ON THE INTERSECTIONS OF NILPOTENT SUBGROUPS
IN SIMPLE GROUPS
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ABSTRACT. Let G be a finite group and let Hy, be a Sylow p-subgroup of G. A very recent
conjecture of Lisi and Sabatini asserts the existence of an element x € G such that H, N Hy
is inclusion-minimal in the set {H, N HJ : g € G} for every prime p. This has been
proved in several special cases, including all sufficiently large symmetric and alternating
groups. For a simple group G, in view of a theorem of Mazurov and Zenkov from 1996, the
conjecture implies the existence of an element x € G with H, N H; =1 for all p. In turn,
this statement implies a conjecture of Vdovin from 2002, which asserts that if G is simple
and H is a nilpotent subgroup, then H N H* = 1 for some z € G.

In this paper, we adopt a probabilistic approach to prove the Lisi-Sabatini conjecture
for all non-alternating simple groups. By combining this with earlier work of Kurmazov on
nilpotent subgroups of alternating groups, we complete the proof of Vdovin’s conjecture.
Moreover, by combining our proof for groups of Lie type with earlier work of Zenkov on
alternating and sporadic groups, we are able to establish a stronger form of Vdovin’s con-
jecture: if G is simple and A, B are nilpotent subgroups, then AN B* = 1 for some = € G.
In addition, we study the asymptotic probability that a random pair of Sylow p-subgroups
in a simple group of Lie type intersect trivially, complementing recent work of Diaconis et
al. and Eberhard on symmetric and alternating groups.

1. INTRODUCTION

Let G be a finite group and let H be a nilpotent subgroup of G. By a theorem of Zenkov
[33], there exist elements z,y € G such that

HnNH*NHY < F(G),

where F'(G) is the Fitting subgroup of G. This result is optimal in the sense that there
exist examples H < G with the property that the intersection of any two conjugates of H
is not contained in F'(G) (for instance, if G = Sg and H is a Sylow 2-subgroup of G, then
HNH® #1 for all x € G). Zenkov’s theorem is just one of many results in a substantial
literature on the intersections of nilpotent subgroups of finite groups, which can be traced
all the way back to work of Passman [30] in the 1960s.

In this paper, we are interested in the special case where G is a (non-abelian) finite simple
group. Since the Fitting subgroup of G is trivial, Zenkov’s theorem implies that for any
nilpotent subgroup H we have H N H* N HY = 1 for some z,y € G. In fact, Vdovin has
proposed the following conjecture, which is stated as Problem 15.40 in the Kourovka Notebook
[28]. Here and throughout the paper, whenever we refer to a simple group, we implicitly
assume the group is non-abelian.

Conjecture 1 (Vdovin [28], 2002). Let G be a finite simple group and let H be a nilpotent
subgroup of G. Then H N H* =1 for some x € G.

This conjecture has been resolved for alternating groups [24] and sporadic groups [35]. In
addition, there are some partial results for certain low rank groups of Lie type (for example,
see [36] for the 2-dimensional linear groups La(q), and [34] for Ls(¢) and Us(g)). But in
general, the conjecture remains open for groups of Lie type.

An important special case of Conjecture [I] was established in earlier work of Mazurov and
Zenkov [39].
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Theorem 2 (Mazurov & Zenkov [39], 1996). Let G be a finite simple group and let H be a
Sylow p-subgroup of G. Then H N H* =1 for some x € G.

In [39], the proof of Theorem [2| for groups of Lie type rests on a representation-theoretic
result of Green [23], which states that if a p-block for a finite group G has defect group D
and H is a Sylow p-subgroup of GG, then H N H® = D for some = € G. This can then be
combined with later work of Michler [29] and Willems [32] in the 1980s, who showed that
every finite simple group of Lie type has a p-block with trivial defect group, for every prime
divisor p of the order of the group.

Remark 3. Recall that a finite group G is almost simple if Gy < G < Aut(Gyp) for some
non-abelian simple group Gg, where we identify Gy with its group of inner automorphisms.
It turns out that Theorem [2|does not extend to almost simple groups and we refer the reader
to our recent paper [16], where we extend earlier work of Zenkov to determine all the pairs
(G, H), where G is almost simple, H is a Sylow p-subgroup and H N H* # 1 for all z € G.
This of course includes the example highlighted above, where G = Sg and H is a Sylow
2-subgroup.

Remark 4. The statements of Conjecture [I] and Theorem [2| can be rephrased in several
different ways, providing natural connections to other well studied problems.

(a) Let G be a finite group and let H be a core-free subgroup, which allows us to view
G as a transitive permutation group G < Sym(f2) on the set Q@ = G/H of cosets
of H in G. Then the base size of G, denoted b(G, H), is defined to be the minimal
size of a subset of € with trivial pointwise stabiliser in (. This is a fundamental
and intensively studied invariant in permutation group theory, with an extensive
literature stretching all the way back to the 19th century. In the language of bases,
Zenkov’s main theorem in [33] reveals that b(G, H) < 3 for every finite transitive
group G with F(G) = 1 and nilpotent point stabiliser H. And similarly, Conjecture
asserts that b(G, H) = 2 for every finite simple transitive group G with a nilpotent
point stabiliser H # 1.

(b) The previous observation connects with another well-known conjecture of Vdovin,
which is stated as Problem 17.41(b) in [28]. This asserts that b(G, H) < 5 for every
transitive permutation group G with trivial soluble radical and soluble point stabiliser
H (the example G = Sg and H = 54! S2 shows that the purported bound is best
possible). This conjecture is proved for primitive groups in [I1], and Vdovin gives
a reduction of the general problem to almost simple groups in [31I]. Further work
[3, [10] reduces the problem to groups of Lie type, and Baykalov [4] has made recent
progress towards a proof for the classical groups. But the general problem remains
open, including the special case where G is a simple group.

(c) Tt also worth highlighting a connection with the notion of the depth of a subgroup H
of a finite group G, denoted dg(H ), which was introduced in a 2011 paper by Boltje,
Danz and Kiilshammer [5]. This is a positive integer defined in terms of the inclusion
of complex group algebras CH C CG and there has been a focus on studying the
depth of subgroups of simple and almost simple groups (see [9] and the references
therein). The relevant connection arises from the observation that if H is core-free
and b(G,H) = 2, then dg(H) = 3 (see [8, Theorem 6.9]). So in the language of
subgroup depth, Conjecture [I] asserts that every non-trivial nilpotent subgroup of a
simple group has depth 3.

A renewed interest in Conjecture [1| stems from a recent paper of Lisi and Sabatini [27],
where they propose the following far reaching generalisation. In the statement, we write
7(G) for the set of distinct prime divisors of |G|.
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Conjecture 5 (Lisi & Sabatini [27], 2025). Let G be a finite group with ©(G) = {p1,...,pr}
and let P; be a Sylow p;-subgroup of G. Then there exists an element x € G such that for
each i, P; N P¥ is inclusion-minimal in the set {P,N P’ : g € G}.

)

In [27], the conjecture is proved for all metanilpotent groups of odd order, as well as all
sufficiently large alternating and symmetric groups. In view of Theorem [2 Conjecture
takes the following striking form for simple groups.

Conjecture 6. Let G be a finite simple group and let Hy, be a Sylow p-subgroup of G. Then
there exists an element x € G such that H, "\ Hy =1 for all p € w(G).

Since every finite nilpotent group is the direct product of its Sylow subgroups, we im-
mediately observe that Conjecture [6] implies Conjecture As noted above, Conjecture [§]
is proved in [27] for all sufficiently large alternating groups. Our main goal in this paper
is to prove it for all simple groups of Lie type and all simple sporadic groups, without any
conditions on the order of the group.

Theorem A. Conjecture 6] is true for all non-alternating finite simple groups.

By combining this result with the main theorem of [24], we immediately obtain the fol-
lowing result, which resolves Vdovin’s conjecture on nilpotent subgroups of simple groups.

Corollary B. Conjecture 18 true.

And in view of the connections highlighted in Remark [4] we get the following corollary,
which may be of independent interest.

Corollary C. Let G be a finite simple group. Then b(G,H) = 2 and dg(H) = 3 for every
non-trivial nilpotent subgroup H of G.

Remark 7. As noted above, Lisi and Sabatini [27, Theorem 1.4] prove Conjecture |§| for all
sufficiently large alternating groups and their argument relies on recent asymptotic results
due to Diaconis et al. [20] and Eberhard [2I]. So in view of Theorem [A] we have a proof of
Conjecture[6] for all simple groups, apart from the alternating groups G = A,, with n < N for
some unspecified constant N. It is straightforward to verify the conjecture computationally
for all G = A, with n < 500, but it remains an open problem to prove it for all alternating
groups.

Our proof of Theorem [A] involves a combination of probabilistic and computational meth-
ods. In order to outline our approach, let G be a non-alternating finite simple group and let
H,, be a Sylow p-subgroup of G for each p € 7(G).

Let us first assume G admits a suitable permutation representation from a computational
perspective, which means that the order of G and the degree n of the representation are
not prohibitively large. In this situation, it is entirely straightforward to verify the desired
result by direct computation in MAGMA [6]. To do this, we work with the given permutation
representation of G and for each p € 7(G) we construct a Sylow p-subgroup H), of G. And
then by random search, we identify an element z € G such that H, N H; = 1 for all p.
For instance, this direct approach turns out to be effective for 21 of the 26 sporadic simple
groups (see the proof of Theorem [3.1)).

In the general setting, our proof of Theorem [A] relies on a probabilistic argument. Let

- {z e G : HyN Hy # 1 for some p € 7(G)}|
B |G|

be the probability that a uniformly random element x € G does not satisfy the condition in
Conjecture [6] So our goal is to show that Q(G) < 1. To do this, first observe that

QG < Y Q)

pem(G)

QG
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where Qp(G) is the probability that Hy, N Hy # 1 for a uniformly random = € G. For each
p € m(G), we may view G as a transitive permutation group on Q = G/H,, in which case
Qp(G) coincides with the probability that two randomly chosen points in 2 do not form a
base for G. In turn, this implies that

k .TL‘G H 2 R
Q@) < 3| ('“') —.0,(C),

G
i=1 |x7, ‘

where {x1,...,2} is a complete set of representatives of the conjugacy classes in G of
elements of order p (a more general version of this upper bound was first introduced by
Liebeck and Shalev in their proof of [26, Theorem 1.3]).

In this way, the problem is essentially reduced to the derivation of an appropriate upper
bound on @p(G) for each p € m(G). To do this, we can appeal to the extensive literature
on conjugacy classes of prime order elements in simple groups, which reduces the problem
further to estimating |2$' N H,|. For most classes, we will show that the trivial upper bound
|2¢ N Hy| < |H,| is good enough. But further work is often required when z{ is one of
the smallest conjugacy classes of elements of order p and in these cases we typically proceed
by embedding H,, in a specific subgroup L of G, which allows us to work with the upper
bound |z N Hy| < |2 N L|. Here the subgroup L is chosen so that it is easier to count the
appropriate number of elements of order p in L than in H,, itself.

In the critical case where G is a group of Lie type in characteristic r, the prime divisor
p = r requires special attention. Here Ng(H,) is a Borel subgroup of G with unipotent
radical H, and by considering the opposite Borel subgroup it is easy to see that H,NH? =1
for some x € G. In turn, this implies that

N |Hr||NG(HT)|
|G|
Then by setting 7'(G) = 7(G) \ {r}, it just remains to show that

A |Hr||NG(Hr)’
Z )QP(G) < —a

pen’ (G

Qr(G) <1

and this is how we proceed. In particular, this approach allows us to focus entirely on
semisimple elements of prime order.

Remark 8. It is worth noting that our proof of Theorem [A]is independent of Theorem
In particular, we obtain a new proof of Theorem [2] for simple groups of Lie type, which does
not rely on the earlier work in [23] 29, [32] concerning p-blocks and defect groups. Moreover,
our new proof is quantitative, in the sense that it allows us to draw conclusions concerning
the proportion of elements x € G with H N H* = 1, which is not possible via the original
existence proof in [39].

Remark 9. Let G = A,, be an alternating group. Here the main result is [27, Proposition
4.1], which in terms of the above notation gives Q2(G) < 0.99 and Q,(G) = O(n™1) for all
large n and all odd primes p (in fact, the main theorem of [21] reveals that Qa(G) — 1—3e1/2
as n tends to infinity; see Theorembelow). Then an easy application of the Prime Number
Theorem yields

Y. Q@) <1 (1)

pEm(G)

for n > 0 and this completes the proof of Conjecture [f] for all sufficiently large alternating
groups. Proving a non-asymptotic version of Conjecture [6] using a probabilistic approach
seems to be a difficult problem and we intend to return to this in future work.

The asymptotic behaviour of the probability @,(G) is studied in recent papers by Diaconis
et al. [20] and Eberhard [21I] in the special case where G is a symmetric or alternating
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group, with several interesting applications highlighted in [20]. Here the main results can be
summarised as follows (part (i) is [20, Theorem 1.1(a)], while (ii) is [21, Theorem 1}).

Theorem 10 (Diaconis et al. [20]; Eberhard [21], 2025). Let p be a prime and let G = S,
or A,.
(i) If p > 2, then Qp(G) — 0 as n — oc.
(ii) If p =2, then Qp(G) — 1 —ae V2 asn — oo, where a =1 if G =S, and o = % if
G=A,.

Our probabilistic proof of Theorem [A] allows us to establish a strong version of Theorem
for groups of Lie type (see the asymptotic statements in Theorems and .

Theorem D. Let G be a finite simple group of Lie type over a field F, of characteristic r
and set

B = Y &G, G= Y &)
pem(G)\{r} pem(G)\{2r}
Then v(G) = 0 as |G| — oo. In addition, if G # La(q) then B(G) — 0 as |G| — oo.

By combining this with Theorem we obtain the following corollary.

Corollary E. Let (Gi,p;) be a sequence of pairs, where G; is a finite simple group, p; is a
prime and |G;| — co. Then either

Qp; (Gi) = 0 as i — oo,

or there exists a subsequence of pairs (G, pi,,) such that one of the following holds for all k:
(a) le = Ank and Diy, = 27'
(b) G\, = La(qk), qr is odd and p;, = 2;
(¢) Gi, is a group of Lie type defined over a field of characteristic p;, .
Remark 11. Let us briefly comment on the special subsequences arising in the statement
of Corollary [E| For (a), we refer to Theorem [10fii). And for (b), observe that if G = La(q)
and ¢ is a Mersenne prime, then
s|Ha|

@(G) =1~ |G : Ho|’

where s is the number of regular orbits of Hy = Dy11 on G/Hy. By [15, Lemma 7.9] we have
s = (¢ — 3)/4 and thus
1 q+3
Q2G) ==+ —/——.
(@)= 2q(q —1)

In particular, if there are infinitely many Mersenne primes (as expected), then there exists
a sequence of groups G; = La(g¢;) such that |G;| — oo and Q2(G;) — % as 1 tends to infinity.
Finally, in case (c) we refer to [38, Lemma 3.13], which implies that if G is a simple group
of Lie type in characteristic r, and G # Sp,(2)’, G2(2)’, 2G2(3)" or 2F4(2)’, then

_ |H:[[Ne(H,)|
|G

So for example, if G = Ly (q) and ¢ = r/ then [Ng(H,) : Hy| = 3(¢—1)""! with d = (n,q—1)
and thus

QT(G) =1

qn(n—l)/Z(q._ 1)n—1
[[a(d = 1)

—1

QT(G) =1-

if q is fixed and n tends to infinity.
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Another interesting feature of our proof of Theorem |Alis that it allows us to show that
holds for every finite simple group of Lie type, with the single exception of Uy(2) = PSp,(3)
(see Theorems and [5.1). Putting the special case Uy(2) to one side, this immediately
settles Conjecture [6 and hence Conjecture [I} for groups of Lie type. In addition, it allows
us to establish the following generalisation of Conjecture [1| (the conclusion can be checked
directly for Uy(2)).

Theorem F. Let G be a simple group of Lie type and let A and B be nilpotent subgroups of
G. Then AN B* =1 for some x € G.

To see this, let A and B be nilpotent subgroups of G and for each p € 7(G) let A, and
B, be the unique Sylow p-subgroups of A and B, respectively. Setting
Hr e G : A,N By # 1}
|G|
we observe that AN B =1 for some z € G if 3 Rp(A, B) < 1. Now if we embed 4, < H,
and B, < K, where H, and K, are Sylow p-subgroups of GG, then
Hre G : Hyn Ky #1}|
= Qp(G)
|G| 8
and so the inequality in yields AN B* =1 for some x € G.
By combining Theorem [F| with earlier work of Zenkov for alternating groups [37] and
sporadic groups [35] (see Remark , we obtain the following corollary which can be viewed

as a natural generalisation of Theorem [2[and Corollary B In the language of [I], this shows
that every pair of nilpotent subgroups of a simple group is regular.

R,(A,B) =

R,(A,B) <

Corollary G. Let G be a finite simple group and let A and B be nilpotent subgroups of G.
Then AN B* =1 for some x € G.

Remark 12. In view of Conjecture [0 it is natural to ask if there is a stronger form of
Corollary For example, if G is simple and {7y, ..., Ni} is a complete set of representatives
of the conjugacy classes of non-trivial nilpotent subgroups of G, then is there an element
z € G such that N; N7 =1 for all 4,77 The answer is no, in general. For example, G = Ag¢
has 9 conjugacy classes of non-trivial nilpotent subgroups, with representatives as follows:

Ny = ((1,3)(4,5)) No = (1,4.3))
N3 =((1,3,2)(4,6,5)) Ny ={((1,6,4,5,3))

N5 = <(172)(374)7 (173)(274)> N6 = <(3,4, 5)? (17276)>

N7 = <(1747372)(576)7 (173)<274)> Ng = <(172>(376>7( 76)(47 5)>
Ny = <(27 5)(374)7 (17 6)(374)7 (17 3)(47 6)>

With the aid of MAGMA, it is easy to check that there is no element x € G such that
Nin Ny =1 for all 4, 5. In particular, this example shows that the answer may depend on
the choice of conjugacy class representatives. We are not aware of the existence of a simple
group G that does not have an element z € G and a set of representatives { Ny, ..., Ny} of
the conjugacy classes of nilpotent subgroups of G such that N; N N7 =1 for all 7, j.

Notation. Let G be a finite group and let n be a positive integer. We will write C,, or
just n, for a cyclic group of order n and G™ for the direct product of n copies of G. An
unspecified extension of G by a group H will be denoted by G.H; if the extension splits then
we may write G:H. We will use i,(G) for the number of elements of order n in G, and we
will sometimes write [n] for an unspecified soluble group of order n. Throughout the paper,
we adopt the standard notation for simple groups of Lie type from [25]. In addition, we write
(a,b) for the highest common factor of the positive integers a and b. And for a prime p, we
use (n), to denote the p-part of n. All logarithms in this paper are base 2.

Acknowledgements. The second author thanks the London Mathematical Society for their
support as an LMS Early Career Research Fellow at the University of St Andrews.
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2. PRELIMINARIES

In this section we present a collection of preliminary results, which will be needed in the
proofs of our main theorems.

2.1. Number theory. We will require one or two basic number-theoretic results. Given a
positive integer m and a prime number p, we write (m), for the largest power of p dividing
m (so for example, (18)3 =9).

Lemma 2.1. Let t be a prime power, let d be a positive integer and let p be a prime divisor
of t — e, where e = 1.
(i) If p =2, then

(t—e)p if d is odd
(4 —¢e), =< (12 —=1),(d/2), ifd is even and e =1
2 if d is even and e = —1.

(ii) If p is odd, then
(td —&p= {

(td +e)p = {
Proof. This is [2, Lemma 2.1(i)]. O

if d is even and e = —1
)p(d)p otherwise

1

(t—e

(t—e)p(d)p ifdis even and e = —1
1 otherwise.

We will also need the following results concerning factorials and odd prime divisors.
Lemma 2.2. Let m be a positive integer and let p be a prime. Then p™(m!), = ((pm)!),
and (m!), < p*, where k =m/(p —1).

Proof. The first claim is clear. For the second statement, set (m!), = p’ and note that
= |m > m
— -t _
i=1 =1
Lemma 2.3. Let d be a positive integer. Then d 4+ 1 has at most logd distinct odd prime
divisors.
Proof. We may assume d + 1 is divisible by an odd prime, so we can write
d+1=2%{" - pi¥,
where the p; are distinct odd primes and we have a > 0 and a; > 1 for all 4. Setting b =), a;,
we see that d > 297 and thus k < b < log d as required. O

2.2. Probability. Let G be a finite simple group and let 7(G) be the set of prime divisors
of |G|. Fix a prime p € 7(G) and let H, be a Sylow p-subgroup of G. In view of Theorem
[A] we are interested in the following property:

There exists an element x € G such that H,N Hy =1 for all p € n(G) (%)

and our main goal is to show that (ED holds for all non-alternating simple groups.

et o€ G : Hyn HE 41}
T E : x
QP(G): ’é| L

be the probability that H, N Hy # 1 for a uniformly random element x € G and note that
Qp(G) < 1 by Theorem 2| In fact, the existence of an element x € G with H, N Hy =
implies that Ng(H)) has a regular orbit on G/H,, and thus

G
The following observation is immediate.

(2)
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Lemma 2.4. Property () holds if Z Qp(G) < 1.
pem(G)

For a given prime p € m(G), let us observe that Q,(G) coincides with the probability that
a random pair of cosets in G/H, do not form a base for G. Then by arguing as in the proof
of [26, Theorem 1.3], it follows that

k G 2
Qu(6) < 0,(6) =Y '|G|’
=1 7

where {x1,...,2} is a complete set of representatives of the conjugacy classes in G of
elements of order p. In particular, (ED holds if

Y Q6) < 1. (3)

pem(G)

Remark 2.5. Let us record several observations on the above set-up.

(a) We have
s|Hp|
=1 =Pt
@) |G : Hy|’
where s is the number of regular H,-orbits on G/H),. Equivalently, s is the number
of (Hp, H,) double cosets in G of size |Hp|?.
(b) Let G be a finite simple group of Lie type defined over a field F, of characteristic r.

If we exclude the special cases Sp,(2), G2(2), 2G2(3)" and 2Fy(2)’, then a result of
Zenkov [38, Lemma 3.13] shows that
| H||Na (Hy)|
=1 G|
Q:(0) e
so the upper bound in is in fact an equality in this situation.
In addition, for each prime divisor p # r of |G| we will derive an explicit upper
bound of the form

@p(G) < fp(ta q),

where t is the rank of G. Then by combining these estimates, we get

pem(G)\{r}
which we can use with the upper bound in (with p = r) in order to verify the
inequality in (3]), with the possible exception of a handful of special cases that can
be treated directly. This is our basic approach to the proof of Theorem [A] for groups
of Lie type. In addition, we will see that f(¢,q) — 0 as ¢ or ¢ tends to infinity (unless
G = La(q) and ¢ is odd) and this is how we will prove Theorem [D]

(c) As noted in Section , the key inequality >, @,(G) < 1 in Lemma implies that
if A and B are nilpotent subgroups of GG, then AN B* = 1 for some x € G. So a
detailed analysis of Zp Qp(G) for groups of Lie type plays an essential role in our
proof of Theorem [F}

The following elementary result will be useful for computing an upper bound on @p(G).

Lemma 2.6. Suppose 1,. ..,y represent distinct G-classes such that >, |2¢ N Hy| < a
and |z§| > b for all i. Then

Proof. This is [12, Lemma 2.1]. O
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3. SPORADIC GROUPS

In this section we prove Theorem [A] for sporadic groups.
Theorem 3.1. Theorem[4] holds for all sporadic groups.

Proof. Let G be a simple sporadic group and for now let us assume G ¢ A, where
A= {J4, Ly, Th, B, M}. (4)

In each case, it is entirely straightforward to verify the desired property with the aid of
MAGMA [6] (working with version V2.28-21). In order to do this, we first use the function
AutomorphismGroupSimpleGroup to construct L = Aut(G) as a permutation group of degree
n, obtaining G as the socle of L. We then construct a Sylow p-subgroup H,, of G for each
p € 7(G) and by random search it is very easy to find an element x € G satisfying , as
required. To give some indication of timing and memory usage, if G = HN is the Harada-
Norton sporadic simple group, then |G| = 273030912000000, n = 1140000 and the entire
computation takes about 2 minutes, using less than 1GB of memory. For the remainder, we
may assume G € A.
Let '(G) be the set of odd prime divisors of |G| and note that Lemma [2.6] gives

Y Q@) < Y alb,t <n(G),

pen’ (G) pen’(G)
where a, = [Hp|, b, = min{|z%| : x € G, |z| = p} and

(0.26 if G =Ly
0.49 if G = Th
n(G)=<68x10"10 if G=1J4
24x1077 fG=DB

5.7x 1071 if G = M.

So to complete the proof, it suffices to show that @Q(G) <1—-n(G).
For G = Ly we have |Hy| = 2% and |2%| = 1296826875 for every involution = € G, so
Lemma [2.6| implies that

Q2(G) < 2'%(1296826875) 1 < 5.1 x 107° < 1 — n(G)

as required. Next assume G = J4. Here G has two conjugacy classes of involutions, labelled
2A and 2B in [19], where

|24] = 3980549947 = dy, |2B| = 47766599364 = dy.

We can embed Hj in a maximal subgroup L = 23+12 (S5 x L3(2)) of G, noting that the
character tables of G and L are available in the GAP Character Table Library [7], together
with the fusion map from L-classes to G-classes. This allows us to compute

|2AN L| = 43067 = ¢1, [2BNL| = 131524 = ¢y
and by appealing to Lemma [2.6] once again we deduce that
Q2(G) < Adyt + 3dyt < 0.83.

Similarly, G = Th has a unique class of involutions, labelled 2A in [19], and we can embed
Hj in a maximal subgroup L = 2°.15(2) of G. We then compute

124N L| = ip(L) = 7471 = ¢4,
which gives Q2(G) < 2d; < 0.06, where dy = [2A] = 976841775,
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Next suppose G = B. Here G has four classes of involutions and we can embed Hs in a
maximal subgroup L = [23°].(S5 x L3(2)). By working with [7], we compute

|24] = 13571955000 = d, 28N L| = 51512 = ¢y

|2B| = 11707448673375 = ds 12BN L| = 1172575 = cy
|2C| = 156849238149120000 = d3  |2C N L| = 131022848 = c3
|2D| = 355438141723665000 = dy  |2D N L| = 313463400 = ¢4

which gives QQ(G) <Y c2dt <07 < 1—n(G). Similarly, G = M has two classes of
involutions with
|2A] = 97239461142009186000 = d;, |2B| = 5791748068511982636944259375 = da.

We can embed Hj in a maximal subgroup L = 23+6+12+18 (364« [,3(2)) of G, noting that
[17, Proposition 3.9] gives

124 N L| = 3573456 = ¢1, |2B N L| = 4026530095 = c5.
This yields Q2(G) < Adt + c3dy' < 1.4 x 1077 and the result follows. O

Remark 3.2. In the same way, it is entirely straightforward to verify Conjecture [6] for all
almost simple sporadic groups.

Remark 3.3. Let GG be an almost simple sporadic group and set
a(G) = ) QulG).
pem(G)

Our proof of Theorem [3.1| shows that a(G) < 1 for the groups G € A (see (4])) and it is not
difficult to extend this to all almost simple sporadic groups. For example, if

G e {Mu, M12.C, MQQ.C, Mgg, M24, Jl, JQ.C, HS.C, He.c}
with ¢ € {1,2}, then for each p € 7(G) we can use MAGMA to compute

s|Hp|
=1- P
@ () |G : Hy|’

where s is the number of (H,, H,) double cosets in G of size |H,|?, and we immediately
deduce that a(G) < 1. Similarly, for

G € {Js.c, He.c, McL.c, Suz.c, Ru, Figg, Fis3, Coy, Cosz}

we can compute @p(G) precisely for each p (to do this, we can use the approach described
in the proof of Lemma and we get >, @Q,(G) < 1. The latter inequality does not hold
for the groups G € {Cog, Fis.2}, but here one checks that

QG+ Y 0,6 <1,

pem (GQ)

where 7/(G) is the set of odd prime divisors of |G|. For all of the remaining groups we can
work with the GAP Character Table Library [7] to show that

kp
S e < Y Dl l<,

pen(Q) pen(G) i=1
where
ap; = min{|Hp|, |z N L| : L € My}, by = |zf|

with respect to a complete set {z1,...,xx,} of representatives of the conjugacy classes in G
of elements of order p and a set M, of representatives of the conjugacy classes of maximal
overgroups of H, in G.

This provides an alternative way to prove Theorem [A] for sporadic groups. In addition,
as explained in the discussion following Theorem [F|in Section |1} the bound «(G) < 1 also
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gives the conclusion in Corollary [G} if A, B are nilpotent subgroups of G, then AN B* =1
for some z € G. In this way, we obtain a new proof of the main theorem of [35].

4. EXCEPTIONAL GROUPS OF LIE TYPE

In this section we will prove Theorems [A] [D] and [F] for all simple exceptional groups of Lie
type; the proofs will be completed in Section [5, where we deal with the classical groups. We
begin by setting up some general notation that we will use for all simple groups of Lie type.

Let G be a finite simple group of Lie type over F,, where ¢ = r! for some prime r and
integer f. As before, let 7(G) be the set of prime divisors of |G| and set

m(G) = m(G)\ {r}.
Let H, be a Sylow r-subgroup of GG, which means that B = Ng(H, ) is a Borel subgroup of G
with unipotent radical H,. By choosing = € G so that B” is the opposite Borel subgroup, we
deduce that H, N HY =1 (without appealing to Theorem . So in view of and Lemma
we observe that () holds (see Section if E(G) < 1, where

n(G) =1 Hr W,\é; + Y GG (5)
per’(G)
The main result of this section is the following, which immediately yields Theorems [A]
and [F] for exceptional groups.

Theorem 4.1. Let G be a finite simple exceptional group of Lie type and set

Y (@), BG)= Y Q@

pen(Q) pern’(G)
Then o(G) < 1. In addition, 5(G) — 0 as |G| — oo.

It is convenient to handle certain low rank groups defined over small fields by direct
computation in MAGMA [6]. This is recorded in the following result.

Lemma 4.2. The conclusion to Theorem [{.1] holds when G is one of the following:
G2(2), G2(3), Go(4), 2G2(3), 2Fy(2).

Proof. Let r be the defining characteristic. As in the proof of Theorem we begin by
using the function AutomorphismGroupSimpleGroup to construct G as a permutation group
of degree n (note that G2(2)" = Us(3) and 2G2(3)’ = Ly(8), so we can work directly with the
classical groups Us(3) and Ly(8) in these two special cases). Then for each prime p € 7(G)
we construct a Sylow p-subgroup H, of G. In addition, if p # r then we construct a set of
representatives C = {y1,...,ys} of the conjugacy classes in H,, of elements of order p, which
we then partition C = C; U ---UCy so that y; and y; are in the same subset if and only if
they are conjugate in G. Write C; = {ys.1,...,Yik,} for i =1,...,¢. Then

Y4 kj . 2
G _
:Z‘Z/z’,ﬂ ! Z‘yzp|
i=1 j=1

and in each case we verify the bound ¥(G) < 1. For example, if G = 2Fy(2)’ then n = 1755
and we compute

346991
> =
(@) 449280’
with the computation taking roughly 1 second and 30MB of memory. U

The following result from [18] will be a useful tool.

Lemma 4.3. Let G # G2(2)',2F4(2),2G2(3)" be a simple exceptional group of Lie type over
Fy. Let xo € G be a semisimple element of odd prime order. In addition, if q is odd then let
z1 € G be an involution. Then |le| > {;, where €1 and {y are given in Table .
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G 0y 12
Es(q) ¢'"? (q—1)¢'"3 Ga(q), =3 ¢ (q—1)¢°
Ezx(q)  5(e—1)¢* (¢—1)g* 3Dy(q) q' (g—1)g""
Eg(q) 4% ¢* *Falq), ¢ =8 — (¢ —1)g'"
*Es(q) (¢—1)¢*  (¢—1)¢* 2Ga(q), =27 (¢—1)¢* %qﬁ
Fi(g)  ¢'° (g —1)g* *By(q) - 3¢
TABLE 1. The lower bounds 2| > ¢; in Lemma
Proof. This is a special case of [I8, Proposition 2.11]. O

We are now ready to prove Theorem [£.1]

Proof of Theorem[{.1 Let G be a finite simple exceptional group of Lie type over Fy, where
g =1/ is a power of the prime r. Since a very similar argument applies in each case, we will
only give details for the groups ?Es(q), Fu(q) and Ga(q)’. It will be convenient to define

BG) = D @0
pem’(G)
Case 1. G =2Fg(q)
First assume G = 2Fg(q) and note that

1
G = 4% (¢* = D(¢* + D(¢" = D(¢" = D(¢" + (¢ ~ 1),
where d = (3,¢q + 1). In addition, we have |[Ng(H,) : H,| = 3(¢* — 1)>(¢ — 1)* and
|H:||Na(Hy)| ¢ (¢° —1)*(g — 1)

= > l—q_1 6,
I ac (1=a7)

whence X(G) < 1if
= _1\6
BE)<(1-g¢71). (6)
Fix a prime p € 7/(G). For p = 2, Lemma [2.1[i) gives
|Ha| = 2°((¢* = 1)2)"((a +1)2)* <27(¢ + 1)’ =
and Lemma4.3states that |27 > (¢—1)¢®" = by for every involution = € G. So by appealing
to Lemma [2.6( we deduce that Qo(G) < a?b] .
Now assume p is odd and let m be minimal such that p divides ¢ — 1, in which case
m € {1,2,3,4,6,8,10,12,18}. By carefully considering each possibility for m in turn, it is
straightforward to show that |Hp| < 33(¢ + 1)® = aa. For example, if m = 6 then p > 7 and

[Hy| = (QG - 1)1)(‘19 + 1)p(q12 —1p= ((QQ —q+ l)p)g'
Since |2| > (¢—1)¢3! = by for all 2 € G of order p (see Lemmal4.3)), Lemmaimplies that
Qp(G) < a3by*. Moreover, since each p € /(@) divides n = (¢* +1)(¢°> +1)(¢° +1)(¢"* — 1),
it follows that |7'(G)| < logn < 31log ¢ and thus

B(G) < (1 =6y, )atb; " + 31log q - a3b; !,

where J3, is the usual Kronecker delta (so d2, = 1 if = 2, otherwise a3, = 0).

This upper bound immediately implies that 5(G) — 0 as ¢ — oo, so the asymptotic
statement in Theorem holds for G = 2E(q). In addition, it is routine to check that the
inequality in @ is satisfied for all ¢ > 3.

Finally, suppose ¢ = 2 and p € 7/(G). Here |7'(G)| = 7 and |Hp| < 3° = a. In addition,
by inspecting the character table of G (see [7]) we observe that |z¥| > 1319933815200 = b
for all z € G of order p. Therefore, B (G) < 7a®h~! < 275 and the result follows.
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Case 2. G = Fy(q)
Now suppose G = Fy(q). Here

Gl =" - 1)(® = 1)(¢® = 1)(¢"* - 1)

and |Ng(H,) : H.| = (¢ — 1)*, whence %(G) < 1 if

~

C1\4
BG) < (1—-q7') (7)
Fix a prime p € 7/(G). For p = 2 we compute
[Ha| = 2°((¢* = 1)2)' < 27(¢ + 1) =

and we note that |z&| > ¢'® = by for every involution 2 € G (see Lemma . This gives
Q2(G) < a?b; . On the other hand, if p is odd then |H,| < 3%(¢ + 1)* = ag and Lemma
gives |2%| > (¢ — 1)¢*® = by for all 2 € G of order p, whence @p(G) < adby'. In addition,
since |7'(G)| < 201log g, it follows that

B(G) < (1 —69,)a3b;t 4 20logq - adby .

Once again, it is clear from this bound that we have 5(G) — 0 as ¢ — oco. One can also
check that the inequality in is satisfied for all ¢ # 3.

Finally, suppose ¢ = 3. Here |7'(G)| = 6 and by embedding Hs in a maximal subgroup
L = 2.Q9(3) = Sping(3), we can use MAGMA to show that i5(H2) = 1615. The result now
follows since

~ 2\*4
B(G) < 1615%b,* + 5adby ' < <3> ;

where b1, as and by are defined as above.
Case 3. G = G2(q)

Finally, suppose G = G2(q)’. In view of Lemma we may assume ¢ > 5. Since we have
|G| = ¢%(¢®> — 1)(¢° — 1) and |Ng(H,)| = ¢°(g — 1)?, it follows that 3(G) < 1 if

B@)<(1—q M) 8)

Fix a prime p € 7(G). For p = 2 we have |Hz| = ((¢> — 1)2)? < 2%(¢+ 1)? = a; and
|2%| = ¢*(¢* + ¢> +1) = by for every involution 2 € G, which yields Q2(G) < a?byt. And for
p > 3 we find that |H,| < 3(¢+1)? = az, while Lemmashows that |29 > (¢ —1)¢° = bo
for all x € G of order p. Therefore, @p(G) < a3by ! and since |7'(G)| < 6logq we deduce
that

B(G) <(1- 627T)a%b171 +6logq - a%bgl < (1 — q_1)2

for all ¢ > 19. In addition, we see that 5(G) — 0 as ¢ — oo, so the desired asymptotic
statement holds in this case.

Finally, suppose 5 < ¢ < 17. Here it is easy to improve the above estimates in order to
verify the bound in . For example, suppose ¢ = 5. Here |Hz| = 26 = a1 and |H,| < 31 = as
for all odd primes p € 7'(G) = {2,3,7,31}. Therefore,

~ 1958753 4\ 2
G) < a?b7! 4+ 3a2p;t = 20 -
BlG) < atby +3azby” = grameis < 5

as required, where by and by are defined as above. Il
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5. CLASSICAL GROUPS

In this final section we complete the proofs of Theorems [A] [D] and [F] by handling the
classical groups. Let G be a finite simple classical group over F,, where ¢ = r! for a prime
r, and let V be the natural module for G. Due to the existence of exceptional isomorphisms
between some of the low-dimensional classical groups (see [25, Proposition 2.9.1]), we may
assume G is one of the following:

L, (q) n>2 withg>5ifn=2
Un(q) nz=3

PSp,(q) n=4even, (n,q) # (4,2)
2,(9) n =7 odd, ¢ odd

PQ(q) n > 8 even.

As before, set 7'(G) = 7(G) \ {r} and define
@)= Y Qa) BG) = > Q@)

pem(G) R pem (G) R (9)
1@ = D QG BG) = ) QG
per’ (G)\{2} per’(G)

In addition, define ¥(G) as in (5)) and recall that a(G) < 1 if ¥(G) < 1. Our main result for
classical groups is the following.

Theorem 5.1. Let G be a finite simple classical group over IFy.
(i) If G # Uy4(2), then a(G) < 1.
(ii) We have v(G) — 0 as |G| — .
(iii) If G # La(q), then B(G) — 0 as |G| — oo.

Remark 5.2. Let us record a couple of comments on the statement of Theorem

(a) First note that the group G = U4(2) = PSp,(3) in part (i) is a genuine exception.
Indeed, we have 7(G) = {2,3,5} and using MAGMA we compute

71 79 1
QQ(G) = ﬁv Q3(G) = ﬁa Q5(G)

1296
which means that a(G) = 2645/2592 > 1.

(b) Suppose G = Ly(g) with ¢ odd. Here the proof of Lemma [5.6| shows that y(G) — 0
as ¢ — oco. However, the asymptotic behaviour of Q2(G) is rather different and we
are not able to conclude that Q2(G) — 0 as ¢ — oco. For example, as discussed in
Remark [T} we have

1 q+3
QG) =+ 7F—
(=5 2q(q — 1)

if ¢ is a Mersenne prime. This explains the condition G # La(q) in part (iii).

Remark 5.3. Let us briefly explain how we establish Theorems [A] and [F]in the special case
G = Uy(2), where we have 7(G) = {2,3,5} and o(G) > 1.

(a) In order to verify Conjecture @, we first use MAGMA to construct G as a permutation
group of degree 45. We fix a Sylow 5-subgroup Hs of G and we construct the complete
set I'j of Sylow p-subgroups of G for p € {2,3}. Then for each pair (Hy, H3) € I'yxI'3
we use random search to find an element z € G such that H, N Hy = 1 for all
p € {2,3,5}. This is an entirely straightforward computation and it establishes
Conjecture [f] for G = Uy(2).

(b) Similarly, to check Theorem [F| we first use the function NilpotentSubgroups to
construct a complete set of representatives of the conjugacy classes of nilpotent sub-
groups of G (there are 48 such classes). Then for each pair (A, B) of representatives
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we use random search to identify an element x € G with A N B* = 1. Once again,
this is an easy calculation.

For a positive integer m we set

P ={p € 7' (G) : p+#2is a primitive prime divisor of ¢"* — 1}, (10)
which means that each p € P, divides ¢™ —1, but it does not divide ¢’ —1 for any 1 < i < m.
Since every prime divisor p # r of |G| is a primitive prime divisor of ¢ — 1 for some m, it
follows that R
BG)=(1-0,)Q2(G)+ > Y QG
m=21peEPp,

and we define

= Q2(G), =) Qp(G), p2= > Qu(G), ps = > Qp(G). (11)

pEP1 pEP2 m23 p€Pm
So in terms of this notation, we have

3(G) = (1 —=02,)po + p1 + p2 + p3.

For each finite simple classical group G over Fy, we will produce an explicit upper bound
of the form p; < fi(n,q) for each i € {0,1,2,3}, where n is the dimension of the natural
module for G. By combining these estimates, we will show that

3
‘HTHNG(HT”
; fi(n,q) < T

with the possible exception of a handful of special cases, which allows us to conclude that
¥(G) < 1 and thus a(G) < 1, as in Theorem [5.1{i). In addition, it will be clear in every case
that we have f;(n,q) — 0 as n or ¢ tends to infinity (excluding the special case i = 0 with
G = Ly(q) and ¢ odd) and this is how we establish the asymptotic statements in parts (ii)
and (iii) of Theorem

In order to derive suitable upper bounds p; < fi(n,q), we need to study the conjugacy
classes of prime order elements in G. With this aim in mind, fix a prime p € 7/(G) and let
x € G be an element of order p. We may view z as an element of PGL(V'), where we recall
that V' is the natural module for G. In particular, we can write x = £Z, where & € GL(V)
and Z is the centre of GL(V'), and it will be useful to define the positive integer

v(z) = min{dim[V,\%] : A € K*}, (12)

where K is the algebraic closure of F, and V = V @ K. Notice that v(z) coincides with
the codimension of the largest eigenspace of & on V, which explains why it is sometimes
referred to as the support of x, in analogy with the more familiar definition of support for
permutations. Bounds on |z¥| in terms of v(z) are given in [I3, Section 3]. In addition,
we refer the reader to [I4, Chapter 3] for detailed information on the conjugacy classes of
semisimple elements in G of prime order.

We now consider each family of classical groups in turn, beginning with the linear groups.
Throughout this section, we will repeatedly refer to the notation defined in @, , (11)

and .

5.1. Linear groups. In this section we assume G = L,,(g) is a linear group. Note that the
low-dimensional groups with n € {2,3} require special attention and they will be handled
separately in Lemmas [5.5] and [5.6]

Lemma 5.4. The conclusion to Theorem holds when G = Ly (q) and n > 4.
Proof. Set d = (n,q — 1) and observe that

1 Lo(n— - i 1 n(n— n—
Gl =Zq>" " I [(a = 1), IN(H,)| = g2 " V(g 1"
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Therefore, the desired bound ¥(G) < 1 holds if

BG)<(1-g7") (13)

Fix a prime p € 7/(G) and let € G be an element of order p. Define the integer v(x) as
in . We begin by handling the groups with n > 5.

Case 1. n>5

n—1

First assume p = 2, so ¢ is odd. By inspecting [14, Table B.1] we observe that

G ‘GLn(QH 1 4An—8
x| > > — =b
SR Te o T P R L
if v(z) > 2, otherwise
|CCG| _ |GLn(Q)| _ qn—l(qn - 1) — bl-
|GLn-1(¢)||GL1(q)| q—1

Suppose ¢ = 1 (mod 4). By applying Lemmas (1) and we compute

|Ha| = ——((q—1)2)" '(n))2 < 2" Mg —1)" " =ay

(d)2
and we deduce that Hy < L < G, where L is a subgroup of type GL1(q) ¢ S,. That
is to say, L is the stabiliser in G of a direct sum decomposition V = Vi ® --- @ V,, of
the natural module for G, where each V; is a 1-dimensional subspace. If v(z) = 1 then
replacing x by a suitable conjugate if necessary, we may assume x lifts to a diagonal matrix
& = diag(—In—1,11) in GLy(g). And then by counting the number of such involutions in the
subgroup GL1(¢) 1S, < GLy(g), we deduce that there are no more than

0 = (?) " (Z) GLi(g)| =+ ynln~1)(g - 1)

involutions « € Hy with v(z) = 1. So Lemma [2.6/ implies that py < a?b;* + a3b, .
Now assume g = 3 (mod 4). If n = 2/ is even then
1 -
1@ =1)2(g” = 1)) ()2 <2 2(g+ 1) = a2
and we note that (¢—1)2 < (n)2, which implies that v(x) > 2 (see [14, Table B.1]). It follows
that pp < a3b,'. On the other hand, if n = 2¢ + 1 is odd, then

|Hy| = ((q— 1)a(q® — 1)2) ()2 < 2*(q+ 1) = ay

and Hj is contained in a subgroup L < G of type (GL2(q)1S¢) ® GL1(gq). By considering the
number of involutions # € L with v(z) = 1, we deduce that py < a?b;* + a3by ', where

_ 0\ |GLa(q)|
ap =1+ <1> G ()F 1+ £4g(g+1).

To complete the argument for n > 5 we may assume p is odd, in which case p € P, for
some positive integer m < n. Set k = [n/m| and write v = (4,¢ — 1) and 0 = (4,¢ + 1).
First assume m > 3, in which case p > 5. By inspecting [14], Section 3.2.1], we see that

|Ha| =

|GLa ()] -
G Choa@lcL@) Ln# 06
lz™] >
|GL6(q)| ifn=6
GLo (6] =

and thus |2¢| > %qﬁn_l? = by for all n > 5. In addition, by applying Lemmas (ii) and
2.2] we observe that
k

Hyl = [[@™ — Dy = (@™ — D) (kD) < ¢ = ay
=1
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since (k!), < pk/(P=1) < gm/4m) — gn/4 This yields @p(G) < a3by'. Since there are n — 2
possibilities for m in the range 3 < m < n, and since each ¢"™ — 1 has at most nlog ¢ distinct
prime divisors, we deduce that

p3 < n(n—2)logq-a3bs’.
Next assume p € Ps, so p divides (¢ + 1)/6. Here

- - > —q " =b

2% > 4

and
3n/4
il = (a4 D0y < (D) =

which means that @p(G) < a3byt and py < log((q+1)/6) - a3by .
Finally, suppose p € P;. Here p divides (¢ — 1)/ and

1 . 1 3n/2—1
Hy|=——((qg—1),)" "(n! §<q—1> = ag.
1) = - (la =0y < (Sa=1)
In particular, we notice that H), is contained in a subgroup L < G of type GLi(q) ! Sy.
If v(z) > 2, then |29 > $¢*~8 = bs. Now assume v(z) = 1, which means that some
G-conjugate of z lifts to a diagonal matrix of the form & = diag(\, I,,—1) € GL,(q), where
A € Fy has order p. It follows that

G| - |GLn(q)] ¢"'(¢" — 1)

g = b
G 1(9)|GLa(q)] g1 ’

and by counting in L we deduce that there are no more than

(})o-v<ata-vp-1=a

|z

such elements in H,,. This yields p; < log((q —1)/7) - (a%bgl + agbgl).

It is clear in every case that the given upper bound on p; tends to 0 as n or g tends
to infinity, so the asymptotic statements in parts (ii) and (iii) of Theorem hold when
G = Lp(¢) and n > 5. In addition, if » > 7 then it is routine to check that the given
estimates imply that the inequality in is satisfied unless (n, q) is one of the following:

(7,2), (7,3), (8,2), (8,3), (9,2), (9,3), (10,2), (10,3), (12, 3). (14)

Suppose (n,q) = (7,2). If p € P, with m > 3 then |Hp| < 127 and we note that
|7 (G)| =5, Po = {3}, Pr =0 and |Hs3| = 3%. Therefore,

B(G) < 4a3b3' + adb; ' <276

where a3z = 127, aq = 3* and b3, by are defined as above. Similarly, if (n,q) = (7,3) then
|7'(G)] = 6, Py = Py = 0 and |Hs| = 2'3. In addition, |H,| < 1093 for all odd primes
p € 7' (G) and thus

6
B(G) < a3by" + adby ! + 5adbs ! < (;) ,
where ay = 213, a3 = 1093 and ay, by, bo, bz are defined as above. All of the other cases in
can be handled in an entirely similar fashion.

Now assume n € {5,6}. Here we observe that |H,| < ¢((g—1)/v)" ! for all p € Py, where
c=5ifn=>5and c=9if n =6 (since (5!), < 5 and (6!), < 3? for all odd primes p). Then
by setting ag = c¢((¢—1)/7)™ !, one can check that our previous bounds are sufficient unless
(n,q) is one of the following:

(5,2), (5,3), (5,4), (5,5), (6,2), (6,3).
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All of these special cases can be handled using MAGMA. For example, if (n,q) = (5,2) then

we compute
4483687

) ZEOOP00
(@) = 4999680 ’
where 3(G) is defined in (5)).

Case 2. n =4

Now assume n =4. If p=2 and ¢ = 1 (mod 4), then py < a%bfl + a%b;l, where

(N4 (M- _ [GLi(g)l )
ar = <1>+<2>(q 1), b= GG~ (¢ +1)(¢* +1)

3 (GLy(q)| 1 4 3
=2(¢—1)°, ba= 2GLa ()]~ 2¢ (¢—1)(¢" - 1),
noting that |Ha| < ap. Similarly, if p = 2 and g = 3 (mod 4), then 1/( ) = 2 (see [14, Table
B.1]) and Lemma implies that pg < a3by ', where |Ha| < 8(q+ 1)? = ag and by is defined
as above.
Now suppose p > 3 is odd and define 7, § as before. Note that p € P,,, with m € {1,2,3,4}.

If m € {3,4} then |H,| < ¢* + ¢+ 1 = a3 and

QLa(g)
e 2! 4
TP

and

=¢%(q—1)(¢* = 1)(¢° — 1) = bs,

which means that
ps < 2log(q> + ¢+ 1) - a3bs .
Similarly, if m = 2 then |H,| < ((¢ +1)/6)? = a4 and

a |GL4(q)|
x| 2 =
1> 1G]

which yields pa < log((q+1)/6) - alb; .
Finally, suppose m = 1, so p divides (¢ — 1)/v and H, is contained in a subgroup of type
GL1(q) ? S4. In particular, |H,| < 3((g —1)/7)® = as. If v(z) = 1 then

| G| — ’GL4(Q)| —
|GL3(q)[|GL1(q)|

and by arguing as in Case 1 we see that there are no more than a5 = 4((¢ — 1)/ — 1) such
elements in H,. For v(z) > 2 we have

|GL4(g)|

and it follows that p; <log((q — 1)/7) - (a2bst + adbg ).

As before, it is clear that each upper bound on p; tends to 0 as ¢ tends to infinity. In
addition, for ¢ > 4 we find that our bounds are good enough to give the desired inequality
in ((13) with n = 4. In the two remaining cases we compute X(G) = 9799/10080 when ¢ = 2,
whereas Y (G) = 388757/379080 when g = 3. So this gives the result for ¢ = 2, but further
work is needed when ¢ = 3. In the latter case, we have 7(G) = {2,3,5,13} and for each
p € m(G) we can use MAGMA to compute

=q'(q—1)(¢* = 1) = by,

FPlg+1)(2+1)=bs

s|Hy|
Q (G) =1- z ’
P |G : Hp|
where s is the number of (Hp, H,) double cosets in G of size |Hp|?. This yields
8 1351 1

and thus a(G) < 1 as requlred. O
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To complete the proof of Theorem for linear groups, it just remains for us to handle
L3(q) and La(q).

Lemma 5.5. The conclusion to Theorem [5.1] holds when G = Ls(q).

Proof. First observe that X(G) < 1 if
3

P q
S PR PR "
Fix a prime p € 7/(G) and set v = (4, — 1) and 6 = (4,9 + 1) as before. Let x € G be an
element of order p.
First assume p = 2, so ¢ is odd and |2%| = ¢?(¢®> + ¢ + 1) = b; for every involution z € G.
If ¢ =1 (mod 4) then |Hs| = 2((q — 1)2)? and Hs is contained in a subgroup L < G of type
GL1(g) 1 S3. By counting in L, we see that ia(H2) < 3+ 3(¢—1) =3¢ = a;. And for ¢ =3
(mod 4) we have |Ha| < 4(q + 1) = ay. Tt follows that py < a3b; ! for all odd g.
Now assume p € P, with m € {1,2,3}. If m = 3 then

|Hpl = (* +q+ 1), <@ +qg+1=as [2%=¢(¢—1)(* 1) =b

and thus p3 < a3b; ' logas. Similarly, we have pa < a2bs'logas, where a3 = (¢ +1)/§ and
bs = ¢*(¢> — 1). Finally, suppose m = 1. Here |H,| < 3((¢ — 1)/7)* = a5 and we note that
H, is contained in a subgroup of type GLj(q)1S3. If v(x) = 1 then |29 = ¢*(¢> +q+1) = by
and there are at most 3((¢ — 1)/v — 1) = a4 of these elements in H),. Otherwise, if v(x) = 2
then [z¢] > 1¢3(q¢ + 1)(¢> + ¢ + 1) = b5 and we deduce that

pr <log((g — 1)/7) - (afby ' + a2z ™).

The above estimates show that S(G) — 0 as ¢ — oo, and they also imply that the
inequality in holds if ¢ > 9. For 3 < ¢ < 8, we can use MAGMA to check that 3(G) < 1.
Finally, for ¢ = 2 we compute X(G) = 121/84, so this case requires further attention. Here
m(G) = {2,3,7} and using MAGMA we get

13 1 1
QQ(G) - ﬁv Q3(G) - %) Q7(G) - §7
which implies that a(G) < 1. O

Lemma 5.6. The conclusion to Theorem[5.1] holds when G = La(q).

Proof. First observe that |G| = 3¢(¢*> — 1) and |[Ng(H,)| = 2q(q — 1), where d = (2,¢q — 1),
so we have ¥(G) < 1 if
7 q
B(e) < (16)
Fix a prime p € 7/(G). For p = 2 we have Hy = D(,_.),, where ¢ = & (mod 4) and ¢ = +1,
so ia(H2) < 1(g+3) = a1 and we note that [z%| > 1¢(¢ — 1) = b; for all involutions z € G.
It follows that e
2,1 (¢+3
S AN g1y
Notice that this estimate does not imply that Q2(G) — 0 as ¢ tends to infinity, which
explains why G = La(q) is excluded in part (iii) of Theorem ﬂ For example, if ¢ = 2F — 1
is a Mersenne prime, then Hy = D,y and by appealing to [15, Lemma 7.9] we compute

S’H2| 1 q—+ 3
G)=1—-—"—"=-+ —_—
Q2(6) |G:Hy| 2" 2(q—1)
where s = (¢ — 3)/4 is the number of regular orbits of Hy on G/Hjy. In particular, we
observe that Q2(G) > % for every Mersenne prime ¢ (and of course, we expect that there are
infinitely many such primes).
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Now assume p > 3 and let x € G be an element of order p. Set v = (4,¢ — 1) and
d = (4,q+1). First suppose p divides ¢ — 1. Now G has (p — 1)/2 distinct conjugacy classes
of such elements, with [2%| = ¢(g + 1) and |2% N H,| = 2 for all z € G of order p, whence

A 1 4 2p—1) _2(¢—2)

Q,(G)==(p-1)- = < )
W@ =5 1) ala+1)  qlg+1) ~qlg+1)

Similarly, if p divides ¢ + 1, then [2%| = g(q — 1), |2% N H,| = 2 and we get

A~ 1 4 2
@) =51 T <
It follows that
(@) <los((a~1/7)- 22 log((g +1)/8) -
7(G) <log M g sl 7=
and thus v(G) — 0 as ¢ — oo. In addition, we get
B0 < (1= 52 om0/ 2D ot + 1) 2

which implies that the inequality in holds for all ¢ > 37. The remaining groups with
5 < ¢ < 37 can be checked using MAGMA. Indeed, for g # 7 we compute X(G) < 1, while
for ¢ = 7 we have G = L3(2) and so this case has already been handled in Lemma U

5.2. Unitary groups. We now turn to the proof of Theorem for the unitary groups.
So throughout this section we assume G = U,(q) with n > 3 and (n,q) # (3,2). Our main
result is the following (note that the 3-dimensional groups are handled separately in Lemma

p-8).-
Lemma 5.7. The conclusion to Theorem holds when G = Uy(q) and n > 4.

Proof. Set d = (n,q + 1) and first observe that
1 n— e
ING(H,) : Bl = (= )/ g 1),

where e = 1 if n is even, otherwise e = 0. It follows that ¥(G) < 1 if the bound in is
satisfied.

Case 1. n>5H

Fix a prime p € 7/(G) and let x € G be an element of order p. First assume p = 2, so ¢ is
odd and we have

|GUn(q)] _ "N - (=)
IGUn—1(q)[|GU1(q)] q+1
if v(z) =1 (see [14 Table B.1]). Similarly, [2%| > (¢ + 1)7'¢™"7 = by if v(z) = 2 and
we have |2€] > (g +1)71¢* 717 = by if v(z) > 3. There are now four cases to consider,

according to the parlty of n and the congruence class of ¢ modulo 4.
Suppose n =20+ 1 is odd and ¢ = 1 (mod 4). By appealing to Lemma [2.1|i) we compute

|Ha| = ((¢+ 1)2(q” — 1)2)" ()2 < 2°(q — 1) = ay

and it follows that Hy < L < G, where L is of type (GUs(q) 1 Sy) L GU;y(q). Here the
notation indicates that L is the stabiliser in G of an orthogonal decomposition

V=U1lWwW=U0;L---1LU, 1L W

= by

%] =

of the natural module for V', where each U; is a non-degenerate 2-space and W is a non-
degenerate 1-space. By counting in L, we deduce that there are at most

(0 1CUg)] _ )
=t <1> Gl (g — Y
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involutions 2 € Hy with v(z) = 1, so Lemma [2.6| yields py < a3b7" + a3b; .
Next assume n = 2¢ + 1 and ¢ = 3 (mod 4). Here
[Ha| = ((g+1)2)" ()2 < 2" g+ 1) =as

and we see that Hy < L < G with L of type GU;(q)1S,,. Then by working in L, we calculate
that the number of involutions x € Hy with v(z) =1 is at most

ar= ")+ (" |GU1(q)|:n—|—1n(n—1)(Q—|—1). (17)
(1)) ;

Similarly, there are at most

o= (5)+ (5) (") ievi@l+ Gt

(18)
1 1
= 5n(n-1) (1 +(n=2)(g+ 1)+ 7(n=2)(n=3)(¢g+ 1)2>
involutions in Hy with v(x) = 2. This implies that
po < atbyt 4+ a3by !t + a3byt. (19)

Now assume n = 2/ is even. If ¢ = 1 (mod 4) then v(x) > 2 (see [14, Table B.1]) and
1 _
[H| = 7((g+1)2 (¢° = 1)2) (11)2 < 2°2(g = 1) = a,
whence Lemma implies that py < a3b, ! Finally, suppose ¢ = 3 (mod 4). Here

Mol = =l + D2 ) < 2 g+ 1) = 0y

and thus Hy < L < G with L of type GU1(q) ! S,. Then as above, we calculate that H,
contains at most ay (respectively, as) involutions with v(x) = 1 (respectively, v(z) = 2),
where a1 and ag are defined in and , and we conclude that holds.

Now assume p > 3 is odd, so p € P,, with m < 2n . Note that either m < |n/2] is odd,
or m < n is even, or m = 2i with n/2 < i < n odd. In particular, there are precisely n
possibilities for m.

To begin with, let us assume m > 3 and note that p > 5. By considering the possibilities
for |Cq(x)| (see [14, Section 3.3.1]), we first observe that

IGUn(g)] :
G CUs(@lcui@)] tn#6
26] >
|GUs(q)| ifn=6
1GUa(a)] =

and thus [2¢] > L(¢+ 1)1 = by.
We claim that
|Hp,| < (¢° +1)22"F5 = ay.
If m = 0 (mod 4), then by applying Lemmas - 2.1{(ii) and we compute
k
. 5n
|Hp| = H(qml —1)p = ((qm/2 + 1)p)k(k5!)p < (qm/2 + 1)‘“” (¢ + ) " < ay,
i=1
where k = |n/m|. Similarly, if m is odd and k = [n/2m] then
k
; 5
|Hp| = ]__[(QQmZ —1)p = ((¢" = 1)p)*(k)p < ¢5" < aa.
i=1
Finally, suppose m = 2 (mod 4) and set k = [(n — 1+ ¢e)/m| and £ = |(n —e)/m + 1/2],
where e = 1 if n is even, otherwise e = 0. Then
k ¢ ¢

’H | = H( mi 1);0 . H(qm(%*l) _ 1)p — ((qm/2 + 1)p)k+é(k!)pH(2i . 1)p

=1 i=1 i=1
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and we deduce that
‘Hp‘ < (qm/2 + 1)gk+€+i(2€fl) < (qS + 1)%n+% — ay.

This justifies the claim. In addition, since there are n — 2 possibilities for m with m > 3 and
since |Pp,| < %nlogq for all m (see Lemma , it follows that

1
p3 < in(n —2)logq - ajb; .
Next suppose m = 2, so p divides (¢ + 1)/4 and
1 _ 3
(g +1)p)" " (nl)y < (g +1)/6)" " = ar,
(d)p

where § = (4,¢ + 1). In particular, we have H, < L < G with L of type GU1(q) ¢ S,. If
v(z) =1 then

’Hp| =

26| = |GUn(q)] I C el G 91 NP
1GUn-1(9)|GUL(g)] q+1
and by counting in L we deduce that there are at most

(})o-v<atarn/s-1-

of these elements in H,. Similarly, if v(z) = 2 then 29| > 1(¢+1)71¢*"~7 = bg and H,
contains no more than

(5) =1+ 40y G0 o)

such elements, which in turn is at most

1 2
o= gt =1) (@ 15 = 0+ 5= 2)(a-+1?).
Since |z¢] > (g + 1)71¢%" 17 = by if v(z) > 3, it follows that

p2 <log((q+1)/0) - (a3b5" + agbg " + aZb7 ).
Finally, suppose m = 1 and set v = (4,¢ — 1) and k = [n/2]. Then p divides (¢ — 1)/v
and ,
[Hpl = ((¢ = 1)p)"(kDp < ((g = 1)/7) " = as.
In addition, we have
G |GU.,(q)| 1 < q ) An—6
7| 2 >—-|——)gq = bg
12 et @ IeL@@)] 2
for all x € G of order p, which implies that

p1 <log((g—1)/7) - agbg .

For each i, it is clear that the above estimates p; < f;(n,q) have the property that
fi(n,q) — 0 as either n or ¢ tends to infinity. In particular B(G) — 0 as |G| — oc.

So to complete the proof of the lemma for n > 5, it just remains to show that a(G) < 1.
To do this, it will be convenient to partition our analysw of the above bounds according to
the parity of g.

First assume ¢ is odd. Here it is straightforward to check that the bound

3
=0

shows that the inequality in is satisfied unless (n, q) is one of the following:
(5’ 3)7 (57 5)? (57 7)7 (67 3)7 (7? 3)’ (87 3)'
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For (n,q) = (5,3) we can use MAGMA to check that ¥(G) < 1. And in each of the remaining
cases, we can adjust the above estimates to give the desired result. For example, if (n,q) =
(5,5) then we compute iz(Hz2) = 51 and 7'(G) = {2, 3,7,13,521}, which means that we can
set as = 51 in our previous upper bound on py and we can replace the factor %n(n —2)logq
in the expression for aq by 3. It is then straightforward to check that the modified bound is
sufficient.

Now suppose g is even. The case ¢ = 2 will require special attention, so for now let us
assume q > 4. If n > 7 then the bound

3
=1

is sufficient unless (n,q) = (7,4). In the latter case, we have Py = {5} and |Hs| = 57, so we
can set a7 = 57 in the expression for fa(n,q) and then check that the corresponding bound
on 3(G) is sufficient.

Next assume n € {5 6} and q 4. If n =6 then m € {1,2,3,4,6,10} and for m > 3 we
observe that |H,| < ¢* — ¢ + ¢*> — ¢+ 1 = a4 and p divides

(@+D)(@P+a+ D)@ —g+ D)@ -+ —qg+1) < ¢

which implies that p3 < 10loggq - aib;l, where by is defined as above. Similarly, if m = 2
then |H,| < 5(¢ +1)°, so we can set ay = 5(¢ + 1)° in the definition of f2(n,q). With these
modifications, it is easy to check that the corresponding upper bound on B (GQ) is sufficient
for all g > 4.

The case n = 5 is very similar. Here p3 < 8loggq - aibf, where ag = ¢* — > +¢* —q+1
and by is defined as above. In addition, we can set a; = c(q + 1)* in the definition of
fa(n,q), where ¢ = 3 if ¢ = —1 (mod 3), otherwise ¢ = 1. The reader can then check that
the improved upper bound on E( @) is sufficient for all ¢ > 8. Finally, if (n,q) = (5,4) then
©'(G) = {3,5,13,17,41} and thus

4
B(G) < 3a3b;"! +Za2b— ()

as required.
Finally, let us assume ¢ = 2. If n € {5,6,7,8} then we can use MAGMA to check that
Y(G) < 1. For example, for n =5 we get
6566723

2(G) = G312880"

So for the remainder, we may assume n > 9. To resolve this case, we need to improve the
upper bound py < fg(n, 2) presented above, noting that Py = {3} and Hj is contained in a
subgroup L of type GU1(2) 1 S,.

With this goal in mind, let € G be an element of order 3 and observe that

G |GU,(2)| 1 < q > 8n—32
7| = > — =b
=" IGU,a(2)]|GU42)] ~ 2\q+1)7 9

if v(z) > 4. Now, if v(z) = 3 then [2¢] > L(¢ + 1)7'¢%"~'" = b7 and by counting in L we
deduce that there are no more than

a7 = 2 (Z) + (nf!?))!?JGUl(Q)F - 2(” . 3> _ %n(n —1)(n - 2)(9n — 25)

33n/2—1

such elements in Hs. Since |H3| < = ag, we deduce that

p2 < azbs' +agbg ' + azb; ! + agby !,
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where the terms as, b5, ag and bg are defined as in the main argument above. By coAmbining
this revised estimate for ps with our previous bound on p3, the reader can check that 5(G) < 1
for all n > 14.
Finally, suppose 9 < n < 13. Recall that
|Hy||Ng(H>)| on(n—1)/23[(n-1)/2] Fn)
G| [[i=2 (2" = (-1)")
and it suffices to show that B(G) < f(n). One checks that our previous upper bound on

B(G) is sufficient if n € {11,12,13}, so we may assume n = 9 or 10. Here we can improve
the upper bound on ps by setting

. 104246 if n = 10
ag = i3(Hs) = { 28430 ifn =9,

where we have computed the exact values using MAGMA. One can now check that the revised

~

estimate for 8(G) is good enough.
Case 2. n =14

To complete the proof of the lemma we may assume n = 4. In view of part (i) of Theorem
we may assume ¢ > 3. And with the aid of MAGMA we check that ¥(G) < 1 when
q € {3,4,5}, so we can assume ¢ > 7. Note that it suffices to show that

3 | H,||Ng(Hy)| ¢°
B(G) < = . 20
@< T @@ e+ 20
Fix a prime p € 7/(G) and let z € G be an element of order p.
First assume p = 2. If ¢ = 1 (mod 4) then |H3| < 8(¢ — 1)? = a and v(z) = 2, so

GUy4(q 1
2’\GU§Eq;|12 =50 (@ — g+ 1)(¢ +1) = b

and pg < adb,'. Now assume g = 3 (mod 4). Here |Ha| = 2((¢+1)2)® < 2(¢+1)% = ag and Hy
is contained in a subgroup L of type GU;(q)1Sy. If v(z) = 1 then |2%| = ¢3(¢—1)(¢>+1) = by
and by working in L we calculate that there are at most a; = 6¢ + 10 such elements in Ha,
so it follows that pg < ab;* + a3by .

Now assume p is odd, so p € Py, withm € {1,2,4,6}. If m € {4,6} then |H,| < ¢*+1 = a3
and

E

|GU4(q)|
IGU1(g)[|GU1(¢?)]

which means that p3 < 2log(q? + 1) - a3bs .
Now suppose m = 2, so p divides (¢ + 1)/ with § = (4,¢q + 1). Here

[Hp| = ((a+1),)°(4), <3((¢ +1)/6)* = a5
and we note that H, < L < G, where L is a subgroup of type GU;(q) ! Sy. If v(z) > 2 then

|GU4(q)|
|GU2(q)|?

otherwise [#%| = ¢®(¢ — 1)(¢® + 1) = by and by counting in L we deduce that H, contains at
most 4(p — 1) <4((¢+ 1)/0 — 1) = a4 such elements. This implies that

p2 < log((g+1)/) - (afby " + aZb3 ™).
Finally, if m = 1 then |H,| < ((¢ — 1)/7)? = a6 and

|GU4(q)]
|GL2(q?)|

where v = (4,q — 1), and we deduce that p; <log((g —1)/7) - a2bs .

29| > =q¢*(¢* - 1)(¢* — 1) = bs,

29| >

=¢'(® —q+1)(* +1) = bs,

2| > =q¢* (g +1)(¢* + 1) = bs,
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Bringing all of these estimates together, it is straightforward to check that the inequality
in holds for all ¢ > 5 with ¢ # 8. And for ¢ = 8 we have P2 = {3}, so we can replace
the factor log((q + 1)/9) in the upper bound on p by 1, and then it is easy to check that
the corresponding upper bound on B (G) is sufficient. O

Lemma 5.8. The conclusion to Theorem [5.1] holds when G = Us(q).
Proof. This is very similar to the proof of Lemma Note that ¢ > 3 (since Us(2) is
soluble) and it suffices to show that

3

q
(G) < il (21)

=)

Fix a prime p € 7/(G) and let = € G be an element of order p.

Suppose p = 2, so ¢ is odd and |z¢| = ¢?(¢> — ¢ + 1) = by for every involution = € G.
If ¢ = 3 (mod 4) then |Hs| = 2((q + 1)2)? and Hs is contained in a subgroup L < G of
type GU1(q) 1 S3. By counting in L, we see that there are no more than 3¢ + 6 = a; such
involutions in Hy. On the other hand, if ¢ = 1 (mod 4) then |Ha| < 4(¢ — 1) = a;. It follows
that pg < a%bl_1 for all odd gq.

Now assume p is odd, so p € Py, with m € {1,2,6}. Set v = (4,¢q— 1) and 0 = (4,q + 1).
If m = 6 then

|Hyl = (> —q+ 1), <@ —q+1=as [29=¢(¢+1)(* 1) =b

and thus p3 < a%b;l log as. Similarly, p; < a%bgl log ag, where ag = (¢ — 1)/v and b3 =
¢>(¢® + 1). Finally, suppose m = 2 and note that

|Hy| = (g4 1),)%(3), < 3((q +1)/6)* = as,

which means that H), is contained in a subgroup of type GU1(q) ¢ S3. If v(z) = 1 then
|29 = ¢*(¢® — ¢+ 1) = by and there are at most 3((q + 1)/§ — 1) = a4 such elements in H,,.
Otherwise, [z > 1¢3(q — 1)(¢*> — ¢+ 1) = b5 and we deduce that

p2 <log((q+1)/8) - (afby" + a3bs ™).
The above bounds imply that holds if ¢ > 9. And for ¢ < 8 we can use MAGMA to
show that ¥(G) < 1 in every case. The result follows. O

5.3. Symplectic groups. In this section we prove Theorem for the symplectic groups.
Recall that we may assume G = PSp,,(q), where n > 4 is even and (n,q) # (4,2) (the
latter assumption is valid since PSp,(2)’ 2 Ly(9)). As before, we will work closely with the

notation defined in @, , and .

Our main result is the following (the 4-dimensional symplectic groups will be handled
separately in Lemma [5.10)).

Lemma 5.9. The conclusion to Theorem holds when G = PSp,,(q) and n > 6.
Proof. Write n = 2¢ and set d = (2,q — 1). We have

1
1 2 4 1 2
Gl =" [[(¢* = 1), INa(H:)| = 2d" (¢ —1)f
i=1
and thus £(G) < 1 if
~ 1\ ¢
BG)<(1-g¢7) (22)
We divide the proof into a number of separate cases.

Case 1. n > 10
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To begin with, we assume n > 10. Fix a prime p € 7/(G) and let € G be an element of
order p. For now, let us assume p = 2, so ¢ is odd and either v(x) is even or v(z) = ¢. By
appealing to Lemma [2.1{i), we compute

1
|Ha| = 5((¢” - D))" (2 <2" (g +1)" = az
and thus Hy is contained in a subgroup L of type Spy(q) 1 .Sp. If v(x) = 2 then

n—2(,n _
2] = 5P, (9)] _Te =)

ISP e (@lISpa(a)] T -1

and by counting in L we deduce that there are no more than

o= (1) + (5) I8mat@1 = £ 50~ Data? -

of these involutions in Hy. And if v(z) > 4 then

dn—16 _ b

Sp.(9)] 1
LEG 2 ‘ n > —
2 o @) Seat@)] 2

and thus Lemma implies that pg < a?b; ' + a2b; .
Now assume p is odd, so p € P,, with m < n/e, where e = 2 if m is odd, otherwise e = 1.
Set k = |n/me]. First assume m = 4, in which case p divides ¢> + 1 and

e 1Sp,,(q)] 1< q > An-g
x| = > = = b3.
12 S @licui@] 2 \gx1) 3

In addition, by appealing to Lemma (noting that p > 5), we deduce that

2

[Hy| = (4" = 1)) (k) < (@ + DF - pt < (2 +1)5" = as.
Now suppose m > 3 and m # 4. Here |H,| = ((¢™ — 1),)*(k!), and

G ISP, (q)] 1< q > 6n_18
x| > > — q = by.
> e @leu@ ~ 2 g+ 1 '

m/2

If m is even, then p divides ¢ + 1 and we get

Hy| < (@2 4+ 1)F - p% < (@2 4+ 1) < (¢F + 1) = ay,

Similarly, if m is odd then |H,| < (¢™ — 1)°/%™ < ay.
Since there are at most n — 3 possibilities for m in the range 3 < m < n with m # 4, and
Lemma implies that |P,,| < %nlogq for all m, we deduce that

1
p3 < log(q® + 1) -ajbs' + §n(n —3)logq-ajb;’.

Next assume m = 2, so p divides ¢ + 1 and |Hp| = ((¢ + 1),)*(¢!),, which means that H,
is contained in a subgroup L of type GU1(q) 1 Sy. If v(x) = 2 then

26| = P, (9)] _Te =)
1Sp,—2(9)[|GU1(q)] q+1

and by counting in L we see that there are no more than

L 1
(Vo< ame

such elements in H,. Otherwise, we have |z¢| > %(q +1)71¢*? = bg and we observe that

|H,| < (q+ 1)3/* = ag. This gives pa < log(q + 1) - (a2b5* + a2bg ).
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The case m = 1 is very similar. Here |H,| = ((q — 1),)*(¢)), < ¢®*/* = ag and thus H, is
contained in a subgroup of type GL1(q) ¢ Sy. If v(z) = 2, then

26 = 1Sp,.(9)] _ " 1)
ISP, —2()||GL1(q)| g—1

and there are no more than a; = n(q — 2)/2 of these elements in H,. On the other hand, if
v(z) > 4 then [z¢] > $¢™ 710 = bg and thus p; < log(qg —1) - (a2b7' + aZbgh).

For each i € {0, 1,2 3} it is clear that the explicit upper bound p; < f;(n,q) presented
above implies that p; — 0 as n or ¢ tends to inﬁnity In particular, this means that 8(G) — 0
as |G| — oo. In addltlon one can check that if ¢ > 3 then the above estimates imply that
the inequality in is satisfied unless (n,q) = (10,3). To handle the latter case we can
set ag = |Ha| = 217 in the upper bound on py and then it is easy to check that the previous
bounds are sufficient.

Now assume ¢ = 2. Here P; =0, P» = {3} and P4 = {5}, which means that

~ 1
B(G) < a3bs' + §n(n —3)ajbyt 4+ afbst + adbg?,

where the a;, b; terms are defined as above. One checks that this upper bound is sufficient
unless n = 10, in which case we can use MAGMA to show that 3(G) < 1.

Case 2. n =28

Fix a prime p € 7/(G) and let x € G be an element of order p. For p = 2 we have
|Hy| < 2%(g+1)* = ag and

G Sps(@)l 1 16
1 Sy T 19 =P
if v(z) = 4. So by arguing as in Case 1 we deduce that py < a%bl_1 + a%b;l, where a1 =
4+ 6¢(¢> — 1) and by = ¢°(¢* + 1)(¢* + 1).
Now assume p > 3 is odd, so p e Pm with m € {1,2,3,4,6,8}. For m = 4 we have
|Hp| < q +1)? = a3 and \:BG] > (g +1)71¢® = bs. Similarly, if m € {3,6,8} then
|Hp| < ¢* +1=aq and [z¢] > 1(q+ 1) L3t = b4, which allows us to conclude that

p3 <log(q* + 1) -a3bz* + 3log(¢* + 1) - aib; .

Next suppose m = 2, in which case |H,| = ((¢ + 1),)*(4!), < 3(¢ + 1)* = ag. If v(z) = 2
then 2% = ¢"(¢® —1)/(¢+ 1) = bs and by arguing as in Case 1 we deduce that there are at
most as = 4q such elements in H,. And if v(x) > 2, then

‘$G’> Sps ()| >1< q >q20:b6

IGUa(g)| = 2 \g+1
and thus py < log(q+1)- (a2bs ' +a2bg!). Similarly, p; < log(q— 1) - (a2b;* +adbg '), where
(8
q'(¢°—1 1
a7 =4(q —2), ag =3(q — 1)47 br = (q—l)’ bg = 56120-

Putting these estimates together, it is clear that 5(G) — 0 as ¢ — 0o. Furthermore, we
deduce that holds (with ¢ = 4) if ¢ > 4. Finally, for ¢ € {2,3} we can use MAGMA to
check that ¥(G) < 1

Case 3. n =06

This is very similar to the previous case. As usual, fix a prime p € 7'(G) and let x € G
be an element of order p.
First assume p = 2 and note that |Hs| < 23(q + 1)® = ag. If v(z) = 3 then

Gl > 1Spe ()| >1 q 12 _
2 ety T A\ t) e T
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otherwise |29 = ¢*(¢* + ¢®> +1) = b; and as in Case 1 we see that there are at most
a1 = 3+ 3q(¢® — 1) involutions 2 € Hy with v(z) = 2. Therefore, py < a3b; ' + adb; .

Nowassumep>3isodd sop € Py, withm € {1,2,3,4,6}. Ifm—4then |Hy| < ¢*+1=
ag and |xG| > 1(g+1)71¢'7 = bs. Similarly, if m € {3 6} then |Hy| < ¢>+ ¢+ 1 = a4 and
|2%] > (q + 1) Lgl? = b4, which allows us to conclude that

p3 < log(¢* +1) - adbs' + 2log(q* + ¢ + 1) - a3 .
Next suppose m = 2, in which case |H,| = ((¢+1),)3(3!), < 3(¢+1)® = ap. If v(x) = 2 then

12| = Spe(@)]  _ a’(@®—1)
Sp4(9)[|GU1(q)] q+1

and by arguing as in Case 1 we deduce that there are at most a5 = 3¢ such elements in H,.
Otherwise, we have [z9| > (g +1)71¢'® = bs and we conclude that

= by

p2 < log(q+1) - (a2bs ' + adbgt).
Similarly, p; < log(q — 1) - (a2b; ' + a2bg '), where
5(,6
3 (¢° —1) L 1o
b pr b = — .
) y U7 q— 1 ; U8 2(]

It is clear that each upper bound p; < f;(q) given above has the property that f;(¢g) — 0
as ¢ — 00, whence G satisfies the asymptotic statement in Theorem In addition, one
checks that the given estimates imply that X(G) < 1 if ¢ > 4. Finally, for g € {2,3} we can
use MAGMA to show that 3(G) < 1. O

Lemma 5.10. The conclusion to Theorem [5.1] holds when G = PSpy(q).

a7 =3(q—2), ag =3(¢g -1

Proof. We may assume ¢ > 4 since PSp,(2)" = L2(9) and PSp4(3) = Uy(2). Note that we
have X(G) < 1 if
4
) q
G) < . 23
O < r e+ 29
Fix a prime p € 7/(G) and let x € G be an element of order p.

Suppose p = 2, so ¢ is odd and G has two conjugacy classes of involutions; in the notation
of [22, Table 4.5.1], x is either a type ¢; involution, or x is of type t2 (if ¢ = 1 (mod 4)) or ¢,
(if ¢ = 3 (mod 4)). If x is a ¢ involution, then

S 1
|$G‘_ | p4(Q)| _ 2(

~ 2Spy(e)? 27

and the proof of [16, Proposition 3.6] shows that there are at most a; = ¢+2 such involutions
in Hy. On the other hand, if z is a t3 or ¢}, involution then

¢ +1)=b

G Sp4(q)] L 3 2
T 2 5o =540 (@—1)(¢"+1) =02
712 3Guy (g T2 VY
and we note that |Ha| < 4(q + 1)? = ag. This implies that py < afb; ' + adby '
For the remainder, we may assume p is odd, in which case p € P, with m € {1,2,4}. If
m = 4 then p divides ¢ + 1 and we have |H,| < ¢*> + 1 = a3 and

G Sp4(9)| 4.2 2
= PP (g2~ 1)2 = by,
1 v~ Y
whence p3 < Iog( +1) - a3by'. Similarly, if m = 2 then we have |Hp,| < (¢ + 1) = a4
and |2¢] > ¢3(q — )( 2 +1) = b4, while for m = 1 we see that |H,| < (¢ —1)* = a5 and
|2%] > ¢®(q + 1)(¢* + 1) = bs. Therefore,

p2 <log(q+1)-afby’, p1 <log(q—1)-a?bs™.
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Bringing these estimates together, it is clear that S(G) — 0 as ¢ — oco. In addition, we
deduce that the inequality in holds if ¢ > 9. Finally, for ¢ € {4,5,7,8} we can use
MAGMA to verify the bound ¥(G) < 1. O

5.4. Orthogonal groups. To complete the proof of Theorem we may assume G is an
orthogonal group. As before, we continue to work with the notation defined in @, ,

and (12).

We begin by handling the odd-dimensional groups of the form G = Q,(q), where n > 7 is
odd and ¢ is odd.

Lemma 5.11. The conclusion to Theorem holds when G = Q,(q) andn > 7.

Proof. Write n = 2¢ 4+ 1 and note that ¢ is odd. It is easy to check that ¥(G) < 1 if
holds, so our main aim is to verify the bound in (22). Fix a prime p € 7/(G) and let z € G
be an element of order p.

Suppose p = 2 and write ¢ = € (mod 4) with e = +1. Then

[Ho| =2 ((g —€)2) ()2 <227 Mg+ 1) = as
and we note that Hy < L < G, where L is of type (05(q) ¢ S¢) L O1(q). If v(z) =1 then

G 1SOn(q)| L
N2 =54 (¢ —1)=b
1% 50, 2" Y

and by counting in L we deduce that there are at most

1
1+ <1>(q—6) <14+4lg+1)=a
such involutions in Hy. Similarly, if v(z) = 2 then

n—2(,n—1 _
29 > SOn(@)l  _ ¢""(g Dy,
2|SOn-2(9)[1S03 (9)] 2(¢+1)

and we see that Hy contains no more than
i ¢ 1
(1)@ +a=a+ () 1051+ (0 —) < a2+ 106~ D+ Dl +3) =

such elements. Finally, if v(z) > 3 then

| G| > |Son(Q)| _ q%(?’”_g)(q%("—@ _ 1)(qn—1 . 1)
2/S0;,_5(9)[1SOs(q)| 2(42 — 1)

and we conclude that

— by

po < atbyt 4+ a3by ' +a3by
Now assume p is odd and write p € P,,. Note that m < (n — 1)/e, where e = 2 if m is
odd, otherwise e = 1. Set k = [(n —1)/me]|. If m = 4 then p divides (¢>+1)/2 and we have

[Hy| = ((g" = 1)p)F (k1) < ((¢* +1)/2) 16" = ay

SOu(q) Vg
20 > | Sz an—12 _p
=12 Sors@neui@] 2 \g+1)? 1

Similarly, if m > 3 and m # 4, then |P,,| < 2(n —1)logg (see Lemma and we compute

and

j

[Hyl = ((a" = 1)p)* (k) < ((¢° +1)/2) 2"

G |SOn(Q)| 1 ( q > 6n—24
7| = > — = bs.
12 Sors@neui@ 2 \g+1 )¢ °

D — ag

and
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This implies that
11 _
p3 <log(q* +1)-a3b; ' + i(n —1)(n—3)logq - azbs .
Now assume m = 2, so p divides (¢ + 1)/2 and we have k = ¢. Here
[Hy| = (g + 1)) () < ((a +1)/2)** = ag

and we see that H, < L < G, where L is a subgroup of type (O3 (¢)1.S¢) L O1(q). If v(x) =2
then

26| = SO,(g)] _ " -

1SOn—2(q)[|GU1(q)] q+1

and by counting in L we deduce that there are at most ag = £g such elements in H,. On the
other hand, if v(z) > 2 then

G |Son(Q)| 1 < q > 4n—14
7| = > — =b
1> 156, L@ict@ ~ 2 \ar1) ! 7

— bg

and it follows that
p2 <log((q+1)/2) - (agbg ' + azb7 ).
Similarly, we have p; < log((q —1)/2) - (abg ' + a2by ') with

qn—2 qn—l -1 1
a5 = Ua~2), ag = ((a— /2", by = T LU =2
q—1 2

It is clear to see that the above estimates imply that 5(G) — 0 as |G| — co. We also deduce
that the inequality in holdsif g > 5, orifg=3and n > 21. If g=3 and 11 < n < 19

then by setting az = |Hz| it is easy to check that the above bounds are sufficient. Finally,
for (n,q) = (9,3),(7,3) we can use MAGMA to verify the bound ¥(G) < 1. O

Lemma 5.12. The conclusion to Them"em holds when G = PQt(q) and n > 10.

Proof. Write n = 2¢ and set d = (4,¢° — 1). Since |Ng(H,)| = 1¢"“~Y (g — 1)*, it follows
that ¥(G) < 1 if holds. Fix a prime p € ©'(G) and let x € G be an element of order p.
Suppose p = 2, so ¢ is odd and either v(z) is even or v(x) = . Note that if v(x) = 2 then

4n—14
q .

26 > SO% (a)| e Ul V[ Ul YRS
2[SO;,_5(9)[ISO; (q)] 2(¢+1) ’
otherwise we have
|$G| > SO; (9)] > 1 4n16 — by

250;,_4(9)ISO; (g)] ~ 4

G SO, ()] 1 ( q ) 1(n2—2n)
x 2 > —_ 4 g b
al 2|GU,2(q)] ~ 4 \g+1) 1 2

if n > 14, and

if n € {10,12}.
First assume ¢ = 1 (mod 4). Then by applying Lemma [2.1{i), we compute

1, .
|Ha| = 126 (g —1)2) ()2 <27 3(g— 1) = ay

and Hy < L < G with L of type O3 (¢) 1 S¢. By counting in L we deduce that there are at
most

ar = ¢+ <§> ((q— 12 +2(q — 1))

involutions x € Hy with v(x) = 2.
Now assume ¢ = 3 (mod 4). If £ is even then

1
| = 2271 (g + D) ()2 < 2°*(g + 1) = a2
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and Hy < L < G with L of type O5 (q) ¢ Se. And by working in L we calculate that Hs
contains no more than

14
a; =4+ (2> ((q +1)2 4+ 2(q + 1))
involutions with v(z) = 2. Similarly, if ¢ is odd then
1
| Ha| = f“((q + 1)) (= D)N22< 2" 2 (g + D) = ay

and Hy is contained in a subgroup L of type (05 (¢) 1 Se—1) L OF (¢). By counting in L, we
calculate that the number of involutions z € He with v(z) = 2 is at most

1) (g+1)*+2(¢g+1)).

a1:1+(€—1)((q2—1)+1)+(€2

So for all odd ¢ we deduce that py < a%bl_1 + a%bz_ ! where the precise expressions for a;
and as depend on the congruence classes of n and ¢ modulo 4, as defined above.

Now assume p > 3 is odd, so p € P, for some m < n —2. Set k = [(n — 2)/me], where
e = 2 if m is odd, otherwise e = 1. If m = 4 then p divides ¢> + 1 and we have

o 50 (@) (1) g
7| = — > — = bs.
1> 5o icni@ ~ 2 \ax1)1 ;

In addition, since p > 5 and (¢"/? — 1), < %n ¢®>+1) by Lemma we compute

5

|Hp| = ((q4 - 1)p)k(k!)p : (qn/2 —1), < (q2 + 1)16(n_2) ' én((ﬁ +1)

Similarly, if m > 3 and m # 4, then

+
‘xG’ > _ 1SO;, (9)] > 1
SO, _6(@)lIGU1(¢*)] 2

(qi 1> q6n724 = b,

’HP‘ = ((qm - 1)p)k(k!)p : (qn/Q - 1)13-
If m > 6 is even, then p divides ¢"/? 4 1 and thus

and

Hy| < (¢ + 1) 2" < (@ + DR gin =,
while we get
|Hp| < q%mk-i-%n _ q%(n—2)+%n < ay
if m > 3 is odd. This allows us to conclude that
1
p3 < log(q® + 1) -ajby' + §n(n —5)logq-ajby .
Next assume m = 2, so p divides ¢ + 1. First observe that if £ is even then
3
[Hpl = (g + 1)p) (1) < (g +1)5" = ag
and H, < L < G with L of type O; (q) 1 Se. Similarly, if ¢ is odd then
[Hpl = ((g+ 1)p) (€ = 1)) < a6
and H,, is contained in a subgroup L of type (05 (q) 1 S¢—1) L OF (¢). If v(z) = 2 then

WOl=  BOn@I e - (e - 1)

= — = = b57
SO, 2(9)[|GU1(q)] q+1

otherwise we have
SO (g)]

1 q An—14
s (o)
SO, _4(9)|GUa(q)] ~ 2 \qg+1
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And by counting in L, we deduce that there are at most a5 = ¢q elements x € H,, of order p
with v(z) = 2. Tt follows that py < log(q + 1) - (a2b5 ' + a2bs ).
Finally, suppose m = 1. Here

3n
[Hpl = ((a = 1)) (@) < (¢ = 1)1" = ag
and H, < L < G with L of type O3 (¢) 1 S¢. If v(x) = 2 then

00— 1S0n@l a4 (1)
SO,_5(9)|IGL1(q)] q—1

and by working in L we see that there are no more than a7 = ¢(q — 2) of these elements in
H,. And for v(z) > 2 we have [2¢] > 1¢™~ 14 = bg, 50 p1 < log(q — 1) - (a2b7 ' + a2bg ).

It is easy to see that each of the above bounds p; < fi(n, ¢) has the property that f;(n,q) —
0 as n or ¢ tends to infinity. In particular, this implies that f(G) — 0 as |G| — oco. In
addition, the above estimates imply that 3(G) < 1 unless (n, ¢) is one of the following:

(10,2), (10,3), (12,2), (12,3), (14,2).
For (n,q) = (10,2) we can use MAGMA to compute

11219267305357
B(6) = 11749647974400
as required. And in each of the remaining cases, we can slightly modify our previous estimates
in order to obtain the desired conclusion. For example, suppose (n,q) = (10,3). Here we
compute ig(Hy) = 2063 and 7'(G) = {5,7,11,13,41}, so we can set a; = 2063 in the upper
bound on pg, and we can also replace the term %n(n —5)log ¢ in the upper bound on p3 by

4. One can then check that the revised estimates imply that X(G) < 1. O
Lemma 5.13. The conclusion to Theorem holds when G = PQg (q).

Proof. As in the proof of the previous lemma, we observe that X(G) < 1 if the inequality in
holds (with ¢ = 4). For ¢ = 3, we can directly verify the bound X(G) < 1 with the aid
of MAGMA. However, for ¢ = 2 we get

6518753

Y(GE)= ——— > 1.
(&) = 5220800 ~
To resolve the latter case, we use MAGMA to compute
s|Hp|
Q&) =1~

P |G : Hp

for each p € (G) = {2,3,5, 7}, where s is the number of (H), Hy,) double cosets in G of size
|H,|%. In this way, we obtain

38429 4307 31 1
Q2() = a5 @D = o500 DD = Braze 97D = Famano
and thus a(G) < 1 as required.
For the remainder, we may assume ¢ > 4. As usual, fix a prime p € 7/(G) and let z € G
be an element of order p.
If p = 2 then |Hs| < 16(q + 1)* = a; and
SOg (9)| _ 1 g

= ~¢®(¢—1(¢® +1)(¢* — 1) = by,

G
7| =
12 oG]~ 2

so we have po < aby !
Now assume p is odd, so p € P, with m € {1,2,3,4,6}. If m € {3,4,6} then we have
|H,| < (¢ +1)% = as and

SO @l _ o

G
7| =
1> 160,02

(> = 1)*(¢° — 1) = by,
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which gives p3 < 3log(¢? +q+1)-adby'. Similarly, if m = 2 then |H,| < 3(¢+1)* = a3 and

SO (g
2] > }GUBM =d®(¢ (@ + 1)@ — 1) = b3,
whereas |Hp| < 3(¢ — 1)* = a4 and
SO
291> P (g4 0+ 06+ 1) = by

if m = 1. It follows that
pa <log(q+1)-a3bs', p1 <log(g—1)-ajb;".

It is clear from the above estimates that S(G) — 0 as ¢ — oco. Furthermore, we deduce
that holds (with ¢ = 4) if ¢ > 8, so it just remains to handle the groups with ¢ € {4,5,7}.

If ¢ = 7 then using MAGMA we compute iz(Hs) = 2831 and by setting a; = 2831 in the
previous estimate for pg it is easy to check holds. And similarly if ¢ = 5, noting that
io(Hy) = 495. Finally, suppose ¢ = 4. Here 7'(G) = {3,5,7,13,17} with P; = {3} and
Py = {5}, so by defining a;, b; as above for i € {2,3,4} we get

3

4
B(G) < 3a3by ' +a3bs " +ajby’ < <4>

and the result follows. O
Lemma 5.14. The conclusion to Theorem holds when G =PQ, (q) and n > 8.

Proof. Write n = 2¢, d = (4,¢" + 1) and note that [Ng(H,) : Hy| = 3(¢* — 1)(g — 1),
which means that ¥(G) < 1 if the bound in is satisfied. Fix a prime p € 7'(G) and let
x € G be an element of order p. To begin with, we will assume n > 10.

Case 1. n > 10

First assume p = 2. If v(x) = 2 then

e SO, (q)| gV ) (1)
|'CE | 2 —+ — - - bla
2SO0, _5(q)|1SO5 ()] 2(g+1)

otherwise 2| > by, where by = ¢ 16 if n > 14 and by = 1(¢+ 1)"1¢¢ if n € {10,12},
with ¢ =21 if n =10 and ¢ = 31 if n = 12.
Suppose ¢ = 1 (mod 4). Then

|Hs| = %2671(@ — 1)) (L -1))22< 2" (g - 1) =ay

and we observe that Hj is contained in a subgroup L < G of type (O3 (q) 1 Se—1) L O3 (q).
By counting in L we see that there are no more than

a1=1+<611> (1+(q2—1))—|—<€;1> ((g—1)*+2(¢ - 1))

involutions = € Hy with v(z) = 2.
Now assume ¢ = 3 (mod 4). If £ is even, then

1
|Ha| = §2€_1((q +12) (0= 1)122<2" 2 (¢ + ) = ay

and thus Hy < L < G with L of type (05 (q) 1.S¢—1) L O3 (g). By working in L we deduce
that Ho contains at most

ap =1+ <£11> (1+(*-1)+ <€21> ((g+1)*+2(¢+1)
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involutions = with v(z) = 2. Similarly, if £ is odd then
1_,_ _
[Ha| = 2271 (g +1)2) ()2 < 2" (g + 1) = ay

and Hj is contained in a subgroup L of type O (¢) ! S¢, which allows us to see that the
number of involutions z € Hy with v(z) = 2 is at most

ay = <f) + <§) ((g+1)* +2(¢+1)).

So for all odd ¢, we conclude that py < a?by* + a3b, ', where the expressions for a; and as
depend on the congruence classes of n and ¢ modulo 4, as defined above.

Now assume p > 3 is odd, so p € P, for some m < n. Set k = |(n —2)/me], where e = 2
if m is odd, otherwise e = 1. If m = 4 then p divides ¢> + 1 and

1SO,, (¢)] 1 q An—12
129) > n 51 12 — by
SO} _4(@)IGU1(¢?)] ~ 2 \g+1

Since p > 5 and (¢"/% + 1), < 1n(¢® + 1) (see Lemma[2.1), we compute

1
[Hyl = ((g" = D) (R, - (62 4 1)y < gl + )10 = o
Similarly, if m > 3 and m # 4, then [z¢] > 1(¢+1)71¢®" 23 = by and

[Hyl = (4" = 1)p)F (KD (42 +1)p < (¢° +1)2 710 = g,
This implies that
1
p3 < log(q® + 1) - ajby' + §n(n —4)logq - a3by .
Next suppose m = 2. If £ is odd then
3n
[Hpl = ((a+1),) (@) < (¢ + 1)1" = ag
and H, < L < G with L of type O5 (q) 1 Se. On the other hand, if ¢ is even, then
[Hpl = ((g+ 1)) (£ = 1))y < ag
and H,, is contained in a subgroup L of type (05 (q) 1 S¢—1) L OF (¢). If v(z) = 2 then
146) = SO (9)] _ TP 1) (2 + 1)
SO, _2(a)|IGU1(q)] q+1

otherwise we have |2¢| > (g +1)71¢*"13 = bs. By counting in L, we calculate that there
are at most as = {q elements x € H) of order p with v(z) = 2 and it follows that

pa <log(q+1) - (a3bs' + aghg ).
Finally, suppose m = 1. Here
[Hy| = (g = 1)) " (£ = 1))y < (g =130 = ag
and H, < L < G with L of type (03 (¢) 1 Se—1) L O3 (q). If v(z) = 2 then
20 = 180 @l _ ¢ (g2 = 1) (g™ + 1)
1SO;,_5(a)[|GL1(q)| q—1

and by working in L we see that there are no more than a; = (¢ —1)(¢— 1) of these elements
in Hy. Otherwise |2¢| > 1¢*" 714 = bg and we conclude that

pr <log(q — 1) - (a7b7 ' + agbg ™).

The above estimates p; < fi(n,q) immediately imply that 5(G) — 0 as |G| — co. More-
over, we deduce that ¥(G) < 1 unless (n, q) is one of the following;:

(10,2), (10,3), (12,2), (12,3), (14,2).

= b5)

= b77
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For (n,q) = (10,2) we can use MAGMA to verify the bound ¥(G) < 1, and in the remaining
cases we can modify our previous estimates. For example, suppose (n,q) = (12,2). Here
|7'(G)| =17, |Hs| = 35 and we see that P, = (), P» = {3}, Py = {5}. Therefore,

B(G) < a2b3t + 5a3by " + a2bs ! + albg ! < 279,
where ag = 3% and the remaining a;, b; are defined as above.

Case 2. n =28

To complete the proof, we may assume n = 8. We can use MAGMA to show that X(G) < 1
when ¢ = 2,3, so we may assume ¢ > 4. Fix a prime p € 7/(G) and let € G be an element
of order p.

If p =2 then |Hz| < 16(q + 1)® = a; and

|SO§(Q)| 1L g, o 4
—— = —¢"(¢" —q+1)(¢" + 1) = by,
2[SOg (9)[[SO3 (q)] 2

|29 >

so we have pg < a%bl_l.
Now assume p is odd, so p € Pp, with m € {1,2,3,4,6,8}. If m > 3 then |H,| < ¢*+1 = as

and B
505 (9)|

SO (a)/IGU1(¢?)]
which gives p3 < 4log(q* 4 1) - a3by *. For m = 2 we observe that |H,| < 3(¢ + 1) = a3 and

505 (9)|
SO¢ ()I|GU1(q)]
whereas |Hp| < 3(¢ — 1)% = a4 and

505 (9)]
SOg (9)l|GL1(g)]

|z > =q(¢" +1)(¢° — 1) = by,

29| > =¢%(¢* —q+1)(¢* + 1) = b3,

29| > =" (P +q+1)(¢"+1)=0bs

if m =1. It follows that
p2 <log(q+1)-a3bs’, p1 <log(q—1)-adbyh.

It is clear that the above estimates imply that (G) — 0 as ¢ tends to infinity. Further-
more, we deduce that holds (with ¢ = 4) for all ¢ > 4. O

This completes the proof of Theorem In Remark a) we checked that Conjecture
|§| holds in the special case G = Uy(2), so by combining Theorem ﬂ with Theorems and
[4.1] we deduce that the proofs of Theorems [A] and [D] are complete. In addition, Corollary
follows by combining Theorem With the main theorem of [24], and we note that Corollary
is an immediate consequence. In view of Theorem Corollary [E] follows immediately from
Theorem @ Similarly, Theorem [F| follows from Theorems and (referring to Remark
5.3(b) for the special case G = Uy(2)), which we then combine with the main theorems of
[35, B7] to deduce Corollary
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