THE LENGTH AND DEPTH OF COMPACT LIE GROUPS
TIMOTHY C. BURNESS, MARTIN W. LIEBECK, AND ANER SHALEV

ABSTRACT. Let G be a connected Lie group. An unrefinable chain of G is a chain of
subgroups G = Go > G1 > -+ > G = 1, where each G, is a maximal connected
subgroup of G;_1. In this paper, we introduce the notion of the length (respectively,
depth) of G, defined as the maximal (respectively, minimal) length of such a chain, and
we establish several new results for compact groups. In particular, we compute the exact
length and depth of every compact simple Lie group, and draw conclusions for arbitrary
connected compact Lie groups G. We obtain best possible bounds on the length of G
in terms of its dimension, and characterize the connected compact Lie groups that have
equal length and depth. The latter result generalizes a well known theorem of Iwasawa
for finite groups. More generally, we establish a best possible upper bound on dim G’ in
terms of the chain difference of GG, which is its length minus its depth.

1. INTRODUCTION

The maximum length of a chain of subgroups of a finite group G is called the length of
G. This invariant arises naturally in several different contexts and it has been the subject
of numerous papers since the 1960s (see [6, 9l 1T], 12, 17, 19, 20], for example). The dual
notion of depth is defined to be the minimal length of a chain of subgroups

G=Gy>G>-->G =1, (1)

where each G; is a maximal subgroup of G;_;. The depth of finite solvable groups was
studied by Kohler [14], and more generally by Shareshian and Woodroofe [18] in relation
to lattice theory. We refer the reader to [3, [5] for recent work on the length and depth of
finite groups and finite simple groups.

In [4], we extended these notions to algebraic groups. Let G be a connected algebraic
group defined over an algebraically closed field of characteristic p > 0. The length and
depth of G, denoted by I(G) and A(G), are defined to be the maximal and minimal length
of a chain of subgroups as in , respectively, where each G; is a maximal connected
subgroup of G;_1. The length of G can be computed precisely. Indeed, if B is a Borel
subgroup of G = G/R,(G) and r is the semisimple rank of G, then [4, Theorem 1] states
that

I(G) =dim R, (G) +dim B +r. (2)

For simple algebraic groups, this generalizes a theorem of Solomon and Turull [20, Theorem
A*] on finite quasisimple groups. Several results on the depth of algebraic groups are also
established in [4]. For example, if p = 0 we can calculate the exact depth of every simple
algebraic group G, obtaining A(G) < 6, with equality if and only if G is of type Ag (see [4,
Theorem 4]). We also show that the depth of an algebraic group behaves rather differently
in positive characteristic. For example, [4, Theorem 5(iii)] states that the depth of a simple
classical type algebraic group tends to infinity with the rank of the group.
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In this paper we initiate the study of length and depth for connected Lie groups. Let g
be a finite dimensional semisimple Lie algebra over C with compact real form gg (so go is a
compact Lie algebra over R with go ®rC = g). Under the Lie correspondence, go is the Lie
algebra of a compact semisimple (real) Lie group G. We write G(C) for the corresponding
complex Lie group, which can be viewed as a semisimple algebraic group over C. For
example, if g = sl,(C), then G = SU,, and G(C) = SL,(C). Up to isomorphism and
isogenies, the compact simple Lie groups are as follows:

SU, (n > 2), Sp,, (n > 4 even), SO, (n > 7), Ga, Fy, Eg, E7, Es. (3)

We will write Cl,, to denote any one of the classical type groups SU,, Sp, and SO,,.
More generally, it is well known that any compact connected Lie group G is of the form
G = G'Z(G)°, where G’ is a commuting product of compact simple Lie groups and Z(G)°
is a torus (a direct product of k copies of T' = SOq, the circle group). We will write T}, for
a k-dimensional torus.

It is natural to transfer the definition of length and depth from algebraic groups to
Lie groups. So we define the length [(G) of a connected Lie group G to be the maximal
length of a chain of (closed) subgroups as in , where each G; is a maximal connected
subgroup of G;_1 (a sequence of subgroups with this property is called an unrefinable
chain). Similarly, the depth A(G) is the minimal length of such a chain. Note that these
parameters are independent of any choice of isogeny type. In particular, we may (and will)
always assume that if G is a nonabelian compact connected Lie group, then G’ =[], S; is
a commuting product of simple groups given in (3)).

We are now ready to state our main results. For a classical type group G = Cl,,, define

o — 2 if G =8SU,
fan)=4¢ 3n—1 if G = Sp,, (4)
n+ 2] -1 if G=S0,.

Our first result determines the exact length of every compact simple Lie group.
Theorem 1. Let G be a compact simple Lie group.

(i) If G = Cl,, is of classical type, then I(G) = fa(n).

(ii) If G is of exceptional type, then [(G) is as follows:

G G2 F4 E6 E7 ES
(G) 5 11 13 17 20

As an immediate corollary, we deduce that
2r <IU(G) < 3r
for all compact simple Lie groups G of rank r. In view of , we also note that

I(G) = O(r~H(G(T))).

We can use Theorem [1| to calculate the length of an arbitrary compact connected Lie
group G. Recall that G = G’Z(G)°, where the commutator subgroup G’ is semisimple (or
trivial) and Z(G)° is a torus (see [13, Theorem 4.29], for example).

Theorem 2. Let G be a compact connected Lie group and write z = dim Z(G)?, r =
rank(G’) and G' = [[\_, Si, where each S; is simple. Then

HG) =2+ _U(S)).

In particular, z 4+ 2r < I(G) < z+ 3r —t.
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We now discuss the relationship between the length of a compact Lie group G and its
dimension. We trivially have [(G) < dim G. The next result shows that [(G) is close to
dim G if and only if G is almost abelian.

Theorem 3. Let G be a compact connected Lie group.
(i) I(G) = dim G if and only if G is a torus.
(i) dim G — I(G) < dim G’ < 3(dim G — I(Q)).
(iii) For a collection C of compact connected Lie groups, the set
{dimG - I(G) : G €C}
is bounded if and only if the set
{dimG —dim Z(G)° : GeC}

is bounded.

Note that part (ii) above implies parts (i) and (iii).

The method of proof of Theorem [3| also enables us to characterize algebraic groups
whose length is close to their dimension; see Proposition below.

As for lower bounds on /(G) in terms of dim G, we show the following.

Theorem 4. Let G be a compact connected Lie group and let o = /248 — \/128. Then
I(G) > 5-27%2(Vdim G — «).
In particular, [(G) = (5-27%/2 — 0(1))V/dim G, where o(1) = ogim¢(1).

This may be compared with Theorem 3 of [4], showing that [(G) >  dim G for algebraic
groups G over algebraically closed fields.

The proofs of Theorem [3| and [4] rely on the classification of compact simple Lie groups
and on Theorems [I| and [2| above. The first lower bound in Theorem [ is best possible;
indeed it is attained for G = Eg. Similarly, the second lower bound is asymptotically best
possible, since

. U(SOp)
lim ———=—
n—oo \/dim SOy,

In addition, we characterize compact connected Lie groups G of small length as follows.

=5.273/2

Theorem 5. Let ¢ be a positive integer and let G be a compact connected Lie group
satisfying

I(G) <5-27%2(Vdim G + ¢).
Then either dim G s c-bounded, or G has a normal simple subgroup of type SO, of c-
bounded codimension.

Here c-bounded means bounded above by some function of ¢ only.

Next we turn to the depth of compact Lie groups. For simple groups, we have the
following result (see [4, Theorem 4] for the analogous statement for simple algebraic groups
over C).

Theorem 6. If G is a compact simple Lie group, then

2 if G =SUy

MG) = 4 ifG=SU,(n>=4,n#T),S07 SOy, (r >4), Eg
5 if G=SUy
3 in all other cases.

In particular, A(G) = AM(G(C)) — 1.
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We do not obtain a precise formula for the depth of an arbitrary compact Lie group,
but we give bounds, as follows.

Theorem 7.
(i) Let S be a compact simple Lie group and let k be a positive integer. Then
ASF) = A(S) +k —1.

(ii) Let G be a compact connected Lie group and set z = dim Z(G)? and G’ =[], Sf",
where the S; are pairwise non-isomorphic simple groups. Then

z+§:(k:i +1) < AG) < z+§:(ki FA(S) —1).
=1 =1

By Theorem [6] the upper bound on A(G) in (ii) is at most z + 14>, (ki + 3).

Our next result concerns compact Lie groups G satisfying the condition I(G) = \(G).
Finite groups with this property were characterized by Iwasawa [L0] — they are precisely
the supersolvable groups. For algebraic groups over algebraically closed fields, a partial
result was proved in [4, Theorem 6], but not a full characterization. For compact Lie
groups, we prove the following result.

Theorem 8. Let G be a compact connected Lie group. Then [(G) = XNG) if and only if
G is a torus or G' = SUs.

More generally, the chain difference of G is defined by cd(G) = I(G) — A(G). This
invariant has been studied for finite groups and finite simple groups (see [2], 5], for exam-
ple), with particular interest in groups with chain difference one. Here we determine the
compact Lie groups with this property.

Theorem 9. Let G be a compact connected Lie group. Then cd(G) = 1 if and only if
G/ == SU3, (SU2)2 or SUgSU2

Our next result bounds the length of G’ in terms of the chain difference of G.

Theorem 10. Let G be a compact connected Lie group. Then I(G') < 2¢d(G) + 2.
Consequently, dim G/Z(G) is bounded above by a fized quadratic function of cd(G).

The above bound on [(G’) is best possible. Indeed, if G = G’ = (SU3)* where k is any
positive integer, then I(G) = 2¢d(G) + 2. The quadratic function mentioned in the second
assertion of Theorem [I0]is given explicitly at the end of Section [£.10]

Combining Theorem (10| with part (iii) of Theorem [3| we immediately obtain the follow-
ing somewhat surprising consequence.

Corollary 11. The following are equivalent for a collection C of compact connected Lie
groups.
(i) The set {I(G) — X\(G) : G € C} is bounded.
(ii) The set {dim G —I(G) : G € C} is bounded.
(iii) The set {dim G — A\(G) : G € C} is bounded.

Indeed, conditions (i)-(iii) are all equivalent to the set {dim G — dim Z(G)° : G € C}
being bounded.

The length and depth of non-compact Lie groups will be the subject of a future paper.

The layout of the paper is as follows. In Section [2] we prove some results on the sub-
group structure of compact Lie groups, in particular determining their maximal connected
subgroups. Section [3] contains some further preliminary results on lengths and depths of
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compact groups which are needed for the proofs of the main results. These proofs are
given in Section [

2. SUBGROUPS OF COMPACT LIE GROUPS

The following result provides a close link between the connected subgroups of a compact
Lie group G and the connected reductive subgroups of the corresponding complex Lie
group. This result is surely well-known, but we have been unable to find a proof in the
literature.

Lemma 2.1. Let G(C) be a complex semisimple Lie group, with compact form G. There
is a bijective correspondence between G-conjugacy classes of connected subgroups of G, and
G(C)-conjugacy classes of connected reductive subgroups of G(C).

Proof. Let X denote the set of connected subgroups of G, and ) the set of connected
reductive subgroups in G(C). For X € X, let X € Y be the complexification of X.
Define ¢ : X /G — Y/G(C) to be the map that sends the class X to the class (X©)¢(©,
We shall show that ¢ is a bijection.

To see that ¢ is surjective, let Y € ), and let Yy be a maximal compact subgroup of Y.
Then Yj is contained in a maximal compact subgroup Gy of G(C), which is conjugate to
G —say G = G} with g € G(C). Hence Yy < G, and Y is the complexification of Y. It
follows that the class Y¢(©) is in the image of ¢.

It remains to show that ¢ is injective. Let X1, Xo € X, and suppose X(lC and Xéc are
conjugate in G(C), say XS = (XT)9. Then X3 and X{ are maximal compact subgroups
of X$, hence are conjugate in X5, so Xo = X} with h € X5 < G(C). Now consider the
Cartan decomposition of G(C):

G(C)=GP
(see [13, p.446]). Write h = kp with k € G,p € P. Then for 1 € X3, letting x5 = 2% we
have
r1kp = kxop™.
Now z1k, kxo € G and p,p™? € P, so by uniqueness in the Cartan decomposition, x1k =

kxg. It follows that X f = Xy, so X1 and Xs are conjugate in G. This proves the injectivity
of ¢, as required. O

Since the complexification map X — XC is inclusion-preserving, the following is an
immediate consequence of Lemma [2.1

Corollary 2.2. There is a bijective correspondence between conjugacy classes of mazximal
connected subgroups in G and conjugacy classes of mazximal connected reductive subgroups

in G(C).

Here, by maximal connected reductive subgroups in G(C), we mean subgroups that are
maximal among connected reductive subgroups of G(C).
In the next two results we use Corollary 2.2} together with known results on the subgroup

structure of G(C), to describe the maximal connected subgroups of compact simple Lie
groups. For subgroups of maximal rank, this was done by Borel and de Siebenthal [I].

Proposition 2.3. Let G = Cl, be a compact simple Lie group of classical type with
natural module V' of dimension n over C, and let M be a maximal connected subgroup of
G. Then one of the following holds:

(i) M is a reducible or tensor product subgroup of G, as listed in Table '
(ii) G = SU,, and M = Sp,, (with n > 4 even) or SO,,;
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G Reducible subgroups Tensor product subgroups (n = ab)
SUn (SUk X SUn,k>T1 SUa & SU[,
Spn Spk‘ X Spn—k7 SUn/QTl Spa & SOb

SO, SOy x SO,,_4, SU,, »T} (n even) SO, ® SO, Sp, ® Sp,

TABLE 1. The maximal connected reducible and tensor product subgroups
of compact simple Lie groups of classical type

G M
Gy As, A7 Ay

TABLE 2. The maximal connected subgroups of compact simple Lie groups
of exceptional type

(iii) M is a compact simple Lie group acting irreducibly on' V', and M is not isomorphic
to a classical group on V.

Proof. Let G(C) = CI(V) be the corresponding complex simple classical group. Elemen-
tary considerations (see the first two paragraphs of the proof in [16, p.279]) show that the
maximal connected subgroups of G(C) are among the following:

(
(

a) parabolic subgroups,

b) stabilizers of non-degenerate subspaces of V,

(c) tensor product subgroups of the form Cl,(C) ® Cl,(C), where n = ab,
(d) classical subgroups Sp,,(C), SO, (C) of G(C) = SL,(C),

(e) simple subgroups acting irreducibly on V.

Hence the maximal connected reductive subgroups of G(C) are those in (b)—(e), together
with those Levi subgroups that are maximal among connected reductive subgroups. By
[1] (see the table on p.219), the only such Levi subgroups are of the form SL,, »(C)T1 in
G(C) = Sp,,(C) or SO, (C). Now the conclusion follows from Corollary O

Proposition 2.4. Let G be a compact simple Lie group of exceptional type and let M be
a mazximal connected subgroup of G. Then the possibilities for M are listed in Table[3

Proof. The results of Dynkin [7] show that the maximal connected subgroups of the com-
plex simple group G(C) are parabolic subgroups, together with subgroups as in Table
but excluding the subgroups D517 < Eg and Eg17 < E; (these are of course Levi fac-
tors of parabolics). By [I], these two Levi subgroups are the only ones that are maximal
among connected reductive subgroups of G(C). Hence the maximal connected reductive
subgroups of G(C) are precisely those in the table, and the result now follows via Corollary

2.2 O
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3. LENGTH AND DEPTH: PRELIMINARY RESULTS

We start by recording some elementary properties of the length and depth of connected
Lie groups, which we will use repeatedly throughout the paper. Note that the proof of [6]
Lemma 2.1] goes through to give part (i).

Lemma 3.1. Let G be a connected Lie group with a connected normal subgroup N .
(i) I(G) =I(N)+ I(G/N).
(ii) M(G/N) < A(G) < A(N) + A(G/N).
(iii) I(G) =14 max{l(M) : M mazximal connected in G}.
(iv) A(G) =1+ min{\(M) : M mazimal connected in G}.

Lemma 3.2. If G is a connected compact Lie group, then

MG) = X\G) + dim Z(G)°.

Proof. We proceed by induction on the dimension of G. The conclusion is clear if G is a
torus (every maximal connected subgroup has codimension 1), so assume G = G'Z with
G'#1and Z = Z(G)°. Set z = dim Z(G)® and let M be a maximal connected subgroup
of G such that A(M) = A\(G) — 1.

If G’ < M, then M = G'Zy with Z; of codimension 1 in Z, and induction gives
AMM) = NG +dim Zy = \(G') + 2 — 1,

hence A\(G) = A(G') + =.

Now assume G’ € M. Then M = M;Z, where M; is maximal connected in G’. By
induction, A(M) = A\(M]) + z + 21, where z; = dim Z(M;)?. Now A(M71) < A(M]) +
by Lemma ii), so A(M) > A(M;) + 2. By the definition of depth we have A\(G’') <
A(My) + 1. Hence A(G) = A(M) + 1 > A(G') + 2. Finally, Lemma [3.1f(ii) implies that
AMG) < M(G') + z and the proof is complete. O

Lemma 3.3. Let G be a connected compact Lie group.

(i) M(G) =1 if and only if G =Ty.
(ii) MG) =2 if and only if G =T or SUa.

Proof. Part (i) is obvious, so let us consider (ii). If G = T then A(G) = 2 by Lemma
and if G = SUs, then G has a maximal connected subgroup 77 by Corollary SO
AG) = 2 again. Conversely, suppose G is a connected compact Lie group with A(G) = 2.
By Lemma either G = T or G = G’'. In the latter case, G has a maximal connected
subgroup 77 by part (i), and it follows that G = SUy. This completes the proof. O

Lemma 3.4. Let G(C) be a complex semisimple Lie group, with compact form G. Then

(@) < I(G(T)).

Proof. 1t follows from Lemmal[2.1] that I(G) < I[(G(C)). To see that the inequality is strict,
we apply [4, Corollary 2], which states that every unrefinable chain of G(C) of maximum
length includes a maximal parabolic subgroup. O

In the statement of the next result, we refer to the function defined in .

Lemma 3.5. Let H = Cl be a compact simple Lie group of classical type and let N =
N(H, k) be the minimal dimension of a nontrivial irreducible complex representation of
the simply connected cover of H such that N > k and H is not isomorphic to a classical
group Cly. Then for any simple Lie group G = Cly, we have fg(N) > fr(k).
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o N(H, k)

SU 4, 6, 10 k=2,3,4 (resp.)
o Sk(k—-1) k>4

. 10 k=4

P U k(e —1) -1 k>4

0 {QL’“;J T<k<14, k#8
k Tk(k — 1) k=8ork>14

TABLE 3. The values of N(H, k) in Lemma

Proof. The complex irreducible representations of H are the restrictions of those of the
corresponding complex simple group Cl(C), which are parametrized by dominant weights.
Hence the values of N(H, k) can be read off from [15], and they are listed in Table |3} By
definition of the function fg, for G = Cly we have fg(N) > 2N — 1 and fy (k) < 2k — 2.
For H # SOz, it is routine to check that 2N — 1 > 2k — 2 and thus fo(N) > fu(k).
Finally, if H = SOz, then N = 8 and fg(N) > 9, which is greater than fy(k) = 7. The
result follows. O

Lemma 3.6. Let H be a compact simple Lie group of exceptional type, and let N = N (H)
be the minimal dimension of a nontrivial complex representation of the simply connected
cover of H. Then

I(H) <min{fa(N) : G=_Cly}.

Proof. The values of N = N(H) and m = min{fg(N) : G = Cly} are as follows:

H Gy Fy Eg Er FEs
N(H) 7 26 27 56 248
m 7 31 32 69 309

The result for H = Eg follows immediately (since m > dim Eg). In the remaining cases,
choose a maximal connected subgroup M in H such that [(M) = I(H) — 1. We need to
show that (M) < m — 2. This is obvious if dim M < m — 2, so we may assume that
dim M > m — 1 and we can use Lemma [2.4] to read off the possibilities for M. We then
combine Lemmas [3.1|i) and [3.4 with the expression in (2] to produce an upper bound on
[(M). For example, if H = E7 and M = DgA; then
(M) <1(Dg) +1(A1) <U(Dg(C)) +1(A1(C)) —2=43 < m — 2.

In this way, it is easy to check that (M) < m — 2 in all cases, unless (H, M) = (Eg, Fy) or

(G2, Az). In the first case, by considering the maximal connected subgroups of M = Fj,
we deduce that [(M) < 24. Similarly, I(As) < 4 and the result follows. O

Lemma 3.7. If G = Cl,, is a compact simple classical Lie group, then [(G) = fa(n).

Proof. For G = SU,,, we have the following unrefinable chain of connected subgroups of
length fg(n) =2n —2:
SU,, >SU,,_1T1 >SU,,_1 > --->SUy >T7 > 1.
Similarly, if G = Sp,, with n = 2k, there is an unrefinable chain
Spaj, > SPa X Spaj—_2 > (SP2)* X Spaj_g > -+ > (Spy)”

of length k — 1. Since Spy, = SUs has length 2, it follows that I((Sps)¥) = 2k and thus
IG) > 3k — 1 = fo(n).
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Finally, consider G = SO,,. Suppose first that n is not divisible by 4, and write n = 4k+s
with 1 < s < 3. There is an unrefinable chain

SO,, > S04 x SO, _4 > --- > (S04)F x SO,

of length k. Since SO4 = (SUs x SUs)/Zs, SO3 = SUy/Z5 and SOg = Ty (where Z5 is a
cyclic group of order 2), we see that [((SO4)* x SO4) = 4k + s — 1 and the result follows.
Similarly, if n = 4k, then the above chain SO,, > --- > (SO4)* has length k — 1 and thus
I(G) =5k — 1= fg(n). O

4. PROOFS OF THE MAIN RESULTS

4.1. Proof of Theorem First assume G = Cl, is a compact simple Lie group of
classical type. We prove that {(G) < fg(n) by induction on n. In view of Lemma [3.7] this
will complete the proof of part (i) of Theorem [I} Choose a maximal connected subgroup
M of G with I[(M) = I(G) — 1; we need to show that [(M) < fg(n). The possibilities for
M are given by Proposition 2.3

Consider first the reducible subgroups in Proposition (1) If G = SU,, then M =
(SUg x SU,_k)T1 and by induction we deduce that

(M) < (2k—2)+2(n—k) —2+1=2n—3 < fa(n)

as required. A similar argument applies when G is a symplectic or orthogonal group. For
example, if G = Sp,, and M = SU,, 571, then

(M) = l(SUn/g) +1<n—-1< fg(n).
Similarly, if G = SO,, and M = SO x SO,,_g, then induction gives

n—k

(M) <k + MJ —1+n—k+{

J —1< fa(n).

Next suppose that M is a tensor product subgroup, as in Proposition (1) Here
induction clearly gives (M) < fa(n), except possibly in the case where G = SO,, and
M = Sp, ® Spy, with n = ab > 4. Here induction yields

3

l(M)<§(a+b)—2ggab—2=fc:(n)—1

as required.

Suppose G = SU,, and M = Sp,, or SO,, as in Proposition (ii). If n = 2 then
M = 80y and (M) =1 < fg(n) = 2. For n > 3, induction gives (M) < 3n—1 <
2n — 2 = fg(n).

Finally, suppose M is as in Proposition (iii). Here M is simple and acts irreducibly
on the natural module V. Also M is not isomorphic to a classical group on V. If M is
classical, say M = Cly, then induction gives (M) < far(k) and Lemmashows that this
is less than fg(n). Similarly, if M is of exceptional type, Lemma [3.6| gives [(M) < fa(n).
This completes the proof of part (i) of Theorem

Now assume G is of exceptional type. As before, we choose a maximal connected
subgroup M of G with [(M) = I(G) — 1. The possibilities for M are recorded in Table
By applying part (i), it is an easy exercise, starting with the case G = G2 and working
down the rows of the table, to compute (M) in every case. In this way, we obtain the
values for [(G) recorded in part (ii) of the theorem.
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4.2. Proof of Theorem 2. As in the statement of the theorem, let G' be a compact con-
nected Lie group and write G = G'Z(G)?, where G/ = szl S; is a commuting product of
simple groups. Then Lemma (1) implies that [(G) = 2+, 1(S;), where z = dim Z(G)°.
Let r; = rank(S;) and r = Y, r; = rank(G’). Then 2r; < I(S;) < 3r; — 1 by Theorem
hence

z+2r=z—f—22ri <I(G) < z—f—Z(Sri—l) =2z+4+3r—t

as required.

4.3. Proof of Theorem [3| Let G = G’Z(G)° be a compact connected Lie group.
Lemma 4.1. If G is simple, then [(G) < %dim G, with equality if and only if G = SU,.
Proof. This follows easily from Theorem O

Denote A(G) = dim G — [(G). The additivity of dim and [ implies the additivity of A,
namely A(G) = A(G/N) + A(N), where N is a connected normal subgroup of G.

Lemma 4.2. If G is semisimple, then A(G) < dim G < 3A(G).

Proof. The first inequality is trivial for any compact connected Lie group G, and the second
reduces to the case where G is simple, by additivity. For G simple we have 3(G) < 2dim G
by Lemma which yields dim G < 3A(G) as required. O

Lemma 4.3. We have A(G) = A(G').
Proof. This is clear since A(G) = A(G") + A(Z(G)Y) and A(Z(G)°) = 0. O

We can now prove Theorem [3| It suffices to prove part (ii), namely
A(G) < dim G’ < 3A(G).

In view of Lemma this reduces to A(G') < dim G" < 3A(G’), which is Lemma
(since G’ is semisimple). This completes the proof of the theorem.

A similar method enables us to characterize connected algebraic groups G over alge-
braically closed fields, of large length. We clearly have {(G) < dim G, and by [4] Theorem
3] equality holds if and only if G = R(G).A} for some ¢t > 0, where R(G) is the radical
of G (and the extension is not necessarily split). Here we extend this by showing that
dim G — [(G) is bounded if and only if the codimension of R(G).A} is bounded, where ¢
is the multiplicity of Aj in the semisimple group G/R(G). More precisely, we prove the
following.

Proposition 4.4. Let G be a connected algebraic group over an algebraically closed field.
Set A(G) = dim G — I(G) and let t = 0 be as above. Then

A(G) < dim(G/R(G).AY) < 8A(G).

Proof. If G is simple and not isomorphic to A;, then by applying [4, Corollary 2] we deduce
that .

I(G) < 3 dim G,
with equality if and only if G = As, and this implies

A(G) < dim G < 8A(G).

For an arbitrary connected algebraic group G, write G/R(G) = At Sy --- Sy, where t,k > 0
and each S; is a simple algebraic group that is not isomorphic to A;. Since A is additive

and A(R(G)) = A(A4;) = 0, we conclude that A(G) < dim(G/R(G).A}) < 8A(G), as
required. ]
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4.4. Proof of Theorem [4} We first express the length of a simple classical compact Lie
group in terms of its dimension.

Lemma 4.5. Let S = Cl, be a simple classical compact Lie group and let d = dim S.

Then
2vVd+1-2 if S =SU,
(S) =4 3-272-\Jd+§ -1 if S = Sp,
5.27%2. Jd+ 1 — 23 if g =30,
where n = k (mod 4) and 0 < k < 3.
Proof. This follows from Theorem [I] and the well known formulae for the dimensions of
the relevant groups. O
Corollary 4.6. Let S and d be as in Lemma [4.5]
(1) 1(S) =5-273/2.d - 2 in all cases.
(ii) We have

P if S = SU,
lim Us _ 3.-2712  ifS=5Sp,
A0 Vd 5.273/2 if S = S0,

The next result also deals with exceptional groups.
Lemma 4.7. Let S be a compact simple Lie group and set
a = V248 — V128 = 4.4343... (5)

Then
1(S) > 5-27%2(\/dim G — €),
where £ = a if S = Eg, By, By, otherwise £ = 1.

Proof. If S is classical, this follows from Corollary (since 5 - 273/2 = 1.7677... > 9/8).
For S exceptional, the lower bound follows from Theorem O

Note that the inequality in Lemma [4.7|is essentially best possible. For example,

I(Eg) =20 =5-273/2(\/dim Eg — a)

[(Fy) =11 > 5-27%2(\/dim F; — 1) = 10.9797...

and

Set
B=05-27%2=17677.. (6)
and let « be as in Lemma [4.7]

We will need the following elementary inequalities.

Lemma 4.8. Let x,y be real numbers.

(i) If £ > 1 then 1 4+ Bz > Sz + 1.
(i) If x,y > 3 then Vo + /y > Vo +y+ 1.
(iii) If x,y > 78 then x4+ \/y > Jr +y + a.

Proof. This is easily reduced to quadratic inequalities in one variable. For example, let
us prove part (ii). By squaring both sides of the required inequality we reduce it to
VZTY = \/m+%, namely to zy > x+y+\/m+i. Since (x — 3)(y —3) > 0
we obtain zy > 3(z + y) — 9 so it suffices to show that 2(x +y) > /x +y + 9.25. Let
w = y/x +y. Then we have to show that 2w? —w — 9.25 > 0, which follows from the fact
that w > v/6 > (1 +/75)/4. O
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Let G be a compact connected Lie group. We prove Theorem [] by induction on dim G,
the base case dim G = 1 being trivial. Suppose dim G > 1 and let N # 1 be a connected
normal subgroup of G of minimal dimension. If Z(G)? # 1 then N is a 1-dimensional
torus. Set 2 = dimG/N. By the induction hypothesis, [(G/N) > B(y/x — «) and by
applying part (i) of Lemma we obtain

(G)=14+I1(G/N) =21+ B(Vxr—a) > B(Vr+1—-a)=EVdinG - a),
as required.

We therefore may assume Z(G)? = 1, so G = [[_, S; is semisimple. If ¢ = 1 then
G is simple and the result follows from Lemma [£.7] So suppose ¢ > 2. We may assume
N = Sp, and set = dimG/N and y = dim N. Then x > y > 3. Suppose first that
N # Eg, E7, Eg. Then the induction hypothesis, Lemma and part (ii) of Lemma
yield

UG) = U(G/N) +1(N) > B(VT — @) + B(/5 — 1) > BTy — a) = B(VdmG — a).
It remains to deal with the case where N = Sy is Fg, E7 or Eg. Then x > y > 78.
Combining part (iii) of Lemma [4.8 with the induction hypothesis we obtain

IG) > BT —a) + BT — ) > (VT Ty —a) = S(/AmE - a).
This completes the proof.
4.5. Proof of Theorem Let the constants a and 3 be as defined above in and
@. Let G be a compact connected Lie group with
I(G) < B(VAim G +c).
Let N be a connected normal subgroup of G. If [(G/N) > (y/dim G/N + ¢+ «) then
I(G) > B(Vdim G + ¢) + (I(N) — B(Vdim N — a)) = B(Vdim G + ¢)
since [(N) > B(v/dim N — a) by Theorem |4, This is a contradiction, so
I(G/N) < B(/dimG/N + ¢+ «). (7)

In particular, if 2 = dim Z(G)? then z < B(\/z+c+a) and thus z is c-bounded. Therefore,
we may assume that G is semisimple.

Suppose G has t factors of type Ejg, so there is a connected normal subgroup N with
G/N = (Eg)". By (7)), we have

20t < B(V248t + ¢ + a)

and we deduce that ¢ is c-bounded. In the same way, we see that the number of exceptional
factors of G is c-bounded so we may assume that G is a product of classical groups. If
G/N = (SU,)" for some n and ¢, then (7)) implies that

2t(n — 1) < B(Vt(n? = 1)+ c+ )
and thus n and t are c-bounded. The same conclusion holds if G/N = (Sp,,)".

Therefore, to complete the proof we may assume that G = Hle SOy, where k£ > 2 and
ny = n; > 7 for all 7. By Theorem [I], we have

k k k
HG) =D mi+ > /4] — k> ZZ"Z — Zk, and
i1 i1 i1
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Claim. If (nq1,...,ng) is a k-tuple of integers with k£ > 2 and n; > n; > 7 for all i, then
either (n1,k) = (7,2), or

k
Zn, k—f Zn, n;i—1) > an (8)
i=2

Since G = [V, SO,,, and I(G) < B(v/dim G +-¢), the claim implies that S , n; < (Bc)?
and thus the normal subgroup SO, has c-bounded codimension. Therefore, it suffices to
prove the number-theoretic claim.

First assume the n; are all equal. We need to show that

anl — Zk — Z\/knl(nl — 1) — \/(k — 1)n1 2 0

for (n1,k) # (7,2). If k is fixed, the expression on the left hand side is increasing in n
and it is routine to verify the desired bound.

Now assume that at least one n; is less than ny, say ny < np, and set

k k
)
f(ng,...,nE) = 4an k—f an n; — Zn,
i=1 1=2
so it suffices to show that f(ng,...,ng) > 0. Note that if z,y, z > 0 are real numbers and

y < 22 + 22/, then \/z + y < 2z + /z. Therefore, since we have

16

25
and
it follows that
and
These bounds imply that f(ng + 1,ns,...,n,) = f(ne,...,ng), so f is minimal when
n; = 7 for all 2 < i < k. Finally, we note that

5 35 5
J(Ton ) =g+ Th = = = 2v/m(m — 1) +42(k —7(k

is an increasing function in both n; and k, and by setting (n1,k) = (8,2) we see that
f(7,...,7) > 0. This justifies the bound in and the proof of Theorem [5|is complete.

In the other direction, if G’ has dimension d, or has a normal subgroup isomorphic to
SO,, of codimension d, then I(G) < B(vVdim G + ¢), where ¢ is d-bounded; indeed, this
follows easily from Lemma
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4.6. Proof of Theorem [6 This is very similar to the proof of the analogous result for
complex simple Lie groups (see [4, Theorem 4]). Let G be a compact simple Lie group
of rank r. It will be convenient to adopt the Lie notation for classical groups, so that
A, = SU,41 and so on. By Lemma we have A\(G) > 2, with equality if and only if
G = SUy, so we may assume 7 > 2. Note that A(G) > 3, with equality if and only if G
has a maximal A; subgroup.

If G = C,, then by applying [§] and Corollary we see that G has a maximal Ay
subgroup and thus A(G) = 3. Next assume G = B,, with r > 3. If » > 4 then A\(G) = 3.
However, if r = 3 then G does not have a maximal A; subgroup, so A(G) > 4. In this
case, equality holds since

Bs3>Gy> A>T > 1

is an unrefinable chain. Similarly, by arguing as in the proof of [4, Theorem 4], we see that
AMG) =4 if G = Dy, or A, with r > 3 and r # 6. Since Ay has a maximal A; subgroup,
we have A(Ag2) = 3, so to complete the proof of Theorem |§| for classical groups, we may
assume that G = Ag. Here A\(G) < 5 since Bs is a maximal subgroup and A\(B3) = 4 as
above. In addition, A(G) > 4 since G does not have a maximal A; subgroup. Let M be
a maximal connected subgroup of G. By inspecting [8], we deduce that either M = Bs,
or M = AsTy, AyA1Ty or A3AsT is the Levi factor of a maximal parabolic subgroup of
G. If M is a Levi factor, then \(M) > A(Ay) for some k € {3,4,5} and we conclude that
A(M) > 4 for each connected maximal subgroup M of G. Therefore A\(G) = 5.

Finally, if G is an exceptional group, then we can repeat the argument in the proof of
[4, Theorem 4]. We omit the details.

4.7. Proof of Theorem |7, We first prove part (i). Let G = S¥, where S is a compact
simple Lie group. We proceed by induction on k, noting that the case k£ = 1 is obvious.
Assume k > 2. Then G has a maximal connected subgroup M = D(S?) x §¥=2 = gk—1,
where D(S?) is a diagonal subgroup of S?. By induction, A\(M) = A\(S) + k — 2 and thus
MG) < A(M)+1=X\S)+ k — 1, proving the required upper bound for \(G).

To establish the lower bound, let m; : G — S be the i-th projection map and let M be
a maximal connected subgroup of G such that A(M) = A\(G) — 1. I m(M) = M; < S
for some i, then M = M; x S¥~1, so by induction A(M) > A(S*¥1) = X(S) + k — 2
and hence A\(G) > A(S) + k — 1. Otherwise, m;(M) = S for all i, so M is a product of
diagonal subgroups of various subsets of the simple factors of S¥, and maximality forces
M = D(S5?%) x §¥=2 = gk=1 Hence again by induction we have

MG)=AM)+1=XS)+ k-1,
proving the lower bound. This establishes part (i).

Now consider part (ii), where z = dim Z(G)°? and G’ = [[*, Sf’ The upper bound for
M(G) follows from part (i) and Lemma [3.1f(ii). We now prove the lower bound by induction
on >, ki. We have A(G) = A(G') + z by Lemma [3.2] so we may assume that G = G’. The
case y . k; = 1 is trivial, so assume ), k; > 2. Let M be a maximal connected subgroup
of G such that A\(M) = A(G) — 1. As above, without loss of generality, one of the following
holds:

(a) k1 >2and M = D(S?) x SI~2 x [, Ski.

(b) M = M x 5’{“71 x TTi%, Sfi, where M; is maximal connected in 5.
In case (a), induction gives A\(M) > (31", (k; + 1)) — 1 and the result follows. The same
applies in case (b), unless k1 = 1. In the latter case, let N = [[", Sfi, so M/N = M.
Since M; # 1, an elementary argument (see [4, Lemma 2.5]) shows that A(M) > A(N)+1.
Induction gives A(N) > > ", (k; + 1) and hence A(G) = A(M) +1 > > 7" (ki + 1), as
required.
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4.8. Proof of Theorem Let G be a compact connected Lie group and write G =
G'Z(G)° and » = dim Z(G)°. By Lemmas [3.1]i) and we have [(G) = I(G') + z and
AG) = A(G') + z. In particular, the result is trivial if G is a torus, so assume that G’ # 1.

By Theorem (I} the only compact simple group satisfying [(G) = A(G) is G = SU,.
Hence if G’ = SUg, then I[(G) = 2z + 2 = \(G).

Conversely, suppose that [(G) = A\(G). Write G’ = H§:1 S, a commuting product of
simple groups S;. Then I(G) = z+ ), 1(S;) and A(G) < 2+, A(S;). Hence I(S;) = A(S;)
for all i, so G’ = (SU)! and I(G) = z + 2t. It remains to show that ¢t = 1. To see this,
suppose t > 2 and note that there is an unrefinable chain

(SUs)? > D((SU)?) > Ty > 1,

so A((SU)?) = 3. Therefore, A\(G) < z + 2t — 1 < I(G), a contradiction. This completes
the proof.

4.9. Proof of Theorem [9. By Theorems [I] and [6] we see that SUs is the only compact
simple Lie group with chain difference one. It follows easily that the compact semisim-
ple Lie groups with chain difference one are SUs, (SUs)? and SU3SUs. The rest of the
argument is very similar to the proof of Theorem [§ above.

4.10. Proof of Theorem We start with some preparations.
Lemma 4.9. Let S be a compact simple Lie group. Then
[(S) < 2cd(S) + a,
where a = 2 if § = SUs,SU3,SUy; a =1 if S = Sp,, SO7; and a = 0 in all other cases.
Proof. 1t suffices to show that [(S) > 2A(S) — a, which is easily deduced from Theorems
[ and [6 O
Next, we deal with homogeneous semisimple groups.
Lemma 4.10. Let S be a compact simple Lie group and let k > 2. Then
1(S*) < 2¢d(S%),
unless S = SUs, in which case [(S*) = 2cd(S*) + 2.
Proof. We have [(S¥) = kI(S) and A(S*) = k+A(S)—1 (see Theorems nd. Combining
§

these equalities with the values of [(S) and A(S) (see Theorems [1| and |6]), we easily obtain
the required conclusion. O

Lemma 4.11. Let G be a compact connected Lie group with G' = [[;*, Sf", where the S;
are pairwise non-isomorphic simple groups and k; > 0. Then

cd(G) = cd(G') > icd(sfi).

i=1
Proof. This follows from Lemmas [3.1] and [3.2] O

We can now prove Theorem

Lemma enables us to reduce to the case where G is semisimple. Write G =[], Sf ‘
where m > 5, k; > 0 and the S; are pairwise non-isomorphic simple groups as in (3)),
labelled so that Si, ..., S5 are SUg, SUs, SUy, Spy, SO7, respectively. Set

Gi=sx J[ s

2<4<5, ki=1
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and .
Go= [[ sSFx]]si
2<i<5, ki >2 =6
Note that G = G1 x G, [(G) = l(G1) + 1(G2) and cd(G) > c¢d(G1) + cd(G2), so it suffices
to show that
l(G) < 2(Cd(G1) + Cd(GQ)) + 2.

Now
(G2 = Y USP)+D_USH).
2<i<5, k; >2 i=6

By Lemma we have l(Sf") < 2cd(5’fi) if 2 <i<5and k; > 2. Similarly, Lemma
gives 1(S;) < 2¢d(S;) for 6 < i < m, which yields 1(S¥) = k;l(S;) < 2k;cd(S;) < 2¢d(SF)
for these values of i. Applying Lemma [4.11] we conclude that

1(G2) < 2cd(G2).

Therefore, to complete the proof of the main statement of Theorem it remains to show
that

I(Gh) < 2cd(Gy) + 2. (9)
First observe that
I(Gh) = 2ky + 4ko + 6k3 + Bky + Tks

and let v > 0 be the number of non-zero k; with 2 < ¢ < 5. It will be useful to highlight
the following unrefinable chains (the existence of these chains follows by combining [8] and

Lemma :
SU3 > SUQ, SU4 > Sp4 > SUQ, SO7 > SU4, SO7 > GQ > SUQ.

If v = 0 then the bound in (9] follows from Lemma, (it is trivial if &y = 0 or 1). For
~v > 0, we make use of the above unrefinable chains to bound A\(G1). Suppose v = 1, say
G1 = (SUg)* x SU3. Then I(G1) = 2k1 + 4 and (SUg)*1*! < G is a maximal connected
subgroup, so Theorem [7{i) yields A(G1) < k143 and thus [(G1) < 2cd(G1) +2. The other
cases with v = 1 are just as easy and we omit the details. Similar reasoning applies when
v > 1. For example, suppose G = (SU2)* x SU3 x SO7. Here I[(G1) = 2k; + 11 and there
is an urefinable chain

G1 > (SUp)M1 T % SO7 > (SU2)M T x Gy > (SUy)M T2,
so MG1) <3+2+ki+1 =k +6, cd(G1) > ki1 + 5 and thus [(G1) < 2cd(Gy) + 1.
Similarly, if v = 4 then I(G1) = 2k; + 22 and
G1 > (SU)M % SU3 x (SUy)? x Spy > (SU)™ x SU3 x SUy x Sp,

> (SUy)*¥t x SU3 x (Sp,)?
> (SU)¥t x SU3 x Sp,
> (SUp)M1* x Sp,
> (SUg)k1+2

is unrefinable (here we are using the fact that a diagonal subgroup D(S?) < S? is maximal
for a simple group S), so A(G1) < 6+2+k;+1 = k1 +9 and c¢d(G1) > k1 +13. In this way,
one checks that the bound in (9) holds and the proof of the first (and main) statement of
Theorem [10] is complete.

To prove the second statement, recall that, by Theorem [4 we have

B(VdAdim G’ — a) < I(G),
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where the constants «, 5 are defined as in Section (see and (6)). Combining this
with the first assertion of Theorem [L0] we obtain

dim G/Z(G) = dim G’ < (B7H(G") + )* < (B71(2cd(G) +2) + )%

This completes the proof.

(1]
2]
3]

(4]

[13]

[16]
[17]
[18]
[19]

[20]

REFERENCES

A. Borel and J. de Siebenthal, Les sous-groupes fermés de rang maximum des groupes de Lie clos,
Comment. Math. Helv. 23 (1949), 200-221.

B. Brewster, M. Ward and I. Zimmermann, Finite groups having chain difference one, J. Algebra 160
(1993), 179-191.

T.C. Burness, M.W. Liebeck and A. Shalev, The depth of a finite simple group, Proc. Amer. Math.
Soc. 146 (2018), 2343-2358.

T.C. Burness, M.W. Liebeck and A. Shalev, The length and depth of algebraic groups, Math. Z., to
appear.

T.C. Burness, M.W. Liebeck and A. Shalev, On the length and depth of finite groups (with an appendiz
by D.R. Heath-Brown), preprint (arxiv:1802.02194), 2018.

P.J. Cameron, R. Solomon and A. Turull, Chains of subgroups in symmetric groups, J. Algebra 127
(1989), 340-352.

E.B. Dynkin, Semisimple subalgebras of semisimple Lie algebras, Amer. Math. Soc. Translations 6
(1957), 111-244.

E.B. Dynkin, Mazimal subgroups of the classical groups, Amer. Math. Soc. Translations 6 (1957),
245-378.

K. Harada, Finite simple groups with short chains of subgroups, J. Math. Soc. Japan 20 (1968),
655-672.

K. Iwasawa, Uber die endlichen Gruppen und die Verbande ihrer Untergruppen, J. Fac. Sci. Imp. Univ.
Tokyo. Sect. 1. 4 (1941), 171-199.

Z. Janko, Finite groups with invariant fourth mazimal subgroups, Math. Z. 82 (1963), 82-89.

Z. Janko, Finite simple groups with short chains of subgroups, Math. Z. 84 (1964), 428-437.

A.W. Knapp, Lie groups beyond an introduction, Second edition. Progr. Math. vol. 140. Birkh&user,
Boston, MA, 2002. xviii+812 pp.

J. Kohler, A note on solvable groups, J. London Math. Soc. 43 (1968), 235-236.

F. Liibeck, Small degree representations of finite Chevalley groups in defining characteristic, LMS J.
Comput. Math. 4 (2001), 135-169.

G.M. Seitz, The mazximal subgroups of classical algebraic groups, Mem. Amer. Math. Soc. 365, 1987.
iv+286 pp.

G.M. Seitz, R. Solomon and A. Turull, Chains of subgroups in groups of Lie type, II, J. London Math.
Soc. 42 (1990), 93-100.

J. Shareshian and R. Woodroofe, A new subgroup lattice characterization of finite solvable groups, J.
Algebra 351 (2012), 448-458.

R. Solomon and A. Turull, Chains of subgroups in groups of Lie type, I, J. Algebra 132 (1990),
174-184.

R. Solomon and A. Turull, Chains of subgroups in groups of Lie type, III. J. London Math. Soc. 44
(1991), 437-444.

T.C. BURNESS, SCHOOL OF MATHEMATICS, UNIVERSITY OF BRISTOL, BrisTOL BS8 1TW, UK

E-mail address: t.burness@bristol.ac.uk

M.W. LIEBECK, DEPARTMENT OF MATHEMATICS, IMPERIAL COLLEGE, LONDON SW7 2BZ, UK

E-mail address: m.liebeck@imperial.ac.uk

A. SHALEV, INSTITUTE OF MATHEMATICS, HEBREW UNIVERSITY, JERUSALEM 91904, ISRAEL

E-mail address: shalev@math.huji.ac.il



	1. Introduction
	2. Subgroups of compact Lie groups
	3. Length and depth: preliminary results
	4. Proofs of the main results
	4.1. Proof of Theorem 1
	4.2. Proof of Theorem 2
	4.3. Proof of Theorem 3
	4.4. Proof of Theorem 4
	4.5. Proof of Theorem 5
	4.6. Proof of Theorem 6
	4.7. Proof of Theorem 7
	4.8. Proof of Theorem 8
	4.9. Proof of Theorem 9
	4.10. Proof of Theorem 10

	References

