp4(2)'} (4)

since each of these groups is isomorphic to an alternating group. As before, let x be the
corresponding Brauer character, with Frobenius-Schur indicator ¢ and associated set Z of
irrationalities.

Our main tool is a well-known theorem of Landazuri and Seitz [I7], which gives lower
bounds on the degrees of non-trivial representations of quasisimple groups of Lie type in
their non-defining characteristic. More specifically, we work with the bounds presented in
[15, Table 5.3.A], which corrects three small errors in the original paper [I7]. In each case,
we read off a lower bound n > f(Hp) and we then compare an upper bound on |Aut(Hp)|
with ¢/ (7o) where ¢ € {2,3} is minimal such that ged(t,q) = 1.

We now divide the proof into a number of separate cases according to the various possi-
bilities for Hy. We begin by assuming Hj is a linear group.

Case 1. Hy = Lg(t) with d > 3

To begin with, let us assume (d,t) # (3,2), (3,4). Then f(Hy) = t4! — 1 and we have
|Aut(Ho)| < 2logt - &1, (5)

It is routine to check that
2logt - t4°~1 g 2f(Ho) (6)
unless (d,t) = (3,3), (5,2) or (6,2).

Suppose (d,t) = (3,3), so |Aut(Hp)| = 11232 and n > f(Hy) = 8. Since |Aut(Hy)| < 2
and ged(3,q) = 1, we may assume ¢ = 2 and 8 < n < 13. Then by inspecting the relevant
tables in [4, 22], we see that Gy = 21,(2) is the only possibility and this case is recorded in
Table (1} Similarly, if (d,t) = (5,2) then we may assume (n,q) = (15, 3), which is ruled out
by inspecting [22]. And if (d,t) = (6,2) then n > 31 and the result follows since |H| < 33!

To complete the argument in Case 1, we may assume (d,t) = (3,2) or (3,4). For (d,t) =
(3,2) we have f(Hp) = 2 and |H| < 336 < 3% so we may assume 2 < n < 5. Then
by inspecting the relevant tables in [4, Chapter 8], we see that |H| > ¢" if and only if
Go = Us(q) with g € {3,5}.

Finally, suppose (d,t) = (3,4) and note that f(Hp) = 4 and |[Aut(Hp)| = 241920. Since
|H| < 3'2, we may assume 4 < n < 11. Once again, by consulting [4, Chapter 8] we deduce
that |H| < ¢" unless Gp = L§(3) or Ug(b) (note that if Gy = Lg(7) then [4, Table 8.25]
indicates that |H| < 4|Hp| < 7%, which explains why this case is not recorded in Table .

Case 2. Hy = La(t)

In view of (4]), we may assume ¢ # 4, 5,9 and thus f(Hy) = (t—1)/d with d = ged(2,t—1).
It is routine to check that
logt - t(t? — 1) < 2f(Ho)
for all ¢ > 41. And by replacing logt with log,. t when ¢ is an r-power and r is a prime, we

reduce to a handful of cases with ¢t < 29 and n < 15. By inspecting [4, 22], the reader can
check that all the cases with |H| > ¢"™ have been recorded in Table

Case 3. Hy = Uy(t) with d > 3
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First assume d is odd, so f(Hy) = t(t%~! —1)/(t + 1) according to [I5, Table 5.3.A]. The
upper bound in holds and it is easy to check that the inequality in @ is satisfied unless
(d,t) =(3,3),(3,4),(3,5),(5,2) or (7,2).

Suppose (d,t) = (3,3). Here |Aut(Hy)| = 12096, f(Hy) = 6 and we deduce that |H| < ¢"
unless ¢ = 2 and n < 13, or (n,q) = (6,4). By inspecting [4, 22], we see that Gy = Spg(2) is
the only case that arises with |H| > ¢".

If (d,t) = (3,4) then f(Hp) = 12, ¢ > 3 and we check that |Aut(Hp)| < 3'2. Similarly, if
(d,t) = (3,5) then f(Hp) = 20 and |Aut(Hp)| < 220, and if (d,t) = (7,2) then f(Hy) = 42
and the result follows since g > 3.

Finally, suppose (d,t) = (5,2). Here f(Hy) = 10 and we may assume ¢ = 3 and n < 15,
or ¢ =4 and n < 12. By inspecting [4, 22], we see that Gy = PSp;(3) is the only case that
arises, and this is listed in Table [1| since |H| > 310,

Now assume d > 4 is even. For now, let us exclude the cases (d,t) = (4,2), (4,3), which
means that f(Hg) = (t2 —1)/(t + 1). Then by arguing as above, we deduce that |H| < ¢"
unless (d,t) = (6,2), ¢ = 3 and n = 20,21. By inspecting [LI, Table 2|, we see that
Go = Q21(3) is the only possibility. Now |Hp| < 32! and 2|Hp| > 32!, so we need to know
that H # Hy in order to include this case in Table |1} To see this, let J = PGUg(2) = Hp.3
and observe that J has a 21-dimensional self-dual irreducible representation over F3 (see
[5], for example). Therefore, J < SO21(3) = Go.2 and we deduce that J < Gy. Therefore,
J < H and so this case is recorded in Table

Suppose (d,t) = (4,2). Here f(Hy) = 4 and |Aut(Hp)| < 3'°, so we may assume n < 9.
By inspecting [4], we see that |H| > ¢" when Gy is any one of the following groups:

Ua(5), La(7), Us(11), Us(5), Ls(7).

In addition, if G = L4(13).2 (extended by a suitable graph automorphism), then H = Uy(2).2
is a maximal subgroup in S with |H| > 13%, so this latter case is also included in Table

Finally, suppose (d,t) = (4, 3), in which case f(Hp) = 6. Here we may assume ¢ = 2 and
n < 24, together with a handful of additional cases with n < 12 and ¢ < 17. For ¢ = 2 and
n > 18 we can inspect [I1l Table 2] and we deduce that Gy = 25,(2) is the only possibility.
Moreover, we can use OSCAR [20] to check that e = +. Alternatively, by inspecting the
2-modular character table of Hy we deduce that Cy(x) = 0 for every element = € Hy of
order 9, which means that e = + since Cy (y) # 0 for all y € Q5,(2) of order 9. This case is
recorded in Table [11

For n < 17, by inspecting [4, 21, 22], we see that Gy = Lg(g) with ¢ € {7,13} and
Go = Ug(q) with ¢ € {2,5,11} are the only cases that arise (note that H N Gy = Hy.2
when Gy = Lg(13), which implies that |H| > ¢" in this case). In order to reduce to this
list of cases, all of which are recorded in Table [I|, we need to use the fact that H is non-
maximal when Gy = Uj5(2) (see [22, Table 11.0.20]). In addition, we also need to observe
that |H| < 4|Hp| < 17° if Gy = Ug(17), which can be deduced from the information in [4]
Table 8.27].

Case 4. Hy = PSpy(t) with d > 4

Write d = 2m and first assume ¢ is odd, so f(Hp) = (™ —1)/2 and
|Aut(Hp)| < logs t - t4d+1)/2,

which implies that |H| < ¢" unless (d,t) = (4,3),(4,5), (4,7),(6,3) or (8,3).

First assume (d,t) = (4, 3). In view of the isomorphism PSp,(3) = U4(2) and our previous
work in Case 3, we may assume p = 2. Since |Aut(Hp)| = 51840 and f(Hy) = 4, we may
assume n < 12, or ¢ = 2 and n € {13,14,15}. By inspecting [4], we see that no cases arise
when n < 12. And by consulting the relevant tables in [22] we deduce that Gy = Q74(2) is
the only possibility. However, this case is included in Table [2| where we view H as a defining
characteristic subgroup with socle Hy = Uy4(2).
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The case (d,t) = (4,5) is very similar. Here f(Hy) = 12 and |Aut(Hp)| < 2%*, so we
may assume that 12 < n < 23. By inspecting [I1, Table 2], we see that no cases arise with
14 < n < 23. And by consulting the relevant tables in [4, 22] for n € {12,13}, we observe
that ¢ > 4 and thus |H| < ¢".

Next assume (d,t) = (4,7). In this case, we have f(Hp) = 24 and we may assume q = 2
and n < 28. By inspecting [11], we reduce to the case n = 24 and we note that ¢+ = o and
Z = {b7}. By consulting [4, Table 4.2] and appealing to [4, Corollary 4.4.2], we deduce that
Go = La4(2) and this case is listed in Table

Next suppose (d,t) = (6,3). Here f(Hp) = 13 and we may assume that either ¢ = 2 and
n < 33, or ¢ € {4,5} and n < 16. By inspecting [22], we deduce that Gy = U4(5) is a
genuine exception when G = Gy.2 since H = Hy.2 and |H| > 5'%. And by working with
[4, 111, 22], it is straightforward to check that Gy = Uy3(2) and Uj3(5) are the only other
cases that arise here, both of which are recorded in Table

To complete the proof for ¢ odd, let us assume (d,t) = (8,3). Here f(Hp) = 40 and we
may assume ¢ = 2 and n < 56. By inspecting [11], we see that n = 40 is the only possibility.
Since ¢ = o and Z = {z3}, we can use [4, Corollary 4.4.2] to deduce that Gy = Uyp(2) and so
this case is listed in Table [I

Now suppose t is even, which means that ¢ is odd. Recall that we may assume (d, t) # (4, 2)
since Sp,(2)" = Ag. If (d,t) # (6,2) then
1
f(Ho) = gtm_l(tm_l - -1)
and we deduce that
|H| < |Aut(Hp)| < 2logt - t4d+D/2 < gn.
Finally, suppose (d,t) = (6,2), so f(Hp) = 7 and we may assume that n < 13 and ¢ < 7. By

inspecting [4, 22] we see that Go = Q7(q) with ¢ € {3,5,7} are the only cases that need to
be included in Table [II

Case 5. Hy = Qq4(t) with d > 7 odd and ¢ odd

Write d = 2m + 1. If t > 7 then f(Hy) = t73 — 1 and we get
|H| < |Aut(Hp)| < logst - t4d=D/2 < ¢

Now assume t € {3,5}. If (d,t) # (7,3), then f(Hg) = t™1(t™~! — 1) and once again we
see that |H| < ¢". On the other hand, if (d,¢) = (7,3) then f(Hy) = 27 and we just need
to consider the possibilities for Gy with ¢ = 2 and n < 33. By inspecting [I1], we see that
n = 27 is the only option. Here ¢« = o and Z = {z3}, which means that Gy = Us7(2) and this
case is listed in Table [Il

Case 6. Hy = PQg(t) with d > 8 even

Write d = 2m and first assume € = +. If t # 2,3,5, then f(Hy) = ("1 — 1)t 2 + 1)
and it is easy to check that

|H| < |Aut(Hp)| < 6logt - t4d=D/2 < gn. (7)

Similarly, if ¢ € {2,3,5} and (d,t) # (8,2) then f(Hy) = ™ 2(t™! — 1) and once again we
see that |H| < ¢". Finally suppose (d,t) = (8,2). Here f(Hy) = 8 and we may assume n < 18
and ¢ < 13. By inspecting [4, 1], we deduce that Gy = PQZ (¢) with ¢ € {3,5,7,11,13} are
the only cases that arise with |[H| > ¢". (As recorded in Table |1} if ¢ = 11 then |H| > ¢™ if
and only if G # Gy. Similarly, if ¢ = 13 then we need G = (.53 so that H = Hj.S3 and
|H|>q")

Now assume € = —. Here f(Hp) = (t™ !+ 1)(t™ 2 — 1) and the above upper bound on
|H| in (7)) is sufficient unless (d,t) = (8,2). In the latter case, we have f(Hp) = 27 and it is
easy to check that |Aut(Hy)| < 327.
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Case 7. Hy is an exceptional group of Lie type

To complete the proof of the proposition, we may assume Hj is an exceptional group. For
Hy = Fg(t) or 2E4(t) we have f(Hg) = t?(t>—1) and the bound |H| < 2logt-t™ is sufficient.
Similarly, there are no exceptions if Hy = E;(t) or Eg(t) since f(Hp) = t*(t*> — 1), where
a=15if HO = E7(t), and a = 27 if HO = Eg(t).

Next suppose Hg = Fy(t). For t odd we have f(Hg) = t(t2 — 1) and the upper bound
|H| < logt - t°? is sufficient. Similarly, if ¢ > 4 is even then f(Hy) =t"(#* — 1)(t — 1)/2 and
the result follows. The result also follows when ¢ = 2, since f(Hp) = 44.

Now assume Hy = Ga(t)". Ift > 5 then f(Hp) = t(t*—1) and the bound |H| < 2logt-t'4 is
sufficient. For ¢t = 3 we have f(Hp) = 14 and we may assume ¢ = 2 and n < 23. By inspecting
[11), 21), 22] we see that Gp = 7,(2) is the only case that arises with |H| > ¢". Next assume
t = 4. Here f(Hy) = 12 and we may assume ¢ = 3 and n < 18, or (n,q) = (12,5), and in the
usual manner we find that Gy = PSp5(5) is the only case that arises here with |H| > ¢".

Finally, let us assume Hy = G2(2)". Here Hy = Us(3) and so in view of our earlier work
in Case 3, we may assume p = 3. Since |Aut(Hp)| = 12096 < 3%, we may assume n < 8. By
inspecting [4], we see that Gy = Ug(3) is the only case that arises here and this is included
in Table [2| where we view Hj as a subgroup in Lie(p).

Next suppose Hy = 3D4(t). Here f(Hy) = t3(t*—1) and the upper bound |H| < 3logt-t*
is sufficient. Similarly, if Hy = 2Fy(t)" then f(Hy) = t*(t — 1)4/t/2 and the upper bound
|H| < logt -t is sufficient if ¢ > 8. For t = 2 we have f(Hp) = 16 and |Aut(Hy)| < 3¢,
so there are no exceptions. For Hy = 2G5(t)" we have f(Hp) = t(t — 1) and the bound
|H| < loggt-t" is sufficient if ¢ > 27. For t = 3 we have Hy = Ly(8) and we need to consider
the groups with n < 10. By inspecting [4], we see that Gy = Qg(q) is the only possibility.
However, [4, Table 8.59] gives ¢ > 13 in this case and thus |H| < ¢".

Finally, suppose Hqg = 2By(t). If t > 32 then f(Hg) = (t — 1)+/t/2 and the result follows
since |H| < logt-t°. For t = 8 we have f(Hy) = 8 and we need to consider the case ¢ = 3
with n < 10. By inspecting [4], we see that no examples arise. U

This completes the proof of Theorem

4. ProOF OF THEOREM [I} Hj € Lie(p)

In this final section, we complete the proof of Theorem [I| by determining the subgroups
H € § with Hy € Lie(p) and |H| > ¢", where Hy denotes the socle of H N Gy.

Fix such a subgroup H and let Hy be the socle of H N Gy, which we are assuming is a
simple group of Lie type over Fy, where t is a p-power. For the purposes of this preliminary
discussion, let us assume that Hy is not one of the twisted groups 2Ba(t), 2Ga(t)" or 2Fy(t)".

Recall from Definition that the embedding of Hy in Gy arises from an absolutely
irreducible representation p : L — GL(V'), where L is an appropriate quasisimple group with
L/Z(L) = Hy. Let k be the algebraic closure of F), and let X be a simple algebraic group
over k such that

Xo={zeX 2=z} =1L,

where o is a suitable Steinberg endomorphism of X. Let r be the rank of X and fix a set
{A1,..., A} of fundamental dominant weights for X, which are labelled in the usual manner
(see [3], for example). Then V = V ® k is an irreducible kX-module with highest weight
A =), ci\;, where each ¢; is an integer such that 0 < ¢; <t (see [I5, Section 5.4]).

The restriction of V to L is irreducible and we will use the notation V = M()) to signify
that the kL-module V has highest weight A (and we will sometimes refer to A as the highest
weight of V). We say that \ is p-restricted if ¢; < p for all i. If s is a positive integer
and ¢ € Aut(L) is a field automorphism induced by the map u +— pP on k, then we write
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M (X)) for the kL-module afforded by the representation p¢°. By [15, Proposition 5.4.2(1)],
we have M(X\)®*) 2 M(p*)) as kL-modules.

Let M(A)* denote the dual module and recall that Gy is a symplectic or orthogonal group
if and only if M(X) = M(\)* is self-dual (see [I5, Lemma 2.10.15(i)]). By [15, Proposition
5.4.3], M(A) is self-dual if and only if wo(\) = —\, where wyp is the longest element in the
Weyl group of X.

(a) Suppose M (A) is self-dual, p > 3 and n is even. Here we can use a well-known crite-
rion of Steinberg (see [23, Lemma 79]) to determine whether or not Gy is symplectic,
and we refer the reader to [16, Table 2.1].

(b) Next assume M () is self-dual and p = 2, so n is even. There is no analogue of [23]
Lemma 79] in this setting and determining whether or not Gy is symplectic is an
open problem, in full generality. However, for the pairs (Hy, A) that will arise below,
we can appeal to Korhonen’s work in [16] to resolve the problem in every case.

(c) If M(N) is self-dual, n = 2m is even and Gy = P (q) is orthogonal, then we still
have the problem of determining the sign € of the associated nondegenerate quadratic
form on V and there is no straightforward or uniform way to do this, in general.

In some cases, it may be possible to identify an m-dimensional totally singular
subspace of V', in which case ¢ = 4. More generally, if ¢ is odd, then we can
determine € via [I5, Proposition 2.5.10], so long as we can calculate the discriminant
of the defining quadratic form on V, which means that we need to compute the
determinant of the Gram matrix of the associated symmetric bilinear form. This
approach is not available when ¢ is even, which leads to additional complications,

and we do not attempt to provide a precise description of € in every case arising in
Table 2] See Remark [4.4] for example.

(d) Finally, suppose M ()) is not self-dual, in which case Gy is a linear or unitary group,
and V is an n-dimensional vector space over Fy with s = p® € {q, ¢*}. Of course, if
e is odd then s = ¢ and Gy = L, (q). However, if e is even, then either s = ¢ and
Go = Lu(q), or s = ¢> and Gy = U,(q). In the latter case, we can appeal to [15]
Lemma 2.10.15(ii)], which implies that Gy = U,(q) if and only if M(X)(@ = M()\)*.

Our main result is the following.

Theorem 4.1. Let H € S be a maximal subgroup of G with Hy € Lie(p). Then either
|H| < ¢" or (Go, Hy) is one of the cases in Table|[d

We say that a simple group Hy € Lie(p) over Fy is twisted if Hy is one of the following:
Uq(t), PQ(t), 2Es(t), *Da(t), Fi(t), 2Ga(t), *Ba(t). (8)
And in all other cases we say that Hy is untwisted.

We begin the proof of Theorem by handling the untwisted groups. To do this, we will
frequently apply the following result, which is an immediate consequence of [15, Proposition
5.4.6(1)] (also see [4, Theorem 5.1.13]). In the statement, we assume Gy is a finite simple
group over [F, with natural module V', where dim V' = n and ¢ = p/ with p a prime. As before,
we write k for the algebraic closure of F), and L is a quasisimple group with L/Z(L) = Hj.

Proposition 4.2. Suppose H € S and Hy € Lie(p) is an untwisted simple group of Lie type
defined over Fy. Then there exists a positive integer i such thatt = ¢* and n = £, where £ is
the dimension of an irreducible kL-module.

In order to apply Proposition [4.2] we need to study the dimensions of irreducible kL-
modules and our main source for this information is [I9]. Here Liibeck gives detailed results
on the low-dimensional irreducible kL-modules, with the relevant information presented in
the form of tables for the low rank groups. This is complemented by [19, Theorem 5.1] for the
remaining large rank groups, which determines all the irreducible kL-modules of dimension
at most 73 (up to a small constant), where r is the rank of X, as above. It is worth pointing
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out that Liibeck only works with p-restricted modules in [19], but this is sufficient for a
complete description of the relevant modules via Steinberg’s twisted tensor product theorem
(see [I5, Theorem 5.4.5]).

Proposition 4.3. The conclusion of Theorem holds if Hy = Ly(t) and d > 2.

Proof. Let Hy = Lg(t) and note that » = d — 1 is the rank of X. As above, let A =), ¢;\;
be the highest weight of V' and note that wg acts on the root system of X as —7, where 7 is
the standard graph automorphism. It follows that V is self-dual if and only if ¢; = ¢4_; for
all 1.

By Proposition we have t = ¢' and n = (%, where ¢ > d is the dimension of an
irreducible kL-module. Therefore,

|H| < i(2 = 63,4)logq - ¢"@—D

and it is easy to check that |H| < ¢% < ¢" for all i > 4. And similarly if i = 3 and d > 3,
and also if (i,d) = (3,2) and ¢ > 3. If (i,d,¢) = (3,2,2) then n = 8 and by inspecting [4] we
see that Go = PSpg(q) with ¢ odd. This case is recorded in Table

Next assume i = 2, so Hy = Lg(q?). Suppose £ = d, so n = d?. In view of [I5, Proposition
5.4.6(1)], we may assume X\ = (¢ + 1)A\1 or A\; + g\, up to quasiequivalence. In the latter
case, we observe that M()\)(@ = M(\)* and thus Gy = U,(q) by [15, Lemma 2.10.15(ii)],
whereas Gp = Ly, (¢) when A = (¢ + 1)A1. Both of these cases are recorded in Table

Now assume ¢ =2 and ¢ > d. If d =2 then n > 9 and |H| < ¢". Similarly, if d = 3 then

n > 36 (see [19, Table A.6]) and the result follows. And if d > 4 then ¢ > d(d — 1)/2 (see
[19]) and once again we deduce that |H| < ¢".

Finally, suppose i = 1 and note that £ > d. If n > d? then
|H| < 2log,q-¢* 71 < ¢

since 2log, ¢ < q. Therefore, we may assume n < d?. In particular, by applying a field twist,
if necessary, we are free to assume that the highest weight A of V' is p-restricted. Let W be
the natural module for H.

If d > 13 then [19, Theorem 5.1] implies that A is one of the following, up to duals and
field twists, and all of these cases are listed in Table

(a) A=Xeand n=d(d—1)/2.
(b) A=2X;,n=d(d+1)/2 and p > 3.
() A= A1+ Ag_1 and n = d? — ¢1, where ¢; = 2 if p divides d, otherwise ¢; = 1.

In (a) and (b), we see that V is not self-dual as a kL-module, and by appealing to [15, Lemma
2.10.15(i1)] we deduce that Go = L,,(¢). In (c), V is self-dual and thus Gy is a symplectic or
orthogonal group. We claim that

G — Sp,(q) if p=2and d=2(mod 4)
07 PQ(q) otherwise.

This follows from Steinberg’s criterion [23, Lemma 79] when p # 2, and we can appeal to
[16, Theorem 5.1] when p = 2. We refer the reader to Remark for further information on
the sign € when Go = P();,(¢) with n even.

Now assume d < 12. If d = 2 then n > 4 and the bound |H| < ¢" is clear. Now
suppose d > 3 and note that the possibilities for n are recorded in [19, Tables A.6-A.15]. By
inspection, we see that A = A3 with d € {6,7,8} are the only cases that arise (in addition to
the cases labelled (a), (b) and (c) above). Here n = d(d—1)(d—2)/6 and we have Gy = L,(q)
if d = 7,8, whereas V = A3(W) is self-dual when d = 6. In the latter case, by inspecting [16],
Table 2.1] we see that Gy = PSpyg(q) when p # 2, whereas [16, Theorem 4.2] implies that
Go = Q5)(q) when p = 2. Moreover, in the latter case we can find a 10-dimensional totally
singular subspace of V' = A3(W) with respect to the defining quadratic form and thus € = +.
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All of these extra cases are listed in Table [2l Note that if d =4 and A = Ay then n = 6 and
this case is excluded because Hy = Gy = PQ (q). O

Remark 4.4. Let us look more closely at the case where Hy = Lg(q) and A = A\ + A\g_1,
which arose in the proof of the previous proposition. We showed that Gy = P, (¢) when
p >3 ord=0(mod 4), and here we explain how the sign of € can be determined when n is
even.

If ged(p,d) = 1 and d is odd, then n = d? — 1 is even, Gy = PQS(¢q) and [4, Lemma 5.4.12]
implies that € = + if and only if one of the following holds:

(i) pis odd and (—1)(@~1/24 is a square in Fy; or
(ii) p = 2 and either f is even or d = +1 (mod 8).

Now assume p divides d and d is even, so n = d?> — 2. If p # 2 then Gy = PQS(q)
and by appealing to [4, Lemma 5.4.11] we may write V = Vi L V5, where V; and V; are
nondegenerate subspaces with V7 of plus-type and dim Vo = d — 2. The Gram matrix of the
associated symmetric bilinear form on V5 has determinant —1 and thus V5 is a plus-type
space if and only if (—1)%? is a square in [Fy. Therefore, e = + if and only if ¢ = 1 (mod 4)
or d =0 (mod 4).

Now assume p = 2 and d = 0 (mod 4), so Go = €25,(¢). Once again, we have an orthogonal
decomposition V = V7 L V5, with V7 plus-type and dim Vo = d — 2. If we write d = 4m,
then we can decompose V5 as an orthogonal sum of 2m — 1 nondegenerate 2-spaces, m — 1
of which are plus-type and m are of type § = (—1)/. We conclude that ¢ = + if and only if
f is even or d = 0 (mod 8).

Proposition 4.5. The conclusion of Theorem holds if Hy = PSp,(t) and d > 4.

Proof. Here wq acts on the root system of X as —1, so wg(A) = —X and thus V is self-dual.
In particular, Gy is either symplectic or orthogonal.

As before, Proposition implies that ¢t = ¢* and n = ¢/, where i > 1 and ¢ > d is the
dimension of a nontrivial irreducible kL-module. Therefore,

and it is easy to check that |H| < ¢% < ¢™ for all i > 3.

Next suppose ¢ = 2. If £ > d then £ > d+ 2 (see [19]) and the bound |H| < ¢" holds. Now
assume £ = d, so A = (1 + ¢q)A\; and n = d?. Let U be the natural module for L = Sp,(¢?)
and observe that L preserves a nondegenerate quadratic form Q of plus-type on U ® U@,
when viewed as a vector space over F2 (see [4, Proposition 1.9.4]). If € denotes the sign of
the corresponding F,-form on V, then Gy = PQ (¢) and we calculate that ¢ = (—1)%2. Note
that if (d,p) = (4,2) then Hy < Spg(q) < Go and thus H is non-maximal (see [21, Table
7.8]). The cases with (d,p) # (4,2) are recorded in Table

For the remainder, let us assume i = 1, so £ > d. Write d = 2m. If n > d? then |H| < ¢"
and so we may assume n < d2. As before, this allows us to assume that V is p-restricted.

If d > 24 then [19, Theorem 5.1] implies that one of the following holds:
(a) A=Xe and n =d(d —1)/2 — co, where co = 2 if p divides m, otherwise co = 1,
(b) A=2\;,p#2and n=d(d+1)/2.
Both of these cases are recorded in Table 2| By applying Steinberg’s criterion [23, Lemma
79] (for p # 2) and [16, Theorem 4.2] (for p = 2), we deduce that Gy = Sp,,(¢) if and only
if A = Ay with p = 2 and d = 4 (mod 8). If n is even in (b), then d = 0 (mod 4) and we
calculate that the discriminant of the defining quadratic form on V' is a square in I, whence
Go = PQ;}(q) if and only if d = 0 (mod 8) or ¢ = 1 (mod 4).
Next assume 6 < d < 22. By inspecting [19, Tables A.32-A.40], we see that the following
cases arise (in addition to cases (a) and (b) given above):

(¢) A= Agj2, d €{6,8,10,12}, n = 24/2 p =2 and Gy = QF (q).
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(d) A=X3,d=6,n=14, p > 3 and Gy = PSp,,(q).

In case (c), the group Gy is given in [I5] Proposition 5.4.9(i)], whereas for (d) we can
apply Steinberg’s criterion to see that Gy is symplectic. Note that if d = 10 in (c), then
Hy < Qf,(q) < Go and so H is not maximal. All of the other cases are recorded in Table

Finally, by inspecting [19, Table A.22], we see that no further cases arise when d =4. O
Proposition 4.6. The conclusion of Theorem holds if Hy = Qq(t) and d > 7 is odd.

Proof. Once again, V is self-dual and so Gy is either symplectic or orthogonal. In addition,
t = ¢* and n = ¢* as before. Write d = 2m + 1 and note that

|H| < ilogyq - ¢'@=D/2 (9)

since ¢ is odd. This implies that |[H| < qdi < ¢" for all i > 2, so we may assume that ¢ = 1
and n =/{ > d.

If n > d(d—1)/2 + 1 then the upper bound in @ yields |H| < ¢"™. Now suppose
d <n <dd-1)/2. If d > 15 then by inspecting [19] we see that A = A2 is the only
possibility. Here n = d(d —1)/2 and Steinberg’s criterion gives Gy = P (¢). By identifying
V with the exterior square A?(U), where U is the natural module for Hy, we calculate that
e = — if and only if d = 5 (mod 8) and ¢ = 3 (mod 4). In addition, a calculation with the
spinor norm shows that SO,4(q) = Hp.2 does not embed in Gy, whence H NGy = Hy and we
deduce that |H| > ¢" if and only if |G : Go| > 2, as recorded in Table

Finally, let us assume 7 < d < 13 and note that we can read off the possibilities for n from
[19, Tables A.23-A.26]. In addition to the case A = Ay discussed in the previous paragraph,
we see that A = A\, with n = 2™ is the only other possibility. Here Gy = PSp,(q) if
d € {11,13}, otherwise Gy = PQ}(q) (see [15, Proposition 5.4.9(i)]). For d = 11 we note
that Hy < PQ{,(q) < PSpsy(q) and H is non-maximal. All of the other cases are recorded
in Table [21 O

Proposition 4.7. The conclusion of Theorem holds if Hy = PQZIL (t) and d > 8 is even.

Proof. Write d = 2m and A = ) . ¢;A;. Note that V is self-dual unless m is odd and
Cm—1 # Cm. As before, we have t = ¢* and n = ¢*. We have

|H| < 2(1 + 283.4)ilog q - ¢"44=D/2,

which implies that |H| < ¢%" < ¢” for all i > 2.

For the remainder, we may assume i = 1. If n > d(d — 1)/2 + 2 then |H| < ¢", so we
may assume n < d(d —1)/2 + 1. If d > 24 then [19, Theorem 5.1] implies that A = Ay and
n=d(d—1)/2—c, where c=0if p > 3 and ¢ = ged(2,m) if p = 2. Here V is self-dual and
by combining Steinberg’s criterion [23, Lemma 79] with [I6, Theorem 4.2] we deduce that
Go =PSp,(q) if d = 4 (mod 8) and p = 2, otherwise Gy = P (¢). We only record the case
p # 2 in Table [2| because H is not maximal when p = 2 (since we have Hy < Spy(q) < Go).
In addition, we calculate that e = — if and only if d = 4 (mod 8) and ¢ = 3 (mod 4).

Finally, suppose 8 < d < 22. Consulting [19, Tables A.41-A.48] we see that the only

additional case that arises is A = \g/o_; with d € {10,12,14} and n = 24/2=1  Here we have
Go = L, (q) when d = 10, 14 and

G — PSp,(q) ifp=>3
T PQ(g) ifp=2
when d = 12 (see [I5, Proposition 5.4.9]). O

Proposition 4.8. The conclusion of Theorem [{.1] holds if Hy = Ga(t), Fu(t), Es(t), Ez(t)
or Eg(t).

Proof. As before, by appealing to Proposition we see that t = ¢* and n = ¢, where
¢ is the dimension of a nontrivial irreducible kL-module. Note that V is self-dual unless
H() = EG(t) and A = ZZ Ci)\i with <61,03) 7& (CG,C5).
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If Hy = FEg(t) then |H| < ilogq.¢**® and ¢ > 248, which immediately implies that
|H| < ¢" unless i = 1 and n = 248, in which case A = A\g and G is orthogonal (see [16], for
example). We record this case in Table

Next assume Hy = E;(t). Here |H| < ilogq.q'3%, ¢ > 56 and by inspecting [19, Table
A.52] we see that i = 1 with A € {\1, A7} are the only cases that arise. For A = A7 we have
n =56 and Gy = PSp,,(¢) if p = 3 and Gy = Q;f (¢q) if p = 2 (see [I5, Proposition 5.4.18]).
For A = A1 we have n = 133 — d2,, and by inspecting [16] we see that Gy = Q,(q) if p > 3,
otherwise Gy = Sp,,(¢). These cases are listed in Table

Now suppose Hy = Eg(t), so |H| < 2ilogq.q"™" and ¢ > 27. In view of [19, Table A.51],
we may assume ¢ = 1 and A € {1, A\a}. For A = A} we have n = 27 and Gy = La7(q) (see
[15, Proposition 5.4.17]), whereas for A = Ay we have n = 78 — 03, and G is orthogonal by
[16]. Once again, these cases have been included in Table

Next let us turn to the case Hy = Fy(t). Here |H| < 2ilog q.q%%, ¢ > 25 and we immedi-
ately reduce to the case where ¢ = 1 and A € {A\1, \4}. For A = Ay we have n = 26 — 03 ),
whereas n = 26(2 — d2,,) when A = Ay; both cases are recorded in Table |2/ and we note that
Gy is orthogonal by [16].

Finally, suppose Hy = Ga(t). Since |H| < 2ilogq.¢'* and £ > 6, we may assume i = 1
and n < 15. Then by inspecting [19, Table A.49], either A = A\j and n =7 — d2, or A = Xy
and n = 14 — 743 ,. Here Gy = Spg(q) if A = Ay and p = 2, otherwise Gy = PQ;,(q). For
A = g, by inspecting [22], we observe that H is non-maximal when p = 2, whereas for p > 5
we have € = + if ¢ = 1,7 (mod 12) and € = — if ¢ = 5,11 (mod 12). O

To complete the proof of Theorem 4.1} we may assume Hy € Lie(p) is one of the twisted
groups in .

For the cases Hy = Uy(t), PQ; (t) or 2E4(t) we will work closely with part (ii) of [15]
Proposition 5.4.6] (also see [4, Theorem 5.1.13]). Here it will be helpful to recall that Gy is
a finite simple classical group over Iy, so the natural module V' for G is an n-dimensional
vector space over Fyu, where u = 2 if Gy = Uy(q), otherwise u = 1. Let us also recall that
an irreducible kL-module M (u) is self-dual if and only if

(a) Hy =PQ,(t) and d = 0 (mod 4); or
(b) p is fixed under the natural action of the standard graph automorphism 7.

Proposition 4.9. The conclusion of Theorem holds if Hy = Ug(t) and d > 3.

Proof. By applying [15], Proposition 5.4.6(ii)] we see that one of the following holds:
(i) Ho = Ug(q'), n = £* and Gy = PSp,,(q) or PQ (q), where ¢ is the dimension of a
nontrivial self-dual irreducible kL-module.
(ii) Ho = Ua(q}), ¢ = g3, i is odd, n = £* and Go = L,(q), where ¢ is the dimension of a
nontrivial irreducible kL-module that is not self-dual.
(iii) Ho = Ug(q'), iis odd, n = ¢* and Gy = U,(q), where £ is the dimension of a nontrivial
irreducible kL-module that is not self-dual.

So in all cases, we have
|H| < 2iloggq - A
and it is easy to check that |H| < g% < g" for all i > 3.

Now assume ¢ = 2, so we are in case (i) above. Since no d-dimensional irreducible kL-
module is self-dual, it follows that £ > d and we can now repeat the argument in the proof
of Proposition 4.3

Finally, let us assume ¢ = 1. As in the proof of Proposition we may assume n < d?
and A is p-restricted. If d > 13, then by inspecting [19] we see that the following cases arise:
(a) A= X2, n=4d(d—1)/2, Hy = Uy(q) and Go = Uy(q).
(b) A=2X;,n=d(d+1)/2,p >3, Hy = Uy(q) and Gy = U,(q).
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(C) A=A+ A1, n = d? — c1, Hy = Ud(q) and

G — Sp,(q) if p=2and d=2(mod 4)
071 PQ(q) otherwise,

where ¢; = 2 if p divides d, otherwise ¢; = 1.

These cases are recorded in Table 2l

Finally, if 3 < d < 12 then by arguing as in the proof of Proposition [4.3] we see that
|H| < ¢" unless (a), (b) or (c) holds as above (with d > 5 in (a) since Gy = P (q) = H
when d = 4), or Hy = Uy(q), N = A3 and d € {6,7,8}. In the latter case, we have
n =d(d—1)(d —2)/6. Moreover, if d € {7,8}, then Gy = U,,(q), whereas for d = 6 we see
that V is self-dual and as in the proof of Proposition we get Gop = PSpyy(q) if p > 3
and Gy = Q5,(q) if p = 2. And by calculating with the exterior cube A3(U), where U is the
natural module for Hy, we deduce that e = + when p = 2. U

Proposition 4.10. The conclusion of Theorem holds if Hy = PQ; (t) and d > 8 is even.

Proof. Write d = 2m. According to [15, Proposition 5.4.6(ii)], one of the following holds:
(i) Ho = P (¢"), n = ¢ and Gy = PSp,,(q) or PQ(g), where ¢ is the dimension of a

nontrivial self-dual irreducible kL-module (recall that every kL-module is self-dual
if m is even).
(ii) Ho =PQ;(¢}), ¢ = ¢}, i is odd, n = ¢' and

G — L.(q) if m is odd
0 Sp,,(q) or PQ (q) if m is even,

where ¢ is the dimension of a nontrivial irreducible kL-module (which is not self-dual
if m is odd).

(iii) Ho = PQ(¢"), i is odd, n = ¢ and Gy = U,(q), where ¢ is the dimension of a
nontrivial irreducible kL-module (which is not self-dual if m is odd).

It follows that

|H| < 2ilogq - ¢""“~1)/2,

and it is easy to check that |H| < ¢% < ¢ for all i > 2.

Now assume ¢ = 1. Suppose d > 24. By arguing as in the proof of Proposition [£.7] we
may assume A = Ay and n =d(d —1)/2 — ¢, where c =0 if p > 3 and ¢ = ged(2,m) if p = 2.
Here Hy = PQ; (¢q) and by inspecting [16] we see that G = PSp,,(¢) if d = 4 (mod 8) and
p = 2, otherwise Gy = PQ (q). For p = 2, we have Hy < Sp,(q) < Go and so H is not
maximal. The case with p > 3 is recorded in Table [2] and closer scrutiny of the embedding
reveals that e = + if and only if d = 4 (mod 8) and ¢ = 3 (mod 4).

Finally, suppose 8 < d < 22. In addition to the case A = Ao discussed above, we may
assume that A\ = A1 with d € {8,10,12,14} and n = 2271 If d € {10,14} then
Hy = PQ,(q) and Go = U,(q), otherwise ¢ = g2, Hy = PQ; (qo) and either d = 8 and
Go = PQZ (¢), or d = 12 and

PSpsy(q) ifp >3

(see [15, Proposition 5.4.9(iii)]). If d = 12, then Hy < PQ{,(q) < Gp and H is not maximal.
All of the other cases are listed in Table [2 O

Proposition 4.11. The conclusion of Theorem holds if Hy = 2Eg(t).

Goz{ Q5 (q) ifp=2

Proof. By appealing to [15, Proposition 5.4.6(ii)], we deduce that one of the following holds:

(i) Ho = 2Eg(q"), n = ¢* and Gy = PSp,,(¢q) or P (q), where £ is the dimension of a
nontrivial self-dual irreducible kL-module.
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(ii) Ho = 2Es(g}), i is odd, n = ¢! and G = L¢,(q), where

[ @ ife=+
1= q0 ife=—

and ¢ is the dimension of a nontrivial irreducible kL-module that is not self-dual.

Since |H| < 2ilogy q.q" and £ > 27 (see [19, Table A.51]), we see that |H| < ¢" if i > 2.
Now suppose ¢ = 1. If £ > 78 then ¢ > 324 and the result follows, so we may assume V is
the minimal or adjoint module for Hy. If A = Ay then n = 78 — 03, and V is self-dual, so we
have Hy = ?Es(q) and Gy is orthogonal (see [16]). And if A = \; then n = 27, Hy = 2Es(q)
and Go = Ua7(q) (see [15, Proposition 5.4.17]). Both cases are recorded in Table O

Proposition 4.12. The conclusion of Theorem holds if Hy = ?Ba(t), 2Ga(t), 2Fy(t) or
3Dy(t).

Proof. First assume Hy = 2Fy(t)’. Here t = ¢' and Gy = Sp,,(¢) or Q¢,(q), where p = 2, i is
odd and n > 26° (see [15, Remark 5.4.7]). If i > 3 then |H| < ilogq.¢*% < ¢, so we may
assume i = 1. If n > 27 then |H| < ¢", so we can assume that n = 26. Here Gy = Q54(q) by
[15, Proposition 5.4.13] and we have Hy < Fy(q) < Go, so H is not maximal.

Now suppose Hy = 2G5(t)’. By appealing to [I5, Remark 5.4.7] we see that t = ¢* and
Go = Sp,(q) or Q(q), where p = 3, i is odd and n > 7. Since |H| < ilogs q.q"*, we may
assume ¢ = 1. If n > 8 then |H| < ¢", so we may assume n = 7. Here Gy = Q7(q), but H is
not maximal since Hy < G2(q) < G.

The case Hy = 2Bs(t) is very similar. Here t = ¢’ and G = Sp,,(q) or Q5 (q), where p = 2,
i is odd and n > 4%. For i > 3, it is easy to see that the upper bound |H| < ilogq.¢* is
sufficient. Finally, suppose i = 1. If n > 6 then |H| < ¢", so we may assume n € {4,5}.
By inspecting the relevant tables in [4, Chapter 8], we see that Gy = Sp,(q) is the only
possibility and this case is recorded in Table

Finally, let us assume Hy = 3D4(t). As a consequence of the discussion in [I5, Remark
5.4.7(a)], we have n = ¢' and Gy = PSp,(q) or P (q), where ¢ is the dimension of a
nontrivial irreducible kL-module. In addition, either

(i) Ho =">Da(q"); or
(ii) Ho = 3D4(q}) with ¢ = ¢3 and i # 0 (mod 3).

In both cases, we have |H| < 3ilog ¢.¢*® and the bound n > 8’ is sufficient if i > 2. Now
assume i = 1. If n = 8 then A = A1, Hy = *D4(q0), ¢ = ¢ and Gy = PQy (¢), so this
case is recorded in Table 2| If n > 35, then |H| < ¢", so we can assume 8 < n < 35. By
inspecting [19, Table A.41], we see that A = Ay with n = 28 — 2§, is the only possibility.
Here Hy = 3Dy4(q) and by [16] we have Go = PQ¢ (q). If p = 2 then Hy < Fy(q) < Go and H
is not maximal, so we only record the case p > 3 in Table [

This concludes the proof of Theorem By combining this with Theorem we deduce
that the proof of Theorem [I]is complete.
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