ON BASE SIZES FOR ALMOST SIMPLE PRIMITIVE GROUPS

TIMOTHY C. BURNESS

ABSTRACT. Let G < Sym(Q) be a finite almost simple primitive permutation group, with
socle Go and point stabilizer H. A subset of Q) is a base for G if its pointwise stabilizer is
trivial; the base size of G, denoted b(G), is the minimal size of a base. We say that G is
standard if Go = A, and Q is an orbit of subsets or partitions of {1,...,n}, or if Go is a
classical group and € is an orbit of subspaces (or pairs of subspaces) of the natural module
for Go. The base size of a standard group can be arbitrarily large, in general, whereas the
situation for non-standard groups is rather more restricted. Indeed, we have b(G) < 7 for
every non-standard group G, with equality if and only if G is the Mathieu group Ma4 in
its natural action on 24 points. In this paper, we extend this result by classifying the non-
standard groups with b(G) = 6. The main tools include recent work on bases for actions
of simple algebraic groups, together with probabilistic methods and improved fixed point
ratio estimates for exceptional groups of Lie type.

1. INTRODUCTION

Let G < Sym(2) be a permutation group and recall that a subset of €2 is a base for G if
its pointwise stabilizer in G is trivial. The base size of G, denoted by b(G), is the minimal
cardinality of a base. For example, if V' is a finite dimensional vector space and one views
G = GL(V) as a permutation group on V, then a subset of V is a base if and only if it
contains a basis, hence b(G) coincides with the dimension of V' in this case.

The study of bases has a long history, particularly in the context of finite primitive per-
mutation groups. For example, notice that if  is finite then |G| < [Q*(%), so an upper
bound on b(G) provides a bound on the order of G in terms of its degree. The investigation
of bounds of this form for finite primitive groups has been a widely studied problem for
more than a century, with numerous applications (see [3| [7, B2, 40l [44], for example). In
more recent decades, following the seminal work of Sims [48] in the early 1970s, bases have
been used extensively in the computational study of finite permutation groups (see [45] for
more details). Bases also arise naturally in several other settings, including graph theory
and combinatorics, and we refer the reader to [5] for further background and connections to
other measures on groups and graphs.

In this paper, we focus on bases for finite almost simple primitive groups. In studying the

base sizes of such groups, it is natural to make a distinction between so-called standard and
non-standard groups, according to the following definition.

Definition. Let G < Sym(2) be a finite almost simple primitive group, with socle Gy and
point stabilizer H. We say that G is standard if one of the following holds:

(i) Go = A, and 2 is an orbit of subsets or partitions of {1,...,n}; or
(ii) Go is a classical group with natural module V' and either €2 is an orbit of subspaces

(or pairs of subspaces) of V, or Go = Sp,,(q), ¢ is even and H N Gy = O (q).

Otherwise, G is non-standard.
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Typically, if G is standard then the point stabilizer H has large order, in the sense that |G|
is not bounded above by a polynomial in |G : H| of fixed degree (for example, if G = L, (q)
then H is a maximal parabolic subgroup of G). In particular, this implies that the base size
of a standard group can be arbitrarily large. For example, it is easy to see that b(G) = n+1
for the natural action of G = PGL,,(q) on the set of 1-dimensional subspaces of the natural
module. In stark contrast, a highly influential conjecture of Cameron and Kantor [I§] from
1993 predicts the existence of an absolute constant ¢ such that b(G) < ¢ for every non-
standard group G. This conjecture was proved by Liebeck and Shalev [36], revealing a
remarkable dichotomy for base sizes of almost simple primitive groups. Moreover, through
the later work of several authors [10, [11), [15] [16], it has been shown that ¢ = 7 is the optimal
constant, with b(G) = 7 if and only if G = May in its natural 5-transitive action on 24 points
(this confirms a conjecture of Cameron [17, p.122]).

One of the main open problems in this area is to determine the precise base size of all non-
standard permutation groups. The groups with an alternating or sporadic socle are handled
in [I5] [16] (also see [42]), and there are partial results for classical groups [10} 12} [14] and
exceptional groups of Lie type [I5]. With a view towards applications, there has been a focus
on the case b(G) = 2, but a complete classification remains out of reach. More precisely,
k = 7 is the only integer in the range {2,...,7} for which we have a complete classification
of the non-standard groups G with b(G) = k.

The aim of this paper is to make further progress on this problem. In recent joint work
with Guralnick and Saxl [I3, Theorem 13], we used results on bases for actions of simple
algebraic groups to show that there are infinitely many non-standard groups G with b(G) = 6.
By appealing to the connection with bases for algebraic groups, as well as the earlier work
in [10, 111 15, 16] and the probabilistic methods originally introduced in [36], we can classify
the groups with b(G) = 6. The following is our main result.

Theorem 1. Let G < Sym(Q) be a finite almost simple primitive non-standard permutation
group with socle Gy and point stabilizer H. Then b(G) = 6 if and only if one of the following
holds:

(i) (G, H) == (M23, MQQ), (COg, MCL.Q), (COQ, U6(2).2) or (Fi22.2, 2.U6(2).2).
(ii) GO = E7(q) and H = P7.
(111) GO = E6(q) and H = P1 or PG.

Remark 1. In Theorem [I] we write P; to denote a standard maximal parabolic subgroup
corresponding to deleting the i-th node in the Dynkin diagram of Gy (where we label the
Dynkin diagram in the usual way, following Bourbaki [9]). In parts (ii) and (iii), we have
b(G) = 6 for all ¢ and for all appropriate almost simple groups G with the given socle (in
(iii), note that the maximality of H implies that G does not contain any graph or graph-field
automorphisms of Gy).

By combining [I5, Theorems 3 and 4] with the probabilistic proof of Theorem [ we
obtain the following asymptotic result on the abundance of bases of size 5 for almost simple
exceptional groups. This is a refinement of [I5, Theorem 2].

Corollary 2. Let G, < Sym(Q,), n € N, be a sequence of finite almost simple primitive
groups with socle an exceptional group of Lie type. Assume that |G| — 0o as n — 0o. Also
assume that the sequence contains only finitely many groups of the form given in parts (ii)
and (iii) of Theorem . Then the probability that 5 randomly chosen points in ), form a
base for Gy, tends to 1 as n — oo.

We also obtain the following result on intersections of subgroups of almost simple excep-
tional groups as an immediate corollary of Theorem

Corollary 3. Let G be a finite almost simple exceptional group of Lie type with socle Gy
and let H be any subgroup of G not containing Gy. Then one of the following holds:
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(i) Go = E7(q) and H is a subgroup of Ps.
(ii) Go = Eg(q) and H is a subgroup of Py or Fs.
(iii) There exist x; € G, i =1,...,4, such that

HNH"NH”NH*®NH" =1.

This is related to Problem 17.41(b) in the Kourovka notebook [41]: Let H be a solvable
subgroup of a finite group G that has no nontrivial solvable normal subgroups. Is it always
possible to find 5 conjugates of H whose intersection is trivial?

The example G = Sg, H = 54152 shows that at least 5 conjugates are needed, in general.
Through work of Vdovin [49], this problem has essentially been reduced to almost simple
groups. Furthermore, for an almost simple exceptional group G, he has shown that the
conclusion holds with 4 conjugates when H is a solvable Hall subgroup of G (see [50]). In
some sense, part (iii) of Corollary [3| settles the original problem (with 5 conjugates) for
almost all subgroups of exceptional groups (if Gy = E;(q), for example, the only possible
exceptions are subgroups for which every maximal overgroup is a P; parabolic). See recent
work of Baikalov [4] for analogous results on solvable subgroups of symmetric and alternating
groups.

Let us say a few words on the proof of Theorem (1| Let G < Sym(f2) be a finite almost
simple primitive non-standard permutation group with socle Gy and point stabilizer H.
Assume that b(G) = 6. By the main theorems of [I0} 11] we immediately deduce that Gg
is either a sporadic group or an exceptional group of Lie type. In the former case, the
examples arising in part (i) of Theorem |l are determined in [I6], so we may assume that Gg
is an exceptional group. Here the main theorem of [I5] gives b(G) < 6, so further work is
needed to determine when equality holds.

To proceed, we refine the probabilistic approach from [15], which relies on fixed point
ratio estimates (this method for studying base sizes was originally introduced by Liebeck
and Shalev in [36]). To describe the general set-up, fix a positive integer ¢ and let Q(G, ¢) be
the probability that a randomly chosen c-tuple of points in 2 is not a base for G, so b(G) < ¢
if and only if Q(G,c) < 1. As explained in [I5], it is easy to show that

k
Q(G,c) <Y _|af| - fpr(a) =: Q(G, o), (1)

i=1
where x1,...,x represent the distinct conjugacy classes in G of elements of prime order.

Here
G
" NH

fpr(z) = xc,’ (2)

is the fized point ratio of x € G, which is the proportion of points in €2 that are fixed by
. In view of , we can apply upper bounds on fixed point ratios to bound Q(G, ¢) from
above.

Detailed results on fixed point ratios for exceptional groups of Lie type are presented in
[31], some of which rely on bounds on the dimensions of fixed point spaces for actions of the
corresponding exceptional algebraic groups, which are determined in the companion paper
[30]. We will make extensive use of these results, together with improved estimates in several
cases of interest. Our aim in almost every case is to identify a function f(q), where ¢ is the
size of the underlying field, such that

~

Q(G,5) < flg) <1

for all ¢, with the additional property that f(¢) — 0 as ¢ — oo (the latter property is needed
for Corollary .
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As in [15], we make a distinction between the cases where H is a parabolic or non-parabolic
subgroup of G. Following [15] and [31], we will use a character-theoretic approach to handle
the parabolic actions, which relies in part on Liibeck’s work [3§] on Green functions for
exceptional groups of Lie type; see Section [2| for further details. For non-parabolic actions,
we first reduce the problem to a handful of cases of the form H = Ng(H,), where H is a
o-stable positive dimensional closed subgroup of the ambient simple algebraic group G and
o is an appropriate Steinberg endomorphism of G. By studying the embedding of H in G,
we can derive bounds on |x% N H| for elements x € G of prime order, which yield upper
bounds on fpr(z) via (2). In this regard, work of Lawther [29] is particularly useful when z
is a unipotent element.

Remark 2. It is natural to consider the possibility of extending Theorem [I] to the non-
standard groups G' with b(G) = 5. Again, there is an immediate reduction to exceptional
groups. Indeed, the main theorem of [I0] implies that

(G, H) = (Us(2)-2,Us(3).2%)
is the only non-standard classical group with b(G) = 5. Similarly, if Gy is an alternating

group then (G, H) = (Sg, PGL2(5)) is the only example (see [11]). If Gy is sporadic then the
main theorem of [16] implies that b(G) = 5 if and only if (G, H) is one of the following;:

(Mi2,Mi1) (Maa,L3(4)) (M22.2,L3(4).2) (HS, Ma2)
(HS.2,M.2) (McL,Uy(3)) (McL.2,U4(3).2) (Fig,2.Ug(2))
(F123, 2.Fi22) (COl, COQ) (Fi/24, Fi23) (Fi24, Fi23 X 2)

To handle the exceptional groups, it may be feasible to proceed as in the proof of Theorem
However, the analysis will be significantly more complicated (with many more cases to
consider) and some substantial improvements to existing bounds on fixed point ratios will
be required.

Finally, let us comment on the notation used in this paper. Most of our group-theoretic
notation is standard. In particular, we use the notation from [26] for simple groups of Lie
type, so we write L,7 (¢) = L, (¢) = PSLy(g) and Eg (¢) = 2Es(q), etc. We also use PQS (q)
to denote a simple orthogonal group, which differs from the notation in the Atlas [22]. In
addition, (a,b) denotes the greatest common divisor of integers a and b, and we use i,(X)
for the number of elements of order r in a subset X of a finite group. Further notation will
be introduced as and when needed.

2. PARABOLIC ACTIONS

Let G < Sym(€Q) be a finite almost simple primitive non-standard permutation group with
socle Gy and point stabilizer H. As explained in the introduction, in order to prove Theorem
(as well as Corollaries [2| and [3) we may assume that G is an exceptional group of Lie type
over [Fy, where ¢ = p/ for a prime p. In this section, we assume H is a maximal parabolic
subgroup of G.

Let G be the ambient simple algebraic group over the algebraic closure of F, and let o
be a Steinberg endomorphism of G such that Gy = (G,)’. In addition, let H be a o-stable
parabolic subgroup of G corresponding to H. We begin with a reduction theorem (in the
statement, G is an almost simple exceptional group of Lie type with socle Gy).

Theorem 2.1. Suppose H is a mazimal parabolic subgroup of G. Then b(G) < 6, with
equality only if one of the following holds:
(i) Go = E7(q) and H = P;.
(ii) Go = Eg¢(q) and H = Py or Ps.
(i) Go = Es(q), G contains graph or graph-field automorphisms, and H = Py 6.
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Proof. This follows immediately from [I5, Theorem 3]. O

In part (iii) we write P g to denote the intersection of appropriate parabolic subgroups of
type P; and Ps (here the Levi factor is of type Dy4). Note that P ¢ is maximal in G if and
only if G contains graph or graph-field automorphisms of Gy.

Proposition 2.2. We have b(G) = 6 in cases (i) and (ii) of Theorem[2.1]

Proof. Consider the natural action of G on the coset variety G/H and let v°(G, H) be the
connected base size of G as defined in [I3] (this is the smallest integer ¢ such that G/H
contains ¢ points with finite pointwise stabilizer). By [13, Theorem 6] we have b°(G, H) = 6,
so [13], Proposition 2.7(ii)] implies that b(G) > 6 if ¢ > 2. In particular, we conclude that
b(G) =6if ¢ > 2.

Finally, suppose ¢ = 2. In case (i), we observe that there is a non-empty open subset U
of (G/H)® such that the stabilizer in G of every 5-tuple in U is 8-dimensional. As explained
in [I3] Remark 5.6], this implies that b(G) = 6. In (ii), a MAGMA [§] calculation shows that
b(G) = 6 (see [15, Remark 1}). O

In order to complete the proof of Theorem [1| for parabolic actions, it remains to show that
b(G) < 5 in case (iii) of Theorem

Proposition 2.3. We have b(G) < 5 in case (iii) of Theorem[2.1]

Proof. Here Gy = Eg(q) and H = P; 6. Define @(G, 5) as in and write

QG,5) =a+p+7, (3)
where o and § are the contributions to @(G, 5) from semisimple and unipotent elements in
G, respectively, and v is the contribution from graph, field and graph-field automorphisms of

Gy. To estimate o and 8 we work with the corresponding permutation character y = 11%;6,

so that fpr(z) = x(z)/|Q| for all € G,. Let W =2 Uy(2).2 be the Weyl group of G and note

that

D@ +a' + 1)@ - D'+ 1) (1)
(¢ —1)?

We start by estimating «. To do this, we proceed as in [I5, Section 3.1(ii)], using [31]
Corollary 3.2] to compute x(x) for any semisimple element € G. In order to explain the
set-up, fix a set Il = {aq,...,ag} of simple roots for G and let ag be the highest root in the
root system of (. Recall that the semisimple classes in G, are parametrized by pairs (.J, [w]),
where J is a proper subset of ITU{ap} (determined up to W-conjugacy), Wy is the subgroup

o=

of W generated by the reflections in the roots in J, and [w] = Wjw is a conjugacy class
representative of Ny (W;)/W;. For G, = Eg(q), the G,-classes of o-stable maximal tori of
G are parametrized by the conjugacy classes C1,...,Cy of W. Let T; be a maximal torus of

G, corresponding to C; and let r; be the relative rank of T; (that is, r; is the multiplicity
of ¢ — 1 as a divisor of |T2D Finally, let Wz < W be the Weyl group of the corresponding
parabolic subgroup H of G.

If x € G corresponds to the pair (J, [w]) as above, then [31], Corollary 3.2] gives
k :
[W| [WgnCi| |[WiwnCy (—1)T1|(C’($)O)a| /
X(:E) _ Z . ‘ H ‘ . . G p
i=1

, (5)
Cil (Wil Wy T

which can be evaluated using MAGMA [§]. For example, suppose ¢ is odd and = € G is an
involution with Cgx(x) = AsA;. Here J = {ap, a1, a3, a4, a5, 06}, w =1 and we compute
x(z) = q'% + 2" + 8¢ +16¢° + 26¢° + 33¢" + 41¢° + 42¢° + 38¢* + 28¢°
+20¢% + 11q + 4,
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11 Since there are fewer than 2¢%° conjugates of z in G, we deduce

115 = 24715, In this way,

which gives fpr(x) < ¢~
that the contribution to a from these elements is less than 2¢%°(q

by repeatedly applying , we calculate that o < ¢~°.

Next let us turn to . Here we adopt the approach of [I5 Section 3.1(i)], which is based
on the method originally introduced in [31, Section 2]. As recorded in [I5 p.123], we can
write

X = R¢1,0 + 2R¢>6,1 + 3R¢20,2 + R¢>15,5 + R¢30,3 + 2R¢64,4 + R¢>24,6

where each Ry is an almost character of G, labelled by a complex irreducible character ¢ of
W (we use the labelling given in [I9) Section 13.2]). The restriction of the R, to unipotent
elements gives the Green functions of G, which are polynomials in ¢ with non-negative
coefficients. By implementing an algorithm of Lusztig [39], the relevant Green functions
have been computed by Liibeck [38], which allows us to calculate x(x) for each element
r € G, of order p. (In the general setting, there is a problem with certain unspecified scalars
that arises in the implementation of Lusztig’s algorithm, but this issue does not occur when
G = Eg and z has order p; see [I5, Section 3.1(i)] for further discussion.) In addition, we
can read off [2¥| from [35, Table 22.2.3] and this allows us to compute 3 precisely.

For instance, if x € G is a long root element then
(@) =8 +2¢'7 + 5¢16 + 7¢"° + 11¢™ + 14¢"® + 18¢'2 + 184! + 19¢° + 18¢°
+17¢® +13¢" + 11¢° + 9¢° + 7¢* + 4¢®> + 3> + 2¢ + 1
2% = (¢* + D(g* + D(@® + 1)(¢" - 1)

and we deduce that the contribution to 3 from these elements is less than ¢—°. In fact, by

computing x(z) for all z € G, of order p, we see that 5 < ¢ °.

To complete the proof, it remains to consider the contribution v from graph, field and
graph-field automorphisms of Gg. First assume that = € GG is an involutory graph automor-
phism. If Cg(z) = Fy then fpr(x) < ¢7? if ¢ is even (see [I5, Section 3.1(iv)]) and by arguing
as in the proof of [31, Lemma 6.4] we deduce that the same bound also holds when ¢ is odd.
Similarly, if Cq(x) # Fy then fpr(z) < ¢=12 for all ¢. It follows that the contribution from
graph automorphisms is less than

24 (¢™°)% + 2¢*2(¢3)° < ¢V,
Similarly, if  is an involutory graph-field automorphism then ¢ = ¢3 and |Cq(z)] is equal
to the index of a Py g parabolic subgroup in 2Eg(qo) (see [31, p.452]). This implies that
fpr(z) < ¢~'2, so the contribution from these elements is at most 6¢3°(¢~12)% < ¢~ 1*.

Finally, suppose z € G is a field automorphism of prime order r. Here ¢ = ¢ and we
observe that

1
2] < 240 = g(r,q), fpr(z) = f(a0)/f(a) = h(r,q),

where f(q) = |Q| as in (). Set j(r,q) = g(r,q)h(r,q)* and let 7 be the set of prime divisors

of log, . Then the contribution to Q(G,5) from field automorphisms is less than

D (r—1)-5(r,q) < §(2,9) + 25(3,q) + 45 (5,9) +1ogs 4.4 h(7,9)° < ¢~

rem
and thus v < ¢ 2 4+ ¢ 17+ ¢ 19 < g7t
Therefore, by bringing together the above bounds, we conclude that
Q(G,5) < 2¢7° + ¢ 1
and the desired result follows. O
Remark 2.4. Notice that in the proof of the previous proposition, we identify an explicit

function f(q) such that @(G, 5) < f(q) and f(q¢) — 0 as ¢ — oo. Therefore, in this par-
ticular case, the probability that 5 randomly chosen points in 2 form a base for G tends
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to 1 as |G| tends to infinity. By combining this observation with [I5, Theorem 3], we see
that the same conclusion holds whenever Gq is an exceptional group and H is a maximal
parabolic subgroup, with the possible exception of the cases recorded in parts (i) and (ii) of
Theorem Indeed, these cases are genuine exceptions by Proposition which explains
the additional condition on the sequence (G,,) in Corollary

3. NON-PARABOLIC ACTIONS

For the remainder of the paper, we may assume that G is an exceptional group of Lie type
and the point stabilizer H is a maximal non-parabolic subgroup. As in the previous section,
our aim is to establish the bound @(G, 5) < 1 through a careful analysis of fixed point ratios
for prime order elements. In addition, we will show that @(G, 5) = 0 as ¢ — oo, which will
allow us to complete the proofs of Theorem [1| and Corollary [2| In view of [I5, Theorem 4],
we may assume that

Go € {E7(q), E§(q), Fa(q)}

Let us fix some additional notation. As before, let G be the ambient simple algebraic group
(of type E7, Eg or Fy) over the algebraic closure of F,, so Go = (G,)’ for an appropriate
Steinberg endomorphism ¢. For x € G and a closed subgroup H we set

D = Cg(x), 6(z) =dim 2¢ — dim(xé NH). (6)

We will repeatedly use standard information on semisimple and unipotent conjugacy classes
in G, (including class lengths, etc.) recorded in [23] (semisimple classes in E§(q) and E7(q)),
[46, [47] (conjugacy classes in Fy(g)) and [35] (unipotent classes in all cases). In particular,
we will adopt the notation from [35] for unipotent classes in G. We also refer the reader
to Liibeck’s online data [37], which provides detailed information on semisimple conjugacy
classes in exceptional groups.

As in the proof of Proposition [2.3] it will be convenient to write

~

Q(G,5) =a+ B+,
where « is the contribution from semisimple elements, § from unipotent elements and v from

field, graph and graph-field automorphisms. In order to estimate these quantities, we will
frequently apply the following elementary result (see [I5, Proposition 2.3)).

Proposition 3.1. Let G < Sym(Q)) be a finite transitive permutation group with point
stabilizer H. Suppose x1, ..., Ty represent distinct G-classes such that ), l2$NH| < A and
|| = B for all i. Then

m

S 28] - fpr(z:)° < B(A/B)°

i=1
for any positive integer c.

The next four sections are dedicated to the proof of Theorem [I|in the cases where Gy =
E;(q), E§(q) with ¢ > 3, E§(2) and Fy(q), respectively. We complete the proof of Corollary
2 in Section 3.5

3.1. Go = E7(q). In this section we handle the case Gy = E7(q). For ¢ = 2, the possibilities
for H are determined in [6]. For information on semisimple and unipotent conjugacy classes,
we refer the reader to [23, Section 3] and [35, Table 22.2.2], respectively. We begin by
reducing the problem to subgroups H with |H| > ¢*°.

Lemma 3.2. If Gy = E(q) and |H| < ¢*5, then b(G) < 5.
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Proof. As explained in the proof of [15, Lemma 4.8], we have
Q(G,5) < b(a/b)’ + cd® (7)

where a = ¢*, b = (q +1)71¢%, ¢ = 3¢° and d = 2¢~'2. Therefore, if ¢ > 3 we have

@(G, 5) < 2¢~! and the result follows. For the remainder, let us assume q = 2, so G = E7(2)
and the possibilities for H are given in [6, Theorem 1.1]. Let € G be an element of prime
order r.

We claim that fpr(z) < 2712 if dim2% < 64, which implies that (7)) holds with d = 212
(and a, b, c as above) and thus Q(G,5) < 1 as required. In view of [31, Theorem 2|, we may

assume that 7 = 2 and H = Ng(H,) is a subgroup of maximal rank. Since |H| < ¢%, it
follows that

HO = A2A5, A?D4, A{ or T7.

(Here, and elsewhere, we write 7; for an i-dimensional torus.) In addition, the condition
dim 2% < 64 implies that x belongs to one of the classes labelled A1, A? or (A“;’)(l) in [35]
Table 22.2.2]. Note that |z¢| > 234,

First assume H? = T%, in which case H = 37.(2 x Sp4(2)) and |H| < 233. If z is not in
the class A, then |£&| > 2°2 and the desired bound holds. On the other hand, if z is a long
root element then by arguing as in the proof of [31, Lemma 4.3], noting that the Weyl group
W (E~) contains 63 reflections, we deduce that |2& N H| < 37.63 < 2'® and the result follows
from the bound |2%| > 234. Similarly, if H° = A7 then H = L(27).7 and ip(H) = 24 — 1,
SO

l2¢NH| 2 -1

fpr(z) = 2720
pr(z) |20 < 934 <

and the claim holds.

Next assume HY = AyAs. Here H = (SL§(2) o SL§(2)).4, with A = Zy (e = +) or
S3 (e = —). If z is in A; then by arguing as in the proof of [31, Lemma 4.4], using [30]
Proposition 1.13(ii)], we calculate that

R e e I
fpr(z) < 20 <277,

where z; and zg are long root elements in SL§(2) and SL§(2), respectively, and e = +
according to the specific structure of H. Similarly, if z is in A7 or (43)M) then |2¥| > 252
and thus fpr(x) < 272% since

in(H) < i9(SL§(2).2 x SL§(2).2) < 227,

Finally, suppose that H° = A3Dy, so H = (La(8) x 3Dy4(2)).3 or ((S3)® x QF (2)).55. If z
is in A% or (A3)M) then fpr(z) < 27°2|H| < 27'2, so we may assume z is a long root element.
If H = (La(8) x 3D4(2)).3 then [30, Proposition 1.13(ii)] implies that

;PP 819

—24
fpr(x)\w<ﬂ<2

where z1 € 3D4(2) is a long root element. The case H = ((S3)% x QF (2)).S3 is very similar.
This justifies the claim and we conclude that b(G) < 5, as required. g

To complete the proof of Theorem [1| for Go = F7(q), we may assume that |H| > ¢*%, in
which case [15, Lemma 4.7] implies that either

(1) H= Ng(f{g) with HO = A1F4, A1D67 A7 or T1E6§ or
(ii) ¢ = ¢ and H is a subfield subgroup of type E7(qo).
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In (ii), the proof of [I5, Proposition 4.11] gives b(G) < 4. Similarly, b(G) < 5 if HY = A F}
in (i) (see the proof of [I5, Lemma 4.10]). For the three remaining possibilities, [15] only
gives b(G) < 6, so we need to improve the bound in each of these cases.

It will be convenient to introduce some additional terminology. For a semisimple element
r € G, let us say that D = Cg(z) is large if DY has an Eg, Dg or A7 factor (otherwise D is
small), and write @ = ay + ag, where oy is the contribution to @(G, 5) from the semisimple
elements with large centralizer.

Lemma 3.3. If Gy = E(q) and H = Ng(H,) with H = A1 Dg, then b(G) < 5.

Proof. Write @(G, 5)=a+ B+~ asin (3). By arguing as in the proof of [15, Lemma 4.10],
we have
v <logaq.¢* (8¢ )% < ¢t

Next we claim that a < ¢~1¢. If ¢ > 3 then the proof of [I5, Lemma 4.10] yields
a < g1 33(q30)5 4 T (g719) < ¢~ 16

as required. Now assume ¢ = 2, s0 G = F7(2) and H = S3xQ],(2). Note that the semisimple
classes in G are listed in [6, Table 2], together with the structure of the corresponding
centralizers.

Let € G be an element of odd prime order r and define D and §(x) as in (6). First
assume D is large, in which case r = 3 (more precisely, x is a 34 or 3B element in the
notation of [6, Table 2]), || > %2dime and [30, Theorem 2] gives §(z) > 24. Now H has
15 classes of elements of order 3 and one checks that [y| < 4 .2dim v" for all y € H of order
3. Therefore, by arguing as in the proof of [31, Lemma 4.5], we deduce that

15-4 - 2dirn(:vér'1]:[)

fpr(z) < =120-279@) < 9717,

%Qdim zG
Since G' contains at most 25 such elements, it follows that a; < 266(2717)% = 2719,

Now assume D is small. Here r € {3,5,7,11,17,31}, 6(x) > 40 and by arguing as above
we deduce that fpr(z) < 120 - 279(®) < 2733, Therefore, ap < 2133(2733)% = 2732 and we
conclude that a < ¢~16 for all ¢ > 2.

Finally, let € G be a unipotent element of order p. The G-class of each unipotent
element in H is determined in [29, Section 4.10] and this allows us to compute 6(z) precisely,
which yields a good upper bound on fpr(z). First assume p is odd. As explained in the proof
of [15, Lemma 4.10], if dim 2% > 66 then fpr(z) < ¢~2¢, which implies that the contribution
to B from these elements is less than ¢'?6(¢7%6)5 = ¢™* (here we are using the fact that
G has precisely ¢'26 unipotent elements). Similarly, if dimz“ < 66 then one checks that
fpr(z) < 2¢7'6. For example, if x is a long root element then |z%| > ¢34 and

+
2% 0 H| < |27 + 12527 < 265,

where 21 and x5 are long root elements in SLa(¢q) and sz(q), respectively, whence fpr(z) <
2¢7 16 as claimed. Since G contains at most 2¢% such elements, it follows that

B<q+20°(271)° < g7
A similar calculation when p = 2 also shows that 8 < g3 (here the G-class of each involution
in H is recorded in [I5, Table 3]).
We conclude that
QG5 <qi+qg M +q71
and the result follows. O

Lemma 3.4. If Gy = E7(q) and H = Ng(H,) with H = A7.2, then b(G) < 5.
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Proof. Define a, 3,7, a1 and as as before. We start by estimating «.

First assume ¢ > 3. Let x € G be a semisimple element of prime order 7. If D is large then
fpr(z) < ¢~ by [31, Theorem 2] and we calculate that G has at most ¢’" such elements.
On the other hand, if D is small then by appealing to [31, Lemma 4.5] we deduce that

1\’ 1
fpr(z) < 8|W (E5) : W(As)] (Zl) ) < 576 (q * 1) ¢
since §(z) > 44 by [30, Theorem 2]. Therefore

5
1
a<qM (g ) +q' (576 (q + 1) q_44> <q .

Now assume ¢ = 2, so G = F7(2) and H = L§(2).2 with € = +. Suppose D is large. As
noted in the proof of the previous lemma, the condition on D implies that » = 3 and there
are fewer than 250 such elements in G. Now L§(2) has 9 — 5e classes of elements of order
3;if y € H is such an element then |y“®)| < 4. 2dmy™ apq |G| > 12d‘my . Therefore
fpr(z) < 112 - 279®) with §(z) > 27 (see [30, Theorem 2]), so fpr(z) < 2 20, Tt follows that
oy < 266(2720)5 = 234 Similarly, if D is small then &(z) > 44 and fpr(z) < 144 - 279 <
2736 whence ap < 2'33(2736)% = 2747, In particular, a < ¢~23 for all ¢ > 2.

Next we consider 5. Let © € G be a unipotent element of order p. First assume p is odd,
so z € H” and we can compute §(z) using the fusion information in [29, Section 4.11]. We
find that & N H is a union of at most two H-classes, so the proof of [31, Lemma 4.5] yields

fpr(z) < 48 (;“ 1) ¢ @ (8)

since |Cg(z) : Ca(z)°| < 6 (see [35, Table 22.1.2]). If dim 2% > 66 then §(z) > 42 and thus
the contribution to § from these elements is at most

If dim 2 < 66 then z belongs to one of the G-classes labelled A, A3 Ag, (AHD or (A3)3),
As noted in the proof of the previous lemma, there are fewer than 2¢% such elements in G
and we calculate that fpr(z) < 2¢=2°. For example, if z & A; then §(x) > 28 and the bound
on fpr(z) follows from (8). On the other hand, if x € 4; then |2¢| > ¢3* and

St - _Bla@)]
¢"3|GL§(q)|

where 71 € SL§(q) is a long root element, which gives fpr(z) < 2¢=2°. Therefore, the
contribution from these elements is less than 2¢%(2¢72°)° = 25¢=3* and we conclude that
B < q M +26¢73% < g730 when p is odd.

Now suppose p = 2. There are six conjugacy classes of involutions in H = A7.2; four
classes in the connected component H? = A;, with representatives x;, 1 < i < 4 (where
x; has Jordan form [J&, Jf*%] on the natural Az-module), plus two classes of involutory
graph automorphisms in H \ H°. The latter two classes are represented by elements 7
and 12, where C4.(m1) = Cy and Cy. (1) = C¢,(t) with ¢t € C4 a long root element. By
inspecting [29, Section 4.11] and the proof of [I3, Lemma 3.18], we deduce that z; is in the
G-class Ay, x2 is in A2, z3 and x4 are in (A3)(2), 71 is in (A3)(1) and 7 is in A, Tt follows
that fpr(z) < 2¢~2° and thus 8 < 2¢"(2¢72°)> = 26¢73Y since G contains at most 2¢™
involutions. We conclude that 8 < g2 for all ¢ > 2

]x NH| < < 2¢',

Finally, let us estimate ~y, which is the contribution to @(G, 5) from field automorphisms.
Let = € G be a field automorphism of prime order r, so ¢ = ¢j. If r = 2 then [31, Theorem
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2] yields fpr(z) < ¢~%2, and we note that G has at most 4¢*33/2

r is odd then

such elements. Similarly, if

2|SL§(g) : SLg(go)|

<8 =70(1-r71) < Qg 140/3
|E7(q) : Er(qo)] ¢ =

fpr(z) <

and thus
N < 4q133/2(q*22)5+10g2 q.q133(8q*14o/3)5 < q*41.

By combining the above estimates, we conclude that @(G, 5) < ¢ B +q¢ 2+ ¢ 4 and
the proof of the lemma is complete. O

Lemma 3.5. If Gy = E;(q) and H = Ng(H,) with H = T1Eg.2, then b(G) <5

Proof. Write @(G, 5) =a+ [+ and a = aj + ag as before. As explained in the proof of
[15, Lemma 4.9], we have

v < 2q133/2(q—22)5+10g2 q.q133(16q_36)5 < q—26‘

Next we claim that a < q_2. To see this, let x € G be a semisimple element of prime

order r and 1et us assume ¢ > 3 for now. As in the proofs of the previous two lemmas, we
have a1 < ¢"1(¢71)° = ¢=2*. Now assume D is small, so r is odd and [I5} (4.4)] implies that

224(q + 1)*
f 9
pr(z) < P@+==6(g _1)6 (9)

)
where z = dim Z(D°) and (z) > 34 (see [30, Theorem 2]). If §(x) = 34 then dim zC < 106
and by inspecting [23] we calculate that G has at most ¢''° such elements. Therefore,

. 224(q + 1) ) (224(q + 1)7>5
133 110
g < ——= | + —
254 <q37(q 1)6 q ¢35 (q — 1)

and we deduce that o < ¢—2.

Now assume ¢ = 2, s0 G = F7(2) and H = Fg(2).2 or 3.2E4(2).S3. As noted in the proof of
[15], Lemma 4.9], 1fD is large then fpr(z) < 2720 and we deduce that oy < 209(2720)5 = 2731,
Now assume D is small. If r = 3 then D° = Ay A5, AgTh or A1 D5T) (see [25, Table 4.7.1]),
z < 1 and §(z) > 34 as before, so (9) implies that fpr(z) < 27!, Since G contains fewer
than 27 elements of order 3 (see [6, Table 2]), their contribution is at most 291 (2719)% = 274,
Finally, suppose r > 5. By considering the conjugacy classes in E§(2), we see that “NH
is a union of at most 8 distinct H-classes, so

8.9. 2dim(xéﬂl_{)

_ L 9—d(x) -29
fpr(z) < %2dimxé =32-2 <277

Therefore, o < 2731 4274 4 2133(2729)5 < 273,

Finally, let us turn to 8. If p = 2 then g8 < Z?:l cid? < ¢, where the terms ¢;, d; are
presented in [I5, Table 8]. Now assume p is odd and let € G be a unipotent element of
order p. As explained in the proof of [I5, Lemma 4.9], we have

24(¢ +1)7

fpr(x) < m (10)

and we can calculate §(x) using [28] and the restriction Vsl FEg = Var @ (Var)* @ 02 of the
minimal module Vs¢ for E; (here Va7 is one of the irreducible 27-dimensional modules for
Es, and 0 denotes the trivial module).

First assume dim2® > 66, in which case §(z) > 30. If p = 3 then implies that
fpr(x) < ¢~ and thus the contribution to 3 from these elements is less than ¢%2(¢723)% =
g2 since i3(Go) < ¢ by [31, Proposition 1.3(ii)]. Similarly, if p > 5 then fpr( ) < q %
and the contribution is less than ¢'26(¢=26)> = ¢~%. Next assume 34 < dimz% < 66. By
considering each G-class in turn, we calculate that fpr(z) < ¢!, so the contribution is at
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most 2¢%(¢7'%)> = 2¢~2*. Finally, the contribution from long root elements is less than
2¢%4(2¢712)® = 26¢726 since fpr(z) < 2¢~'2 by [31, Theorem 2]. We conclude that 3 < g3
for all q.

By bringing together the above bounds, we see that @(G, 5) < ¢ 2+ q 3+ ¢ 2% and the
result follows. O

This completes the proof of Theorem (1| for Gy = E7(q).

3.2. Go = E§(q), ¢ > 3. Next we assume G is an almost simple group with socle Gy = E§(q)
and H is a non-parabolic maximal subgroup. Throughout this section, we will assume that
q = 3; the case ¢ = 2 requires special attention and it will be handled separately in Section
B3] We will make extensive use of the information on conjugacy classes of semisimple and
unipotent elements in [23, Section 2] and [35, Table 22.2.3]. In addition, we will also refer
to [21, Table 2], which gives information on the centralizers of semisimple elements in G of
order at most 7. Throughout this section, we set Hy = H N Gy.

Lemma 3.6. If Go = E§(q), ¢ > 3 and |H| < ¢*®, then b(G) < 5.

Proof. Define a, 8 and v as in . We begin by estimating «, so let x € G be a semisimple
element of prime order. As noted in the proof of [I5, Lemma 4.15], there are fewer than
2¢3? such elements in G' with dimz® < 40, and [30, Theorem 2] gives fpr(z) < 2¢~'2.
If dimz® > 40 then |2¢| > %q40 and by applying Proposition

|H| < ¢, we deduce that

.1} and the given bound

. _ 1 _ _
a<2q32(2q 12)5+§q40(2q 12)5<q 17_

Next let us turn to 3. As above, the contribution from unipotent elements z € G with
dimz® > 40 is less than %q40(2q_12)5, so we may assume that x belongs to one of the
classes labelled A; or A2. If x is in A; then fpr(z) < 2¢~° by [30, Theorem 2] and there are
fewer than 2¢?? such elements in G, so the contribution from long root elements is less than
2¢%2(2¢7%)> = 26¢=8. Now assume z is in the A? class, so |2¥| > %q?’z. We claim that Hy
contains at most ¢?° such elements, so their contribution is at most %q32(2q_7)5 =243 by
Proposition This is obvious if |Ho| < ¢°, so let us assume ¢%° < |Hp| < ¢*8. By arguing
as in the proof of [I5l Lemma 4.13], which proceeds by inspecting the various possibilities
for H arising in [34, Theorem 2], it is not difficult to rule out the existence of a maximal
subgroup H with |Ho| < ¢*® and i,(Hp) > ¢*5. This establishes the claim and we conclude
that

8 < %q40(2q—12)5 4925478 121473 < 17473,

To complete the proof, it remains to estimate the contribution v from field, graph and
graph-field automorphisms. By Proposition the contribution from elements x € G with
|2%] > %q39 is less than %q39(6q_11)5 = 6% 1, so we may assume |27 < %q?’g, which implies
that z is an involutory graph automorphism with Cx(z) = Fy. We claim that

1

q6 _ q3 + 1’

so the contribution from these elements is at most 2¢%%(¢® — ¢3 + 1)™® < ¢3. For e = —,
the claim follows from [30, Theorem 2], so we may assume € = + and it suffices to show that
io(H \ Hp) < ¢*°. Following the proof of [I5, Lemma 4.13], it is straightforward to reduce to
the case where H is an almost simple group of Lie type in characteristic p, and we can easily
rule out the existence of such a subgroup with |H| < ¢?® and i2(H \ Hp) > ¢*°. Therefore,
v < 6% 16 4 ¢73 < 2¢73 and we conclude that

Q(G,5) < 19¢ % +¢7'7.

fpr(z) <
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This completes the proof of the lemma. O

Next we determine the cases that arise with |H| > ¢ (recall that we are assuming H is
non-parabolic throughout this section).

Lemma 3.7. If Go = E§(q), ¢ = 3 and |H| > ¢°8, then one of the following holds:

(i) H = Ng(H,) with H° = Fy, T\ D5, A1As, ToDy or Cy (p # 2);
(i) e=+, ¢ = qg and Hy = Egt(qo).

Proof. If |H| > ¢32 then the result follows from [I5, Lemma 4.14], so we may assume ¢>® <
|H| < ¢*2. Since |H|? > |G|, we can proceed as in the proof of [I, Lemma 5.3] to rule out
any additional subgroups. In particular, note that if ¢ = qS’ and H is a subfield subgroup of
type E§(qo) then

|H| < 2(3,q0 — €) logy q.| E§(q0)| < ¢*°
The result follows. U

Some of the cases arising in Lemma have already been handled in [I5]. Indeed, the
proof of [I5 Proposition 4.21] shows that b(G) < 5 in (ii), and the same bound holds in
(i) when H® = A; A5 or Cy (see [I5, Lemmas 4.16 and 4.20]). Therefore, we may assume
H = Ng(H,) with H = Fy, T1 D5 or TyD4.S3. We start with the case H = Fj, which
requires the most work.

Lemma 3.8. If Go = E§(q), ¢ > 3 and H = Ng(H,) with H = Fy, then b(G) < 5.

Proof. First observe that H = Cg(7), where 7 is an involutory graph automorphism of G.
Write Q(G,5) = a+ 5 + v as before (see ) and note that

‘GU : ﬁa‘ = q12(q5 - 6)(‘]9 —€).

Case 1. Semisimple elements. We start by estimating «. Let x € G be a semisimple element
of prime order r and note that 7 induces an automorphism on D = Cg(z). First assume
dim 2% < 52. Here [31, Theorem 2] gives fpr(z) < 1/¢%(¢% —¢>+1) and by inspecting [23] we
calculate that G contains fewer than ¢°® such elements, hence their combined contribution
to « is less than ¢~>. To obtain a sufficient bound on the remaining contribution to o, we
need to improve the fixed point ratio estimates in [31]. To do this, we will work closely with
the proof of [31, Lemma 5.4].

Suppose D has an A3z factor. By the proof of [3I, Lemma 5.4] we have D° = A3T;
(otherwise fpr(z) = 0) and Cp(7) = CoT5, so

with |Cg_(2)| = [Sps(q)|(¢ — 1)? and |Cg_(z)| < [SU4(q)|(g + 1), hence fpr(z) < ¢~ **. By
inspecting [23], one checks that G contains fewer than |E§(q) : SLa(q)| < 2¢% such elements,
so their contribution to « is less than 2¢%3(¢=14) = 2¢~7. Similarly, if D° = A3 then r = 3
(so ¢ > 4), |29 > £¢° and the proof of [31, Lemma 5.4] gives Cg(z) = AgAy. Since H
contains at most 4¢° such elements, Proposition implies that their contribution is less
than %q54(24q’18)5 <q®.

By inspecting [23], the remaining possibilities for D are as follows:

D | ABAITyL ATy, A AT, Ay A Tz AlTs ATy ATy ATs T
dimz% | 58 60 62 64 66 66 68 70 72
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(Notice that D® # ATy since = has prime order; see [24, 14.1].) As noted in the proof of
[31, Lemma 5.4], there are at most |W(Eg) : W(Fy)| = 45 distinct H-classes in & N H.
Therefore, if we choose & with |Cg_(z)| minimal, then

Do : Cp, (7)]

Ch :Cp
) | GJ(@ _Ha(@“)’ — 45 1o YD AT (11)
|Go : Hy| |Go : Hy|
We will use this upper bound to show that

q_ig if @g = A§T4, A1 T5 or T

g " if DY = A{T3 or AsT)
fpr(z) < g if DO = Ay ATy or Ay ATy

q—13 if DO = A%AlTl or A%TQ

fpr(z) < 45

for the remaining semisimple elements = € G that we are interested in.

First we show that fpr(z) < ¢~1¢ if DY = A2Ty, A;Ts or Tg, so the contribution from these
elements is less than ¢%(¢~'6)> = ¢~2. To justify the claim, first note that r > 11 (see [21]
Table 2], for example). Since |Cz_(z)| = (¢—1)* and |Cg, (=)| < |SL2(¢%)|(g+1)*, the bound
in is sufficient if ¢ > 5. Suppose ¢ = 4. Since r has to divide the order of the centre of
Cg, (x), we deduce that |Cg ()| = (¢*+1)(¢—1)? (see [46, Table III]) and the result follows
as before. Similarly, if ¢ = 3 then the information on semisimple centralizers in [47, Table
9] and [23] implies that |Cg_(2)] = (¢* — 1)(¢ — 1), |Cq, (z)] < [SLa2(¢?)|(¢* = 1)(¢* + ¢+ 1)
and once again the desired bound follows via .

Similar reasoning shows that fpr(z) < ¢~ if D® = A2A,Ty or A3T,. For instance, if
D° = A2A,T then by arguing as in the proof of [31, Lemma 5.4] we deduce that

|Ci, (2)] > [SLs(q)lISL2(q)l(¢ = 1), |Ce, ()] < ISUs(q*)]|SL2(q)|(g + 1)

and the result follows from (L1f). By carefully inspecting [23], one checks that there are at
most ¢% such elements in G, so the contribution to a from the elements with D? = A%AlTl
or A3T) is less than ¢%3(¢q=13)% = ¢~2.

Next we show that fpr(z) < ¢ !4 if D% = Ay AT, or Ay A;Ts. Suppose D° = Ay A2Th.
By inspecting [23], we deduce that ¢ > 4 (that is, if ¢ = 3 then there are no prime order
elements z € G with D° = A3 A%T3). Now Cg(z) = Cp(7) = A3A1 Ty or ATy, so

Cr, ()] = |SLa(q)P (¢ — 1), |Cq, ()] < [SUs(q)[[SL2(¢?)|(g + 1)?
and the desired bound holds. Similarly, if D° = A, A,T3 then r > 7 and the bounds
Ca, (@)] = SLa(a)|(g — 1)%, |Cg, ()] < SUs(q)|ISL2(g) (g + 1)°

are sufficient (via (11])) if ¢ > 4. Finally, if ¢ = 3 then we can replace the terms (¢ —1)% and
(g+1)? in the above bounds by (¢*—1) and (¢*+1), respectively (since r > 7), and the result
follows as before. One checks that there are at most ¢% elements in G with D° = AQA%TQ
or A A1T3, so the contribution to « is less than ¢%8(¢~14)5 = ¢ 2.

Finally, let us assume D° = A3T3 or AsTy. We claim that fpr(z) < ¢~'°. In both cases,
r > 7 and

Ca, ()] = [SLa(a)l(g — 1)%, |Cg, ()] < SUs(g)| (g +1)*,
so the claim follows from if ¢ > 4. For ¢ = 3, we can replace the (¢—1)3 term in the lower
bound for |Cz_(x)| by (¢° — 1) and the result follows. By inspecting [23], one checks that G

contains fewer then ¢” such elements, so their contribution is less than ¢"*(¢~'%)% = ¢=%.
Bringing together all of the above estimates, we conclude that
a<3¢?+q P +q +2¢ T +¢ % <4q2 (12)

Case 2. Unipotent elements. Now let us turn to the contribution from unipotent elements.
Note that the unipotent classes in H, together with the corresponding classes in (G, are listed
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in [28, Table A]. We refer the reader to [35, Tables 22.2.3 and 22.2.4] for information on the
conjugacy classes and centralizers of unipotent elements in G, and H,,.

First assume p = 2, so ¢ > 4. If x € G is a long root element, then [31, Theorem 2] gives
fpr(z) < (¢% — ¢+ 1)~ and it is easy to check that there are fewer than 2¢?2 such elements
in G. Similarly, if x is in the A? class then |2¢| > %q32 and there are at most 2¢?? such
elements in H, and for z in the A} class we have |2¢| > 3¢’ and H contains fewer than
2¢°® such elements. By applying Proposition we conclude that

/8 < 2(]22((]6 _ q3 + 1)75 + %q32(4q710)5 + %q40(4q712)5 < q77
when p = 2.

Now assume p is odd. First we claim that the contribution from unipotent elements with
dim 2% > 54 is at most ¢~3. By inspecting [28, Table A], we see that 6(z) > 18. For ¢ > 5,
the bound in [I5, (4.16)] implies that fpr(z) < ¢~ and so the claim follows from the fact
that G contains fewer than ¢™ such elements. Now assume ¢ = 3, so z has order 3 and the
bound on dim 2& implies that  is in the class A2A; (for example, this follows by considering
the Jordan form of = on the Lie algebra of G, as given in [28] Table 6]). Here d(x) = 18 and
Cg(7) is connected, so fpr(z) < ¢~ '3 by [I5) (4.16)] and we note that there are at most 2¢*
of these elements in G, so the contribution is less than 2¢°*(¢~13)> and the claim follows.

As noted in the proof of [15, Lemma 4.19], the contribution from unipotent elements with
48 < dim 2@ < 54 is less than 2¢°%(¢~'*)® = 2¢~'8. Finally, let us assume dimz“ < 48 and
fpr(x) > 0, so z is in one of the G-classes labelled Ay, A%, A3 or Ay (see [28, Table A]). As
above, the contribution from long root elements is less than 2¢??(¢® — ¢® + 1) 7, with the
remaining unipotent elements contributing at most 2?21 a;(bi/a;)®, where

a = %(1327 ay = %q40’ (g = iqm’ by = 222, by = 2675, by = 2¢%.

Therefore,
3

B<q 42078 4+2¢2(¢* — P+ 1)+ ailbifa;)’ < g7 (13)
=1
if p is odd.

Case 3. Remaining elements. It remains to estimate the contribution v from field, graph
and graph-field automorphisms. As in the proof of [I5, Lemma 4.19], the contribution from
involutory graph and graph-field automorphisms is less than 4¢>?(¢~12)® = 4¢=2'. Similarly,
the contribution from odd order field automorphisms is at most

—52/3) 2

log, q.¢"%(12q b<q

(the inequality holds since we may assume ¢ > 8) and that from involutory graph automor-
phisms is less than
2q42(q—11)5 + 2q26(12q—10)5‘

Therefore

,y < 4q72l +q72+2q42<q711)5 +2q26(12q710)5 < qfl (14)
and by bringing together the bounds in , and , we conclude that

Q(G,5) < g ' +5¢>.

The result follows. 0

Lemma 3.9. If Go = E§(q), ¢ = 3 and H = Ng(H,) with H = Ty D5, then b(G) < 5.

Proof. We proceed as in the proof of the previous lemma, estimating «, § and v in turn.
The argument closely follows the proof of [I5, Lemma 4.17].
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Let 2 € G be a semisimple element of prime order r and set D = C(z), z = dim Z(D")
and 0(z) = dimz® — dim(z% N H). As noted in the proof of the previous lemma, there are
fewer than ¢°® semisimple elements with dim z& < 52, so [31, Theorem 2] implies that their
contribution is less than ¢°%(2¢=12)% = 2°¢4.

Next we claim that fpr(z) < ¢~'6 if dimz® > 60. For elements with 2 < 4, this follows
immediately from the upper bound in [I5, (4.11)], since §(z) > 24 (the latter bound is
established in the proof of [I5, Lemma 4.17]). On the other hand, if z > 4 then D" = AT}

or Tg, so
a1 a4\
>7 -
=] 2<CI+1> !

and the desired bound holds since |H N G,| < ¢*7. Therefore, the contribution from these
elements is less than ¢"®(¢71%)% = ¢=2.

To complete the analysis of semisimple elements, we may assume that 54 < dim 2% < 58,
in which case DY = A3, A3A,T, oriA%AlTl (note that D° # A3A2Ty by [24, 14.1]). First
observe that ¢ > 4. This is clear if DY = A% since r = 3; in the other two cases, r > 5 must
divide the order of the centre of Cg_(x) and by inspecting [23] we deduce that ¢ > 4. In
addition, z < 2 and &(z) > 20 by [30, Theorem 2], so [I5, (4.11)] implies that fpr(z) < ¢~ 3.
Therefore, the combined contribution from these elements is less than ¢%2(¢=13)% = ¢=3. We
conclude that

a<2¢ ¢ g3 <2072

Next let us consider the contribution from unipotent elements. First assume p = 2. As
explained in the proof of [I5, Lemma 4.17], we can determine the G-class of each involution
in H by considering the restriction Va7] Ds, where Va7 is one of the minimal modules for Eg.
In terms of the standard Aschbacher-Seitz [2] notation for involutions in Ds, we find that
as € Ay, co,a4 € A? and ¢y € A3. This implies that 8 < E?:l ui(v;/u;)?, where

1 1 1
uy = ?]22, uy = 5¢%, uz = 561407 v1 =2¢", v =2¢"(¢" + 1), v3=2¢".  (15)

In particular, g < ¢~ '3.

Now assume p is odd. Once again, as noted in the proof of [I5l Lemma 4.17], we can
determine the G-class of each unipotent element in H and it is routine to check that the
upper bound on fpr(x) presented in [I5], (4.10)] is satisfied. If dim 2% > 50 then §(z) > 20
and we deduce that fpr(z) < ¢ '6 if ¢ > 5. On the other hand, if ¢ = 3 then r = 3 and
we see that 2 € ApA? is the only possibility, given the condition on dimz®. Here [15]
(4.10)] gives fpr(z) < ¢! and there are fewer than 2¢° such elements in G. Therefore,
for any ¢, it follows that the contribution to 8 from these unipotent elements is less than
q72(q*16)5 = ¢~ 8. Finally, suppose dimz% < 50, so  belongs to one of the classes labelled
Ay, A3, Ag, A3 or A2A; (no unipotent elements in H are in the G-class A3). By applying
the bounds in the proof of [I5] Lemma 4.17], we conclude that

B<q_8+2q22(2q_6)5+3q32(q_9)5+3q46(q_10)5 <q—2‘

Finally, let us consider 7. By directly applying the bounds presented in the proof of [I5]
Lemma 4.17|, we deduce that

v < 4¢*(¢7?)° +logy 4.0 (7 ")° +2¢*(¢71)° + 26 (4(g + 1)g TP < ¢ 2

Bringing together the above bounds, we conclude that @(G, 5) < 3¢72 + ¢~ '? and the
result follows. O

Lemma 3.10. If Gy = E§(q), ¢ > 3 and H = Ng(H,) with H = TyD,4.S3, then b(G) < 5.
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Proof. This is similar to the proof of the previous lemma, working with the proof of [15]
Lemma 4.18] in place of [I5, Lemma 4.17]. Note that one of PQg (q) or 3Dy4(g) is a compo-
sition factor of H, (see [33, Table 5.1]).

First let z € G be a semisimple element of prime order r and define D, z and §(x) as
before. We claim that fpr(z) < ¢'6 if dimz® > 48. For ¢ > 4, this follows immediately

from the upper bound in [I5, (4.13)] since z < 6 and d(x) > 26 by [3I, Theorem 2]. The
same bound is also sufficient if ¢ = 3 and z < 3. Finally, if ¢ = 3 and z > 4 then

G 1 q 466
>7 P
12| Q(qH) q

and the claim follows since |H N G,| < ¢®2. This justifies the claim and it follows that the
contribution to a from these elements is less than ¢"®(¢~1%)® = ¢~2. By inspecting [23], one
checks that there are fewer than ¢** semisimple elements in G with dim 2% < 48 and [311
Theorem 2] gives fpr(z) < 2¢~'2. Therefore,

a < q—2+q44(2q—12)5 < 2(]—2‘

Next let us consider unipotent elements. First assume p = 2. If 3D4(q) is a composition
factor of H,, then the proof of [I5 Lemma 4.18] implies that

5 < 2q22(2q—12)5 +2q40(4q—24>5.
Similarly, if QF (¢) is a composition factor, then 3 < 25’21 ui(vi/u;)®, where

1 1 1
uy = 5(122, uy = 56132, ug = 56140, v1 =2¢"%, vy =2¢"(2¢° + 1), v3 = 2¢"%(q + 1).

In both cases, these estimates imply that 3 < ¢—3

3 when p = 2.

Now assume p is odd. As explained in the proof of [I5, Lemma 4.18], if dim & > 40 then
fpr(z) < ¢7'% and so the contribution from these elements is less than ¢"2(¢~'6)> = ¢=8 and
it remains to consider the elements in the classes A; and A%. If z is in A? then the proof
of [15, Lemma 4.18] gives fpr(z) < ¢~ '2, whereas [31, Theorem 2] gives fpr(z) < 2¢~° for a
long root element x. Therefore,

B<a®+2¢%(a %)’ +2¢(2¢7°)° < ¢
when p is odd.

Finally, let us consider . From the bounds given in the proof of [15, Lemma 4.18], we
deduce that the contribution from field and graph-field automorphisms is less than

16 (g7)° + logy 0.7 (g 2.
Now assume z is an involutory graph automorphism. If Cx(x) # Fy then the proof of [I5]

Lemma 4.18] gives fpr(z) < ¢~'7, so the contribution to 7 is less than 2¢*?(¢='7)5. Finally,
suppose Ci(z) = Fy, so

o 06~ 9’ ~ 0

(37 q— 6)
Here the proof of [I5, Lemma 4.18] gives fpr(z) < ¢~°, which is not sufficient. We claim
that fpr(r) < ¢ % which implies that the contribution from these elements is less than
2¢%0(q7%)5 = 2¢~*. To justify the claim, first observe that

26 OV H| < ia(H,) < 2(g -+ 1)2 - ia(Aut(S)), (16)

where S = PQ{ () or 2D4(q) according to the structure of H,. As noted in [15, (4.8)], this
gives |2% N H| < 4(q + 1)3¢*® and one checks that this bound is sufficient if ¢ > 5. For
q € {3,4}, we compute is(Aut(S)) precisely and then use the upper bound in (16)). For
example, if S = 3D,(4) then

in(Aut(S)) = i2(*D4(4)) + |2 D4(4) : 3Dy (2)| = 4632563455

|z

5
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and the claim follows. We conclude that
7 <4g®(¢7%)° +10gr 4.4 (¢7*) + 20" (¢ + 2071 < 37
Therefore, @(G7 5) < 2¢72 + 4¢~* and the proof of the lemma is complete. O
This completes the proof of Theorem [I| for Gy = E§(q) with ¢ > 3.

3.3. Go = E§(2). Here we handle the special cases with Go = Eg(2) or 2Eg(2). We refer
the reader to [15, Table 9] for useful information on the classes of elements in G, of odd
prime order. The maximal subgroups of G are determined in [27] and [51] for Gy = Eg(2)
and 2Eg(2), respectively (in the latter case, it turns out that the list of maximal subgroups
presented in the Atlas [22] is complete).

We begin by extending Lemma [3.6] to the case ¢ = 2.
Lemma 3.11. If Gy = E§(2) and |H| < 228, then b(G) < 5.

Proof. From the list of maximal subgroups in [22] 27], we first observe that the condition
|H| < 228 implies that |H| < 227. Write Q(G,5) = o+ 3 + 7 as before.

We start by estimating «. Let © € G be an element of odd prime order r. Clearly, the
contribution from the elements with [z&| > 2% is less than 24°(227/2%5)> = 2745 Now
assume |2%] < 2%, sor =3. If e = +, or if e = — and G = G or Gy.2, then |z%| > 24! and
thus the contribution to « is less than 272, If ¢ = — and G = Gy.3 or Gy.S3 then [2&| > 23!
and by inspecting the possibilities for H in [22], one checks that i3(H) < 224, For example,
if Hy = U3(8).3 then

i3(H) < i3(Aut(Us(8)) x 3) = 1266434 < 221,

This means that the contribution from these elements is less than 23'(224/231) = 24 and
we conclude that o < 274 + 2745,

Next let us turn to the contribution from unipotent involutions. There are three G-classes
to consider, labelled A;, A? and A3. If x € A; then fpr(z) < 275 by [30, Theorem 2]
and there are fewer than 222 such elements in G, so their contribution to /3 is less than
223(275)% = 272, Now assume z is in A2 or A3. If € = + then |2¥| > 233 and |Hy| < 22, so
these elements contribute less than 233(226/233)5 = 272 Similarly, if e = — then |2%| > 231,
|Hp| < 224 and the contribution is at most 274, We conclude that g < 271

Finally, let us assume = € G is an involutory graph automorphism. If Cx(x) # Fy then
|z%| > 2%0 and so the contribution to 7 from these elements is less than 240(227 /240)% = 225,
On the other hand, if Cx(x) = Fj then |2%| < 227 and by combining [31, Theorem 2] and [I5,
Lemma 4.12] we see that fpr(z) < 1/57, so the contribution here is at most 227(1/57)% < 272.
This gives v < 272 + 274 and we conclude that

QG,5) <2 422424
as required. O

Lemma 3.12. If Gy = F¢(2) and |H| > 228, then b(G) < 5.

Proof. By inspecting [27, Table 1], we deduce that Hy = F4(2), S3 x Lg(2) or (7 x 3D4(2)).3.
In fact, in view of [I5 Lemmas 4.16 and 4.19], we only need to handle the latter case. Here
H = (D14 x 3D4(2)).3 if G = Gy.2, and it will be useful to observe that |Hy| < 233 and
i3(H) < i3(7.3 x 3D4(2).3) < 225. Write Q(G,5) = a + 8 + v as usual.

First we estimate a. The contribution from the elements with |2¢| > 247 is less than
247(233 /247)5 = 2723 On the other hand, if |¢%| < 247 then z has order 3 and |z¢| > 241,
so the contribution from these elements is less than 241(226 /241)5 = 2734,

Finally, let us consider 8 + -y, which is the contribution from involutions. The subgroup
3D4(2) < Hy has two classes of involutions, labelled A; and Ai{’, and the labels stay the same
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when viewed as involutions in Gy (see the proof of [I5, Lemma 4.18]). If x is in A; then
|z%| > 222 and there are at most 2'° such elements in H, so the contribution is less than
222(2712)5 = 2738 If 2 € G is any other involution, then |z¢| > 212(2° —1)(2° — 1) = a and
io(H) = 556927 = b, so the contribution here is at most a(b/a)® < 278.

We conclude that Q(G,5) < 1. O
Lemma 3.13. If Gy = 2E¢(2) and |H| > 228, then b(G) < 5.

Proof. According to the Atlas [22], Hy is one of the following:
(a) Fi(2), (b) Fina, (c) S x Ug(2), () 9(3),
(6) 05(2), () (3% O (2):3)2, (2) *Da(2).3,

By inspecting [I5], we immediately deduce that b(G) < 5 in cases (a)—(d), so it remains to
consider (e), (f) and (g). We define «, 5 and « in the usual fashion.

Case 1. Hy = 7,(2). As explained in the proof of Lemma we have < Z?:l wi(viJu;)®,
where the u; and v; terms are defined in , whence < 278.

Next consider a and let x € G be a semisimple element of prime order r. If r > 3 then
|2%| > 2°® and so the contribution to « is less than 258(24°/2%8)5 = 277 since |Hy| < 2%.
Now assume r = 3 and note that i3(H) < i3(Q7,(2) x 3) < 232. Therefore, the contribution
from the elements with |2&| > 24! is less than 241(232/241)5 = 24 Now assume |2%| < 241,
in which case x is in one of the classes labelled 3D and 3F in [22] and there are fewer
than 233 such elements in G. Since Cg(x) = D3Th, the proof of B3I, Lemma 4.7] gives
fpr(z) < 27! and we conclude that the contribution to « is less than 233(2711)% = 2722,
Therefore, a < 274 4277 42722,

Finally, let x € G be an involutory graph automorphism. If Cg(x) # Fy then |2¢] < 227
and [31, Theorem 2] gives fpr(z) < 1/57, so the contribution from these elements is less
than 227(1/57)> < 272. On the other hand, if Cs(z) # Fy then |2¢| > 2%0 and iy(H) <
i2(079(2)) < 2%, which gives a contribution of at most 240(226/210)5 = 2730,

We conclude that Q(G,5) < 2724274 42774278 4 9722 4 9730 «

Case 2. Hyo = (3 x QF(2).3).2 or 3D4(2).3. We handle both cases simultaneously. Suppose
z € G has odd prime order r. If » = 3 then |2¢| > 23! = @ and we calculate that

is(H) < i3(3% x QF (2).3) = 18060488 = b.

Therefore, the contribution to o from elements of order 3 is less than a(b/a)® < 273. On
the other hand, if » > 3 then |2%| > 2% and so the remaining contribution is less than
258(232 /258)5 = 2772 gince |Hp| < 232. Tt follows that o < 273 + 2772,

Finally, suppose € G is an involution. If z is a long root element then [2¢| > 22! and by
applying [30, Proposition 1.13(ii)] we deduce that |2 N H| < 2!, so the contribution from
these elements is less than 221(2!1/221)5 = 229 Ag in the previous case, the contribution
from graph automorphisms with Cg(z) = Fy is at most 272, For the remaining involutions
we have [2| > 231 and their contribution is less than 231(229/231)5 = 2724 gince iy (H) < 2%,
Therefore, 8 +v < 272 + 2724 + 2729 and the result follows. O

3.4. Gy = Fy(q). In this final section we complete the proof of Theorem [l| by handling the
groups with socle Gy = Fy(q). We adopt the same notation as before. In particular, we
will write @(G,S) = a+ B+ . We refer the reader to [46, 47] for information on the
conjugacy classes in Fy(q) (also see [35, Table 22.2.4] and [37] for useful data on unipotent
and semisimple classes, respectively). The case ¢ = 2 requires special attention and it will
be treated separately in Lemma [3.19

Lemma 3.14. If Go = Fy(q), ¢ > 3 and |Ho| < ¢'7, then b(G) < 5.
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Proof. We proceed as in the proof of [I5, Lemma 4.22]. Suppose x € Go has prime order.
If dim2z® > 28 then |2%| > ¢*® and so ‘the contribution from these elements is less than
*8(¢"/¢*®)® = ¢7?7. Now assume dim 2 < 28. If z is semisimple, then Ca(x) =By, p #2
and 7 is an involution. There are fewer than 2¢'® such elements in G and [31, Theorem 2]
gives fpr(z) < 2¢7?, so the contribution to « is less than 2¢'6(2¢7%)% = 26477,

Now assume z is unipotent and dim & < 28, so x belongs to one of the G-classes labelled
Ay, Ay or (A1)y (the latter only if p = 2). First assume z is in A; (or A; if p = 2). Here
fpr(z) < (¢* — ¢ + 1)~! by [BI, Theorem 2] and there are fewer than 3¢'® such elements in
G, so the contribution to 3 is less than 3¢'6(¢* — ¢ +1)~® < ¢~2. Now suppose z is in one of
the classes A; (with p # 2) or (A;)2 (p = 2). Then |2%| > 13 (@ -D(¢*+1)(¢"2 1) = f(q)
and thus the contribution to 3 is at most f(q) - (¢'"/f(q))® < 2¢~!. Therefore,

a+B<2  4q 242500 447

Finally, let us assume x € G is a field and graph-field automorphism. If x has order 2
then fpr(z) < ¢~% by [31, Theorem 2] and there are fewer than 2¢® such elements in G, so
the contribution to v is at most 2¢%6(¢~%)° = 2¢~*. Similarly, if x is a field automorphism
of odd prime order then |2¢| > 1¢3! and we note that |H| < 2log, ¢.¢'7, so the contribution
from these elements is less than

5(134(4 logy q.q ") < g%
Therefore,
QG,5) <2t +q 2420+ 250+ T B <1
and thus b(G) < 5. O

Lemma 3.15. If Go = Fy(q), ¢ = 3 and |Ho| > q'7, then one of the following holds:

(i) H = Ng(H,), where H® = A1C3, By, Cy (p =2 only) or Dy;

ii el , where HY = C% and p = 2;

H = Ng(H,), where H® = C3 and p =2
1ii 4(qo), where q = qy an € ,O0,
=F h kand k € {2,3

) Ho =2Fy(q), where ¢ = 2%**! and a > 1;
) H =3Dy(2).3 and ¢ = 3.

(iv
(v
Proof. By [34, Theorem 2], one of the following holds:

(a

)
(b) H is an exotic local subgroup (as in [20, Theorem 1));
) H

(c

(d) H is almost simple and not of type (a) or (c).

H = Ng(H,) for some o-stable closed subgroup H of positive dimension;

= 2Fy(q) or Fy(qo), where ¢ = ¢f and k is a prime;

Note that the subgroups with |H| > ¢?? are determined in [15, Lemma 4.23], which gives
the examples in parts (i), (iii) (with k£ = 2) and (iv).

The relevant maximal rank subgroups of the form H = Ng(H,) are determined in [33]
and it is easy to check that the only additional examples with |H| > ¢! are those described
in part (ii) of the lemma (here p = 2 and G must contain a graph-field automorphism, as a
condition for maximality). If H = Ng(H,) is not of maximal rank, then

[Hol < [SL2(a)l|G2(q)] < ¢

so none of these subgroups arise. The main theorem of [20] implies that there are no exotic
local subgroups with |Hy| > ¢! and it is easy to see that |Fy4(qo)| > ¢'7 if and only if ¢ = ¢&
with k =2 or 3.

Finally, let us assume H is almost simple and not of type (a) or (c

). By [1, Lemma 5.7],
the only possibility with |[Ho|? > |G| is the case G = Fy(3) and H = 3D4(2)

.3 as in part (v).
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By arguing as in the proof of the lemma, one checks that there are no additional subgroups
with |Ho| > ¢'7. O

Lemma 3.16. Suppose Gy = F4(q), ¢ = 3 and H is one of the subgroups in parts (ii) — (v)
of Lemma[3.15, Then b(G) < 5.

Proof. If Hy = Fy(q'/?) or 2F,(q) then the result follows from the proof of [I5, Proposition
4.28]. In each of the remaining cases, it is helpful to note that |Hy| < ¢*' (see [33, Table
5.1] for the precise structure of Hy in case (ii) of Lemma [3.15)). Therefore, by arguing as in
the proof of Lemma it follows that the contribution from the elements x € Gy with
dim 2@ > 28 is less than ¢**(¢*'/¢*®)° = ¢~7. Similarly, the contribution from elements in

the unipotent classes A; or A; (if p = 2) is at most ¢~2.

If G = Fy(3) and H = 3D4(2).3, it just remains to consider the contribution from the
unipotent elements in the class A;. Since |[¢¥| > 32! and i3(H) < 3", this is less than
321(314/321)5 = 37 and we conclude that Q(G,5) < 1 as required.

Next assume Hy = Fy(qp), where ¢ = qg. If x € Gy is a unipotent element in the class
Ay (p #2) or (A1) (p = 2), then |2€| > £¢?? and there are fewer than 2¢3* = 2¢?%/% such
elements in H. Therefore, the contribution from these elements is less than %qm (6q_44/ 35 <
¢ *. As in the proof of Lemma the contribution from involutory field or graph-field
automorphisms is less than 2¢~%. Similarly, the contribution from field automorphisms of
odd prime order is less than %q34(4 log, q.g~'3)% < ¢723 and it follows that

QG5 <q2+2¢ +¢ T +q¢ B +¢* <1

Finally, suppose p = 2 and H = Ng(H,) with H° = C%, so ¢ > 4 and Hy = Spy(q) 1 So
or Spy(¢?).2. As in the previous case, the contribution from elements in G \ Gy is less
than 2¢=* 4 ¢~23, so it just remains to consider the unipotent elements in the class (Aj)s.

Here |2%| > ¢?? and it is straightforward to show that iy(Hy) < 2¢'2. For example, if
Hoy = Spy(q?).2 then

2 2 2
ia(Ho) = 537 | + 1a5P )| 4 157 4 |Spy(¢®) : Spa(a)]
=(* - 1"+ 1) +¢* (P +1)(¢* +1)

and the claim follows (here we are using the notation from [2] for involutions in Sp,(¢?)).
Therefore, the contribution to 3 from these elements is less than ¢?2(2¢~1%)® < ¢~25 and the
result follows. g

In order to complete the proof of Theorem [I| when Go = Fy(q) and ¢ > 3, we just need
to consider the cases arising in part (i) of Lemma For H = A;C3, the desired bound

b(G) < 5 is established in [I5] Lemma 4.27], so we may assume that H = Ng(H,) with
H° = By, Cy (p =2 only) or Dj.

Lemma 3.17. If Gy = Fy(q), ¢ > 3 and H = Ng(H,) with H = D4.Ss, then b(G) < 5.

Proof. Asrecorded in [33] Table 5.1], there are two pcissibilities for Hy, namely d?.PQg (¢).S3
and 3Dy(q).3, where d = (2,q — 1). As usual, write Q(G,5) = a + 3 + 7.

~ We begin by estimating a. Let x € G be a semisimple element of prime order r and define
D, z and §(z) as before. As in [I5, (4.18)], we have
48(q + 1)*

] <
pr(z) P@r—4(g — 1)

(17)

First assume r = 2, so D = By or A1C3. In the first case, [31I, Theorem 2] gives fpr(z) <
2¢—° and we deduce that the contribution to « is less than 2¢'%(2¢7°)% = 26¢=?. Similarly,
if D = A1C5 then §(z) > 12 by [30, Theorem 2] and thus gives fpr(z) < ¢7%, so the
contribution from these involutions is at most 2¢?%(¢ %)% = 2¢2.
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Now assume 7 is odd. If D = B3Ty or C3T} then [30, Theorem 2] gives §(z) > 12 and we
calculate that G contains at most

2|Fy(q) : Cs(q)| =2¢"(¢* + 1)(¢"* = 1)

such elements. Therefore, the contribution to « is less than

15/ 4 12 8+1)\"
2¢7(¢" +1)(q _1)'(q9(q—1)4> <q".
If D = T} then §(x) = 24 and implies that fpr(z) < ¢~'7, so the contribution from these
elements is at most ¢°2(¢!7)> < ¢~33. For the remaining semisimple elements, we have
z < 3 and 0(z) > 16 by [30, Theorem 2], so implies that fpr(z) < ¢~°/% and it follows
that the combined contribution to o from these elements is less than ¢*° (q_51/ %) = ¢~ 1. We
conclude that

a<q 43¢ 24259445

Finally, in order to estimate § and v we can appeal directly to [I5] Lemma 4.26]. Indeed,

by inspecting the proof of this lemma, we immediately deduce that

/8 < 3q22(2q76)5+q48<q710)5 < 2(]72
and
v < 2¢°%(g7%)° + log, 4.4 (64 7%)° < ¢7*.
Therefore,
@(G, 5)<q ' +5¢ 2 +q 3 +207 447
and the proof of the lemma is complete. O

Lemma 3.18. If Go = Fy(q), ¢ = 3 and H = Ng(H,) with H = By or Cy, then b(G) < 5.

Proof. We proceed by estimating «, 8 and - in turn. First let £ € GG be a semisimple element
of prime order r and define D, z and §(x) in the usual manner. Note that Hy = 2.Q9(q) =
Sping(q) if ¢ is odd, and Hy = Spg(q) if ¢ is even (see [33, Table 5.1]).

First assume r = 2, so ¢ is odd and D = By or A1C3. By inspecting [25, Table 4.5.2],
we see that Hy contains three classes of involutions; the central involution z, together with
involutions of type z1 = [—1I4,I5] and 2o = [—Ig, [1], with plus-type (—1)-eigenspaces. To
determine the Gop-class of z; and zs, it is sufficient to compute the dimension of the 1-
eigenspace of z; with respect to the adjoint action of G' on the Lie algebra V = L(G) of G.
Indeed, as explained in [I9, Section 1.14], this coincides with the dimension of C(z;), which
uniquely determines the Gg-class of z;. To do this, it is useful to observe that

VIH=LH)aU, (18)

where U is the 16-dimensional spin module for H. Furthermore, to determine the action of
z; on U we may assume that z; € Dy < H and we can use the fact that U] Dy = W1 & W,
where W) and Ws are the 8-dimensional spin modules for D4. For example, dim C(z1) = 16
and one checks that z; acts on U as [—Ig, Ig]. Therefore, dim Cy(z;) = 16 + 8 and thus
Ca(z1) = A1C3. In the same way, one checks that Cz(22) = Bs. Therefore,

SO
2f N H| = | Q(Q)L <2¢%, 27| > ¢*,
1SO5(q)[1SOy (q)]
G 1SOg(q)| 3 G 16
NH|l =14+ ——"- <2¢° >

and we deduce that the contribution to a from involutions is less than ¢~8.

Next assume r = 3, so ¢ = 4 and D = BsT}, C3Ty or AsA, (see [25, Table 4.7.1]). As
above, we can use to determine dim Cg(z) for each element z € H of order 3. For

example, suppose z = [Ig,wlg,w213] € Dy < H, where w € K is a primitive cube root
of unity. Here dim Cz(z) = 12 and we calculate that z has Jordan form [Iy,wlg,w?Ig] on
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U. Therefore, dim Cy(z) = 12 + 4 and thus Cs(z) = AyA,. Similarly, one checks that
if 2 € H belongs to one of the other H-classes, then Cs(2) = BsT) or C3Ty. We deduce
that there are less than 2¢??> = a; elements x € Hy of order 3 with D = BsT} or C3T}.
Moreover, 29| > (¢ + 1)71¢3! = b;. Similarly, there are fewer than 2¢** = a5 elements
with D = Ay As, and we have |:UG] > %q% = by in this case. Therefore, the contribution to

a from elements of order 3 is less than 2?21 bi(a;/b;)® < ¢ 2.

For the remainder, we may assume that » > 5. Note that r divides |Z(Cg,(z))|. In view
of [24, 14.1], the possibilities for D are as follows:

D ‘B3T1 03T1 A2A1T1 CQTQ A2T2 A%Tg A1T3 T4
dimz® | 30 30 40 40 42 44 46 48

By applying [31, Lemma 4.5], we deduce that

6(g+1)°
q6(m)+z—4<q _ 1)4

fpr(x) < (19)

(this bound is stated as (4.17) in [15]).

First assume D = B3Tj or C3T1, so z = 1 and 6(z) > 8 by [30, Theorem 2]. As noted in
the proof of the previous lemma, there are fewer than 2¢'°(¢*+1)(¢'?—1) such elements in G.
Also observe that |Z(Cg,(x))| = ¢£1, so either (r,q) = (5,4) or ¢ > 8, since r > 5. Suppose
(r,q) = (5,4). By considering the proof of [3I, Lemma 4.5], noting that |(yH)U| < gdimy™
for all y € % N H, we deduce that fpr(z) < 6(¢ + 1)¢~°. Therefore, the contribution to « is
less than

20(q* + 1)(q" = 1) (6(g + g ™°)" <"
By applying the upper bound in , one checks that the same conclusion holds if ¢ > 8.

The case D = A3 A;T is similar. Here z = 1, ¢ > 4 and 6(z) > 12 by [30, Theorem 2].
Furthermore, we calculate that there are fewer than 2¢*! such elements in G. Therefore, by
applying the bound in , we deduce that their contribution to « is less than

6(g+1) \° 7
2" ( <.
¢°(q—1)*

Next assume D = CoTy or AsTh, so z = 2 and 0(x) > 12. First we calculate that there are
less than 3¢** elements in G of this form. By applying , we deduce that the contribution
to a here is at most ¢~ 2 if ¢ > 4. The case ¢ = 3 requires special attention. We claim that
the contribution to « is still less than ¢~2. To see this, first observe that r € {5, 7,13}, which

implies that
3

(y™)o| < (ng_ 1) gty (20)

for all y € 2N H. Therefore, the contribution is less than
5
3 1 2
3¢ 6( 3@1 ) (C]+ ) 2] <2
¢ =1 q

A similar argument applies if D = A?T,. Here G contains fewer than 3¢® such elements
and as noted in the proof of [I5, Lemma 4.25], we have d(x) > 14. By applying the bound
in , it follows that the contribution to « is less than ¢—2.

To complete the analysis of semisimple elements, we may assume that D = A;T3 or Tj.
In the latter case, d(z) = 16 and implies that the contribution to « is less than

q52( 6(q+1)* )5 <q.
q*%(qg —1)*

as claimed.
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Similarly, if D = A;T3 then 6(z) > 14 and we calculate that there are fewer than 2¢*° such
elements in G. Using , we see that the contribution is at most ¢~ 7 if ¢ > 4. Finally, if
q = 3 then r € {5,7,13} and holds, hence

3 3

q q+1 —14
f 6
pr(z) < <q3_1)( . )q

and the contribution to « is less than ¢=7.

Bringing together the above bounds, we conclude that
a<qgl4q 420 +3¢ " +¢8

Next let us consider 3. First observe that the G-class of each unipotent element in H is
determined in [29, Section 4.4], which allows us to compute very accurate fixed point ratio
estimates (this information is also presented in the proof of [30, Lemma 4.6] when p = 2).
For now, let us assume p is odd and let € G be a unipotent element of order p. As in
the proof of [I5, Lemma 4.25], the contribution to 3 from the elements with dim 2% < 30 is
less than Z?:2 cid? < 2q72, where the ¢; and d; terms are recorded in [I5, Table 10]. Now
assume dimz® > 30, in which case the proof of [I5, Lemma 4.25] gives fpr(z) < 3¢ '°.
By considering the G-class of each unipotent element in H, together with the class sizes
in [35, Table 22.2.4], we calculate that there are fewer than ¢*? unipotent elements z € G
with fpr(z) > 0 that are not in the G-class Fy(a;). Therefore, the contribution from these
elements is less than ¢*2(3¢71°)5 < ¢3. Finally, if « is in F4(a1) then |2¢| > 1¢* and there
are fewer than ¢32 such elements in H, hence the contribution from these elements is less
than %q46(4q_14)5 < ¢ 8. We conclude that 8 < 2¢72 + ¢~3 4 ¢~ '® when p is odd.

Now assume p = 2, so ¢ > 4. The G-class of each involution in H is determined in the
proof of [30, Lemma 46} and we c~1educe that the contribution to § from involutions in the
classes labelled Aq, (A1)2 and AjA; is less than

B<aq )’ + (207 + ¢*(2¢7%)" < 7.
For example, if x is in (1211)2 then G N H = y{{ Uyﬁq , where y; and yo are involutions of type

¢ and ay, respectively, in terms of the notation in [2]. This gives

|Sps(q)] N |Sps(q)| G| _ |F4(q)] S 2
1Sp4(q)|q*?  [Spa(q)|q*® q*°[Sp4(q)|

and thus the contribution from these elements is less than ¢*2(2¢=%)°. Finally, if z € G is a
long root element then fpr(z) = (¢* — ¢> + 1)~ and so the contribution here is

@ +D@? -1 (¢" = +1)7° <qg’
Therefore, 8 < ¢~3 4+ ¢~ when p = 2.

Finally, let us consider . By arguing as in the proof of [I5, Lemma 4.25], we see that the
contribution from involutory field and graph-field automorphisms is at most 2¢*¢(¢= %)% =
2¢~*. Similarly, if + € G is a field automorphism of odd prime order r, then fpr(z) <
4¢~160-1/7) and we deduce that

N < 2q*4+4q104/3(4q*32/3)5 + log, q‘q52(4q764/5)5 <q3

|29 N H| = <2¢', |z

In conclusion,
QG,5) < g +3¢2+2¢ 2 +2¢  +3¢ T +q P+ ¢
and this completes the proof of the lemma. O
Finally, we handle the case ¢ = 2.
Lemma 3.19. If Gy = Fy(2), then b(G) < 5.
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Proof. Here G = F4(2) or F4(2).2. Note that the character table of G is available in the Atlas
[22], and the maximal subgroups of G are determined in [43]. As usual, set Hy = H N Gy
and Q(G,5) =a+ [ +1.

First assume |Ho| < 2!7 and let 2 € G be an element of prime order. If x is not a
long (or short) root element, then || > 222 and so the contribution to @(G, 5) from these
elements is less than 222(217/222)5 = 273, Now G contains exactly 139230 long and short
root elements and [31, Theorem 2] gives fpr(z) < 1/13, so the remaining contribution is at
most 139230(1/13)% < 27! and the result follows. For the remainder, we may assume that
|Hp| > 2'7. The possibilities for Hy can be read off from [43], Table 1].

First let us consider the case where G = Fy(2) and H = Spg(2). As noted in the proof of
[15, Lemma 4.25], the Web Atlas [52] provides a faithful permutation representation of G of
degree 69888, corresponding to the action of G on the set of cosets of H. With the aid of
MAGMA [8], it is easy to find three elements x; € G such that

HNH" NH>NH® =1,

which implies that b(G) < 4. Similarly, by taking the normalizer of a maximal subgroup
OF (2) < Spg(2), we quickly deduce that b(G) = 3 when G = Fy(2) and H = Qf (2).S5. The
case G = Fy(2) and H = 3D4(2).3 can also be handled using MAGMA. Here we construct
3D4(2) < G by finding a pair of generators u,v such that |u| = 2, |[v| = 9, |uv| = 13 and
|uv?| = 8 (see the Web Atlas [52]). Then Ng({u,v)) =3D4(2).3 and it is easy to check that
b(G) = 3.

The cases where G = Fy(2).2 and H = Spy(4).4 or (Spy(2)?S2).2 can be handled in
a similar fashion. Here Hj is a maximal subgroup of Spg(2) < Fy4(2), so we can use the
previous representation to construct Gg and Hy as permutation groups of degree 69888. It
is now straightforward to determine the Gp-class of each prime order element in Hy, which
allows us to calculate o and B precisely. In both cases, we find that o + 8 < 2732, For
H = Sp,(4).4 we have 7 = 0 (there are no involutions in H \ Hp) and the result follows.
Now assume H = (Spy(2)1.52).2 and let € G be an involutory graph automorphism. Here
20| > 226 and thus v < 226(|Hy|/2%6)® < 274, We conclude that Q(G,5) < 1, as required.

It is also convenient to use MAGMA when Hy = 2Fy(2), which is the centralizer in G of
an involutory graph-field automorphism. First we construct 2Fy(2) = (u,v) as a subgroup
of Go, where |u| = 2, |v| = 3 and |uv| = 13, and we take its normalizer to get 2Fy(2). As
before, it is now easy to compute o and /3 precisely, and one checks that o + 8 < 2733,
Finally, if G = F4(2).2 and = € G is an involutory graph-field automorphism, then we may
assume that H = (x) x 2Fy(2). Therefore, |t& N H| = 1 + io(?F4(2)) = 13456 and it follows
that v < 2737,

To complete the proof of the lemma, we may assume that Hy = L4(3).2. Let x € H be
an element of prime order r and note that r € {2,3,5,13}. If r = 3 then i, (H) = 82160 and
|2%| > 2%, so the contribution to a from these elements is less than 229(82160/2%9)% < 2734,
In fact, by computing i5(H) and 4i13(H), we deduce that o < 2734, Now assume r = 2. If z
is a long (or short) root element then [31, Theorem 2] gives fpr(z) < 27* and there are fewer
than 2'® of these elements in G, so the contribution to 3 is less than 2'18(274)> = 272, Ifx € G
is any other involution, then |2¥| > 222 and we note that io(H) < i2(Aut(L4(3))) = 27639.
Therefore, f +v < 272 4+ 27 and the result follows. O

This completes the proof of Theorem [I}

3.5. Proof of Corollary Let G < Sym(Q) be a finite almost simple primitive group,
with point stabilizer H and socle G, which is a simple exceptional group of Lie type over
F,. In view of Remark we may assume that H is non-parabolic. Moreover, we may
assume that Go € {E7(q), E§(q), Fa(q)} by [15, Theorem 4]. To complete the argument,
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we now combine the proofs of [I5, Theorem 4] and Theorem (1} In every case, there is an

explicit function f(q) such that @(G, 5) < f(q) and f(q) — 0 as ¢ tends to infinity. The
result follows.
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