
ON THE CLASSIFICATION OF EXTREMELY PRIMITIVE

AFFINE GROUPS

TIMOTHY C. BURNESS AND MELISSA LEE

Abstract. Let G be a finite non-regular primitive permutation group on a set Ω with point
stabiliser Gα. Then G is said to be extremely primitive if Gα acts primitively on each of
its orbits in Ω \ {α}, which is a notion dating back to work of Manning in the 1920s. By a
theorem of Mann, Praeger and Seress, it is known that every extremely primitive group is
either almost simple or affine, and all the almost simple examples have subsequently been
determined. Similarly, Mann et al. have classified all of the affine extremely primitive groups
up to a finite, but undetermined, collection of groups. Moreover, if one assumes Wall’s
conjecture on the number of maximal subgroups of an almost simple group, then there is an
explicit list of candidates, each of which has been eliminated in a recent paper by Burness
and Thomas. So, modulo Wall’s conjecture, the classification of extremely primitive groups
is complete. In this paper we adopt a different approach, which allows us to complete this
classification in full generality, independent of the veracity or otherwise of Wall’s conjecture
in the almost simple setting. Our method relies on recent work of Fawcett, Lee and others
on the existence of regular orbits of almost simple groups acting on irreducible modules.

1. Introduction

Let G 6 Sym(Ω) be a finite primitive permutation group with point stabiliser H = Gα 6= 1.
Following Mann et al. [24], G is said to be extremely primitive if H acts primitively on each of
its orbits in Ω \ {α}. Examples include the usual action of Symn of degree n and the action of
PGL2(q) on the projective line over Fq. Extremely primitive groups arise naturally in several
different contexts. For instance, they feature in the original constructions of some of the
sporadic simple groups (in particular J2 and HS) and they arise in the study of permutation
groups with restricted movement (see [28], for example). As far back as the 1920s, one can
find important work of Manning [25] on extremely primitive groups and they have been the
main subject of several papers in recent years [7, 8, 9, 10, 24].

In this paper, we complete the classification of the finite extremely primitive groups. Here
the first main result is [24, Theorem 1.1] by Mann, Praeger and Seress, which reveals that
every group of this form is either almost simple or affine. The sequence of papers [7, 8, 10]
yields a complete classification of the almost simple extremely primitive groups (see [10, Table
1] for the complete list), so we may assume G = V :H 6 AGL(V ) is a primitive affine type
group. Here V = Fdp is a vector space with p a prime and H 6 GL(V ) is irreducible. In [24],
Mann et al. exhibit various families of extremely primitive affine groups and they are able to
prove that their list is complete, up to the possibility of finitely many exceptions. Furthermore,
they establish a number of important restrictions on the structure of any additional extremely
primitive affine groups. For example, the problem is reduced to the case where G is simply
primitive (that is, primitive but not doubly transitive), p = 2 and H is almost simple.

Let M(H) be the set of maximal subgroups of H. In [24], Mann et al. apply asymptotic
estimates on |M(H)| in order to obtain their affine classification up to a finite, but unde-
termined, list of additional groups. In this direction, a well known conjecture of G.E. Wall
from the early 1960s (see [30]) asserts that the bound |M(H)| 6 |H| holds for every finite
group H. Wall himself proved this for soluble groups, but it has recently been shown to be
false in general (see [23]). However, the conclusion is still expected to be valid when H is
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an almost simple group, but a proof remains far out of reach, even though there have been
major advances in recent decades in our understanding of the subgroup structure of almost
simple groups. Despite this difficulty, some strong asymptotic results have been established.
For example, the main theorem of [21] implies that |M(H)| 6 |H| for all sufficiently large

alternating and symmetric groups. In [24], Mann et al. use the weaker bound |M(H)| < |H|8/5
for |H| � 0 (see [21]) to prove their classification up to finitely many exceptions. In fact, by
assuming Wall’s bound for almost simple groups, they are able to determine an explicit list
of additional possibilities (see [24, Table 2]), each of which has subsequently been eliminated
by Burness and Thomas in [9].

By combining all of the above work, we obtain a complete classification of the finite
extremely primitive groups, modulo a proof of Wall’s conjecture for almost simple groups.
In this paper, our goal is to remove this dependence on Wall’s conjecture. By adopting a
different approach, we will show that the list of extremely primitive affine groups presented
in [24] is indeed complete, which constitutes the final step in this classification programme.

Our main theorem is the following. Note that in part (ii)(a), a prime divisor r of pd − 1 is
a primitive prime divisor if r does not divide pi − 1 for all i = 1, . . . , d− 1 (in other words,
the order of p mod r is d).

Theorem 1. Let G 6 Sym(Ω) be a finite primitive permutation group with point stabiliser
H. Then G is extremely primitive if and only if one of the following holds:

(i) G is almost simple and (G,H) is one of the cases in [10, Table 1].

(ii) G = V :H 6 AGLd(p) is affine, p is a prime and one of the following holds:

(a) H = Zr.Ze, where e divides d and r is a primitive prime divisor of pd − 1.

(b) p = 2 and H = Ld(2) with d > 3, or H = Spd(2) with d > 4.

(c) p = 2 and (d,H) = (4,Alt6), (4,Alt7), (6,U3(3)) or (6,U3(3).2).

(d) p = 2 and (d,H) is one of the following:

(10,M12) (10,M22) (10,M22.2) (11,M23)
(11,M24) (22,Co3) (24,Co1) (2k,Alt2k+1)
(2k,Sym2k+1) (2`,Alt2`+1) (2`,Sym2`+1) (2`,Ω±2`(2))
(2`,O±2`(2)) (8,L2(17)) (8, Sp6(2))

where k > 2 and ` > 3.

Note that the soluble examples are recorded in part (ii)(a), where Zn denotes a cyclic
group of order n. The groups appearing in parts (ii)(b) and (ii)(c) are insoluble and doubly
transitive, while each group in (ii)(d) is simply primitive and H is almost simple. As noted
above, Mann et al. prove that any additional extremely primitive affine group must be simply
primitive, with p = 2 and H almost simple, which provides a starting point for our work in
this paper. More precisely, as we will explain in Section 2 below, we may assume that the
socle H0 of H acts irreducibly on V and one of the following holds:

(I) H0 is an alternating or sporadic simple group;

(II) H0 is a simple group of Lie type defined over a field of odd characteristic;

(III) H0 is a simple group of Lie type over F2 and V = L(λ), where the highest weight λ is
2-restricted.

In addition, by combining [24, Theorem 4.8] with the main theorem of [9], we can immediately
eliminate any groups for which Wall’s bound |M(H)| 6 |H| is known to hold. In this way,
we can often apply a computational approach (using Magma [3]) to rule out simple groups
of suitably small order.

Our basic approach in Cases I, II and III relies on an elementary observation that provides
a connection to an important and widely studied problem in the representation theory of
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finite groups. Recall that H has a regular orbit on the irreducible module V if there exists
a vector v ∈ V such that the stabiliser Hv is trivial. By extreme primitivity, the stabiliser
Hv of any nonzero vector v ∈ V is a maximal subgroup of H (since this is equivalent to the
property that H acts primitively on the H-orbit of v). But if Hv = 1 then Hv is non-maximal
in H (recall that H is almost simple), whence G is not extremely primitive. So our main goal
is to establish the existence of a regular orbit of H on the irreducible module V , whenever it
is possible to do so.

In the last few years, several authors have studied this existence problem in the setting
we are interested in, with H almost simple. For example, work of Fawcett et al. [11, 12] will
quickly allow us to handle Case I above (see Proposition 2.2) and recent work of Lee [17]
will eliminate Case II (see Proposition 2.4). In Case III, we can apply results on maximal
subgroups of exceptional groups of Lie type to reduce to the case where H0 is a finite simple
classical group over F2. Here the linear case will be handled by applying a special case of
Lee’s work in [18] on regular orbits of linear groups on modules in the defining characteristic.

The remaining classical groups need closer attention and in most cases we are able to
establish the existence of a regular orbit of H on V . In order to do this, we use the trivial
observation that if H does not have a regular orbit on V then each vector in V is fixed by
some element x ∈ P, where P is the set of elements of prime order in H. In other words, if
CV (x) denotes the 1-eigenspace of x on V , then H has no regular orbit on V if and only if

V =
⋃
x∈P

CV (x).

Since |V | = 2d, we conclude that H has a regular orbit on V if

|V | = 2d >
∑
x∈P
|CV (x)| =

k∑
i=1

|xHi | · 2dimCV (xi), (1)

where x1, . . . , xk is a complete set of representatives of the H-classes of elements of prime
order in H. This explains why we will be interested in deriving upper bounds on |CV (xi)|.
With this aim in mind, let us observe that if x ∈ H is nontrivial and α(x) is the minimal size
of a subset S ⊆ xH0 with 〈H0, x〉 = 〈S〉, then the irreducibility of H0 on V forces

dimCV (x) 6

(
1− 1

α(x)

)
dimV. (2)

In this way, we can use upper bounds on α(x) due to Guralnick and Saxl [14] to impose
very strong restrictions on the highest weight λ, leaving a handful of low-dimensional modules
to investigate in more detail. To handle these cases, we will often need to establish stronger
bounds on the dimensions of the fixed spaces CV (x), either by working directly with the
module or by applying bounds obtained in recent work by Guralnick and Lawther [13] at the
level of the corresponding algebraic groups over the algebraic closure of F2.

2. Proof of Theorem 1

Let G 6 Sym(Ω) be a finite extremely primitive group with point stabiliser H. By [24,
Theorem 1.1], G is either almost simple or an affine type group. The main results in [7, 8, 10]
provide a classification of the almost simple extremely primitive groups (see [10, Table 1] for
the complete list). Therefore, we may assume G = V :H 6 AGL(V ) is an affine group, where
V = Fdp for some prime p and H 6 GL(V ) is irreducible. Moreover, in view of [24, Theorem
1.2], we may assume G is simply primitive, p = 2 and H is almost simple with socle H0. The
groups appearing in part (ii)(d) of Theorem 1 are of this form and they are all extremely
primitive by [24, Theorem 1.3]. So to complete the proof of Theorem 1, it remains to show
that no additional examples arise.

Let M(H) be the set of maximal subgroups of H. The following result will be very useful.
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Theorem 2.1. Suppose G is simply primitive, p = 2, H is almost simple and |M(H)| 6 |H|.
Then G is extremely primitive if and only if it is one of the groups recorded in part (ii)(d) of
Theorem 1.

Proof. This follows by combining [24, Theorem 4.8] with the main theorem of [9]. �

We begin by handling the cases where H0 is an alternating or sporadic group. This is an
easy application of the results of Fawcett et al. [11, 12] on regular orbits.

Proposition 2.2. The conclusion to Theorem 1 holds if H0 is an alternating or sporadic
group.

Proof. First assume H0 = Altm with m > 5. With the aid of Magma [3], it is routine to
check that |M(H)| 6 |H| if m 6 12, so by Theorem 2.1 we may assume m > 12. We now
apply [11, Theorem 1.1], which states that either V = Fd2 is the fully deleted permutation
module for H over F2 (see [15, p.185] for the definition), or H has a regular orbit on V .
As explained in Section 1, if H has a regular orbit then G is not extremely primitive. On
the other hand, if V is the fully deleted permutation module over F2 then G is extremely
primitive (see [24, Lemma 4.2]) and these groups are recorded in part (ii)(d) of Theorem 1.

Now assume H0 is a sporadic group and let M be the Monster group. If H0 6= M then all
of the maximal subgroups of H are known up to conjugacy (a convenient reference is [31])
and it is straightforward to check that |M(H)| 6 |H|. Therefore, we may assume H = M.
Here [12, Theorem 1.1] implies that H has a regular orbit on V and the result follows. �

For the remainder, we may assume H0 is a simple group of Lie type. By primitivity,
H 6 GLd(2) is irreducible and thus CGLd(2)(H) ∼= F×2a for some integer a dividing d (see
[15, Lemma 2.10.2(i)]). This allows us to view H as a subgroup of ΓLd/a(2

a) = GLd/a(2
a).a

with H0 6 GLd/a(2
a), and we identify V as a (d/a)-dimensional vector space V ′ over F2a on

which H acts semi-linearly. By [24, Lemma 3.2], H0 acts irreducibly on V . Moreover, by [24,
Lemma 3.6] and the subsequent discussion in [24], we may assume that H0 acts absolutely
irreducibly on V ′.

Lemma 2.3. If H0 has a regular orbit on V ′, then G is not extremely primitive.

Proof. Suppose 0 6= v ∈ V ′ and (H0)v = 1. It suffices to show that Hv is a non-maximal
subgroup of H (as previously noted, this implies that the action of H on the orbit of v is
not primitive). To see this, first note that Hv

∼= H0Hv/H0 6 Out(H0), so Hv is a soluble
subgroup of H and its order divides |Out(H0)|. In [19], Li and Zhang determine all the
maximal soluble subgroups of every almost simple group and it is routine to check that there
are no examples with the required properties. Indeed, |K| > |Out(H0)| for every soluble
maximal subgroup K of H. The result follows. �

Proposition 2.4. The conclusion to Theorem 1 holds if H0 is a group of Lie type in odd
characteristic.

Proof. In view of Theorem 2.1 and Lemma 2.3, it suffices to show that either H0 has a regular

orbit on V ′ = Fd/a2a , or |M(H)| 6 |H|. Set G0 = V ′:H0, so G0 is a primitive affine group and
H0 is a simple and absolutely irreducible subgroup of GL(V ′). We are now in a position to
apply [17, Corollary 1.2] with respect to G0, which implies that either H0 has a regular orbit
on V ′, or H0 belongs to a finite list of simple groups that can be read off from [17, Table 1.2].
In each of these cases, we can compute |M(H)| precisely (using Magma [3], for example)
and then apply Theorem 2.1 to conclude. For example, if H0 = Un(r) with n > 3 and r odd,
then this approach reduces the problem to the groups with H0 ∈ {U3(3),U3(5),U4(3)} and
in each case the bound |M(H)| 6 |H| is easily verified. �
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To complete the proof of Theorem 1, it remains to consider the case where H0 is a simple
group of Lie type over F2e . As explained in [24, Section 4] (see Lemmas 4.3 and 4.4), we may
assume that a = e = 1, so H0 6 GL(V ) = GLd(2) is absolutely irreducible. In addition, we
may assume V = L(λ), where λ is a 2-restricted highest weight. In other words, if we fix a
set {λ1, . . . , λ`} of fundamental dominant weights for H0 (labelled in the usual way, see [4]),
then λ =

∑
i ciλi with ci ∈ {0, 1} for all i. If H0 = U`+1(2) or Ω−2`(2) then there are some

additional restrictions on λ. Namely, if H0 is unitary then the fact that V is defined over F2

implies that λ is fixed under the corresponding graph automorphism of the root system of
type A`. In other words, if λ =

∑
i ciλi then ci = c`+1−i for all 1 6 i 6 b`/2c. Similarly, if

H0 = Ω−2`(2) then c`−1 = c`.

Proposition 2.5. The conclusion to Theorem 1 holds if H0 is an exceptional group of Lie
type over F2.

Proof. First assume H = H0 = E8(2). The case where V is the adjoint module for H appears
in [24, Table 2] and it was handled in the proof of [9, Proposition 4.1]. Therefore, by inspecting
[22, Table A.53] we deduce that d > 3626. Recall that H has a regular orbit on V if the
inequality in (1) is satisfied, where P is the set of elements of prime order in H. Given x ∈ P ,
let α(x) be the minimal size of a subset S ⊆ xH with H = 〈S〉 and recall the upper bound
on dimCV (x) in (2). By [14, Theorem 5.1] we have α(x) 6 11 for all x ∈ P and thus⋃

x∈P
|CV (x)| < |H| · 2(1− 1

11)d < 2248+ 10
11
d.

But one can check that this upper bound is less than |V | = 2d for all d > 3626, whence H
has a regular orbit on V and we conclude that G is not extremely primitive.

In the remaining cases

H0 ∈ {E7(2), Eε6(2), F4(2), G2(2)′, 2F4(2)′, 3D4(2)}
we have a complete description of the maximal subgroups of H up to conjugacy and it is
routine to check that |M(H)| 6 |H|. Indeed, the maximal subgroups in the latter three cases
can be accessed using Magma, while we refer the reader to [2], [16, 32] and [27] for the groups
with socle H0 = E7(2), Eε6(2) and F4(2), respectively. Therefore, in each of these cases the
result follows via Theorem 2.1. �

For the remainder, we may assume H0 is a finite simple classical group over F2 with natural
module W of dimension n. Let Vadj and Valt denote the largest composition factors of the
adjoint module and the alternating square module Λ2(W ) for H0, respectively.

Proposition 2.6. The conclusion to Theorem 1 holds if V = W or Valt, or if H0 = Lεn(2)
and V = Vadj.

Proof. First assume V = W , so λ = λ1, d = n and H0 6= Un(2). If H0 = Ln(2) or Spn(2) then
H = H0 (because the highest weight λ is not fixed by an involutory graph automorphism
of H0) and G = V :H is 2-transitive and extremely primitive (see [24, Theorem 1.2(b)(i)]).
Similarly, if H0 = Ω±n (2), then H = H0 or H0.2 = O±n (2) and G is extremely primitive but
not 2-transitive (see [24, Theorem 1.3(c)]). Next assume V = Valt, so λ = λ2. This case is
handled in [24, Lemma 4.5] and the result follows. Similarly, if H0 = Lεn(2) and V = Vadj

then λ = λ1 + λn−1 and we apply [24, Lemma 4.6]. �

Remark 2.7. In Proposition 2.6, the same conclusion holds if the given module V is replaced
by its dual V ∗.

Proposition 2.8. The conclusion to Theorem 1 holds if H0 = Ln(2).

Proof. We apply [18, Corollary 1.4], which implies that either H has a regular orbit on
V = L(λ), or (n, λ) is one of the cases appearing in [18, Table 1.1] (up to duals). By
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inspecting the table, excluding the cases where λ is not 2-restricted or λ ∈ {λ1, λ2, λ1 +λn−1}
(in view of Proposition 2.6), we deduce that either λ = λ3 and n ∈ {6, 7, 8, 9} or λ = λ4 and
n = 8. But for n 6 9 it is easy to check that |M(H)| 6 |H| and the result follows. �

Next we turn to the unitary groups with H0 = Un(2). Here the following lemma will be
useful.

Lemma 2.9. Let V = L(λ) be a nontrivial 2-restricted irreducible F2H0-module, where
H0 = U`+1(2) and ` > 3. Then one of the following holds:

(i) λ = λ1 + λ` and V = Vadj;

(ii) ` is odd, λ = λ(`+1)/2 and dimV =
(

l+1
(l+1)/2

)
;

(iii) dimV > 1
4`(`

2 − 1)(`− 2).

Proof. Write λ =
∑

i ciλi and recall that ci = c`+1−i for all 1 6 i 6 b`/2c. If ` 6 8 then the
result is easily checked by inspecting the relevant tables in [22], so for the remainder we may
assume ` > 9.

Let {α1, . . . , α`} be a set of simple roots in the corresponding root system of type A`,
labelled in the same way as the fundamental dominant weights {λ1, . . . , λ`}. LetW = Sym`+1

be the Weyl group and let Wλ be the stabiliser of the highest weight λ with respect to the
usual action of W on the set of weights of V . Then Wλ is the parabolic subgroup of W
generated by the reflections along the simple roots αi such that ci = 0 and we have

dimV > |W · λ| = |W :Wλ| (3)

since V has at least |W · λ| distinct weight spaces.

Suppose ` > 9 and λ 6= λ1 + λ`, λ(`+1)/2, so there exists an integer 2 6 k < (`+ 1)/2 with
ck = c`+1−k 6= 0. Then Wλ 6 Symk × Sym`−2k+1 × Symk, whence the bound in (3) yields

dimV >
(`+ 1)!

k!k!(`− 2k + 1)!

and it is straightforward to show that this lower bound is minimal when k = 2. This gives
the lower bound in (iii) and the proof of the lemma is complete. �

Proposition 2.10. The conclusion to Theorem 1 holds if H0 = Un(2).

Proof. Write n = ` + 1 and recall that the highest weight λ is invariant under the graph
automorphism of the corresponding Dynkin diagram of type A`. For ` 6 7, it is easy to verify
the bound |M(H)| 6 |H| using Magma, so in view of Theorem 2.1, we may assume that

` > 8. Note that |H| 6 |Aut(H0)| < 2(`+1)2 .

Define P and α(x) as in Section 1. By [14, Theorem 4.2] we have α(x) 6 `+ 1 for all x ∈ P ,
so by appealing to (1) we deduce that H has a regular orbit on V if

2d > 2(`+1)2+(1− 1
`+1)d (4)

It is easy to verify that this inequality holds if d > 1
4`(`

2 − 1)(` − 2), so by combining
Proposition 2.6 and Lemma 2.9, it remains to consider the case where ` = 2m − 1 is odd,
λ = λm and d =

(
`+1
m

)
. Here one checks that (4) holds if ` > 13 so we may assume ` ∈ {9, 11}.

If ` = 9 then the maximal subgroups of H are recorded in [5, Tables 8.62 and 8.63] (up to
conjugacy) and it is straightforward to check that |M(H)| 6 |H|. Similarly, we can appeal to
[5, Tables 8.78 and 8.79] when ` = 11. In both cases, we now apply Theorem 2.1. �

Proposition 2.11. The conclusion to Theorem 1 holds if H0 = Spn(2).

Proof. If n 6 16 then we can use the Magma function ClassicalMaximals to construct
a complete set of representatives of the conjugacy classes of maximal subgroups of H and
this allows us to easily verify the bound |M(H)| 6 |H|. For the remainder, we may assume
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n > 18, so H = H0 and we may write n = 2`, where ` denotes the rank of H. Define P
and α(x) as above. If x ∈ P then [14, Theorem 4.3] implies that either α(x) 6 ` + 3, or
x is a transvection and α(x) = 2`+ 1. Since H contains exactly 22` − 1 transvections and

|H| < 2`(2`+1), we deduce that H has a regular orbit on V if

2d > 2`(2`+1)+(1− 1
`+3)d + (22` − 1) · 2(1− 1

2`+1)d. (5)

One can check that this bound is satisfied if ` > 9 and d > 3`3. Therefore, we may assume
d < 3`3.

If ` = 9 and d < 3`3 then by inspecting [22], excluding any cases handled in Proposition

2.6, we deduce that λ ∈ {λ1 + λ2, λ3, λ9}. Now assume ` > 10. Here 3`3 < 16
(
`
4

)
and we

can use [26, Theorem 1.2] to determine the possibilities for V . In this way, the problem is
reduced to the cases where λ ∈ {λ1 + λ2, λ3}, or λ = λ` and 9 6 ` 6 12. We consider the
three possibilities for λ in turn. Define P as above.

Case 1. λ = λ`, 9 6 ` 6 12.

First assume λ = λ`, so V = L(λ) is the spin module for H and d = dimV = 2` (see [15,
p.195]). For x ∈ P, we claim that dimCV (x) = 2`−1(1 + 2−j) if x is an involution of type
a2j (see [1] for the notation) and dimCV (x) 6 2`−1 in all other cases. Since j 6 b`/2c and

|xH | < 24j(`−j)+1 if x is an involution of type a2j (see [6, Table 3.4.1]), we deduce that H has
a regular orbit on V if

2d > 2`(2`+1)+d/2 +

b`/2c∑
j=1

24j(`−j)+1+d/2+2`−j−1
.

It is easy to check that this inequality is satisfied for all 9 6 ` 6 12. Therefore, to complete
the argument in this case it just remains to establish the above claim on dimCV (x).

To do this, it will be convenient to work with the ambient simple algebraic group H̄ =
Sp2`(k), where k is the algebraic closure of F2. Set V̄ = V ⊗ k and consider a connected
maximal rank subgroup Ā = Sp2(k)` of H̄ (so Ā is the connected component of the stabiliser
in H̄ of an orthogonal decomposition of the natural kH̄-module into ` two-dimensional
nondegenerate subspaces). Then the restriction of V̄ to Ā is irreducible and it is given by
the tensor product of the natural modules of the Sp2(k) factors. Let x ∈ H be an element of
prime order. If x is semisimple then x is H̄-conjugate to an element of Ā (this is clear since
Ā contains a maximal torus of H̄) and thus dimCV (x) = dimCV̄ (x) 6 d/2 by [20, Lemma
3.7]. Similarly, if x is an involution of type b or c, then some H̄-conjugate of x is contained in
Ā and the same conclusion holds.

Finally, let us assume x is an involution of type a2j , where 1 6 j 6 b`/2c. These elements
require special attention because no H̄-conjugate of x is contained in Ā. Let B̄ be a maximal
rank subgroup of H̄ of the form Sp4(k)j × Sp2`−4j(k). By replacing x by a suitable conjugate,

we may assume x = (x1, . . . , xj , y) ∈ B̄, where each xi ∈ Sp4(k) is an a2-type involution and
y ∈ Sp2`−4j(k) is the identity element. The restriction of V̄ to B̄ is irreducible, given by the
tensor product of j spin modules for Sp4(k), together with the spin module for Sp2`−4j(k)
if j 6= `/2 (recall that if {ρ1, . . . , ρm} is a set of fundamental dominant weights for Sp2m(k),
labelled in the usual manner, then the spin module has highest weight ρm). Each xi has Jordan
form (J2, J

2
1 ) on the spin module for Sp4(k), where Ji denotes a standard unipotent Jordan

block of size i (note that the spin module is a twist of the natural 4-dimensional module
for Sp4(k) by a graph automorphism, which interchanges long and short root elements).
Therefore, x has Jordan form

(J2, J
2
1 )⊗ · · · ⊗ (J2, J

2
1 )⊗ (J2`−2j

1 ) = (J
2`−1(1−2−j)
2 , J2`−j

1 )

on V̄ and thus dimCV (x) = 2`−1(1 + 2−j) as claimed.
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Case 2. λ = λ1 + λ2, ` > 9.

Here d = dimV = 16
(
l+1
3

)
(see [26, Table 3]) and one checks that (5) holds if ` > 12.

Therefore, we may assume ` ∈ {9, 10, 11}. By combining the proof of [13, Proposition 2.4.7]
with [13, Lemma 1.3.2] and [13, Proposition 2.2.3], we deduce that dimCV (x) 6 d− 4(`− 1)2

for all x ∈ P. Therefore, H has a regular orbit on V if

2d > 2`(2`+1)+d−4(`−1)2

and it is clear that this is satisfied for each ` ∈ {9, 10, 11}.

Case 3. λ = λ3, ` > 9.

Finally, let us assume λ = λ3. Here d =
(

2`
3

)
− 2(1 + δ)`, where δ = 1 if ` is odd, otherwise

δ = 0, and the inequality in (5) fails to hold for all ` > 9. Let x ∈ H be of prime order r and
set H̄ = Sp2`(k) as above. By examining the proof of [13, Proposition 2.5.22] and applying
[13, Lemma 1.3.2], we deduce that

dimCV (x) 6 d− 4`2 + 16`− 14 (6)

if r 6= 2, or if r = 2 and the Zariski closure of xH̄ contains a short root element (that is, an
element of type a2 in the notation of [1]). By considering the closure relation on unipotent
classes in H̄ (see [29], for example), we see that if x is an involution then the closure of

xH̄ contains a short root element unless x is a long root element (that is, unless x is a
transvection). In this exceptional case, the proof of [13, Proposition 2.5.22] gives

dimCV (x) 6 d− 2`2 + 5`− 1 (7)

and we noted above that H contains precisely 22` − 1 transvections. Therefore, H has a
regular orbit on V if

2d > 2`(2`+1)+d−4`2+16`−14 + (22` − 1) · 2d−2`2+5`−1

and it is straightforward to check that this bound holds for all ` > 9. �

Proposition 2.12. The conclusion to Theorem 1 holds if H0 = Ωε
n(2).

Proof. Write n = 2`, where ` is the rank of H0. For ` 6 8 we can use Magma to compute
|M(H)|, so we may assume ` > 9. Let x ∈ P. Then [14, Theorem 4.4] states that either
α(x) 6 `+3, or H = Oε

n(2), x is a transvection and α(x) = 2`. There are precisely 2`−1(2`−ε)
transvections in Oε

n(2), whence H has a regular orbit on V if

2d > 2`(2`−1)+1+(1− 1
`+3)d + 2`−1(2` + 1) · 2(1− 1

2`)d. (8)

One checks that this bound is satisfied if ` > 9 and d > 8
3`

3. Therefore, we may assume

d < 8
3`

3. Now for ` > 9 we have 8
3`

3 < 16
(
`
4

)
and so we can apply [26, Theorem 1.2] to

determine the possibilities for V = L(λ). In this way, we reduce to the cases λ ∈ {λ1 +λ2, λ3},
together with the spin modules λ ∈ {λ`−1, λ`} for 9 6 ` 6 13.

Case 1. λ ∈ {λ`−1, λ`}, 9 6 ` 6 13.

Here V is a spin module and d = dimV = 2`−1. Note that ε = + and H = H0 because λ
is not invariant under the corresponding graph automorphism of the root system of type D`.
In particular, H does not contain any transvections. The case ` = 9 is handled in [9] (see the
proof of [9, Proposition 3.4]), so we may assume 10 6 ` 6 13. Let W be the natural module
for H and let x ∈ H be an element of prime order.

First assume x fixes a nonsingular vector in W . In this situation, we may embed x in a
maximal subgroup A = Sp2`−2(2) of H (namely, the stabiliser in H of a nonsingular vector
in W ). Let {ρ1, . . . , ρ`−1} be a set of fundamental dominant weights for A, labelled in the
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usual way. Then the restriction of V to A is irreducible with highest weight ρ`−1, so we can
appeal to the argument in Case 1 in the proof of Proposition 2.11. In this way, we deduce
that either dimCV (x) 6 2`−2, or x = a2j is an a-type involution with 1 6 j 6 d`/2e − 1 and

dimCV (x) = 2`−2(1 + 2−j). In the latter case, let us also note that |xH | < 22j(2`−2j−1)+1 (see
[6, Table 3.5.1]).

Now suppose x does not fix a nonsingular vector in W . Then either x is a semisimple
element with a trivial 1-eigenspace on W , or ` is even and x is O+

2`(2)-conjugate to an
involution of type a`. To handle these cases, let H̄ = SO2`(k) be the ambient simple algebraic
group, where k is the algebraic closure of F2, and set V̄ = V ⊗ k and W̄ = W ⊗ k. We
first embed x in a connected maximal rank subgroup B̄ = SO8(k) × SO2`−8(k) of H̄, say
x = (x1, x2) with x1 ∈ SO8(k) and x2 ∈ SO2`−8(k). Then

V̄ ↓ B̄ = (U1 ⊗W1)⊕ (U2 ⊗W2)

describes the restriction of V̄ to B̄, where U1 and U2 are the two non-isomorphic 8-dimensional
spin modules for SO8(k) and W1, W2 are the non-isomorphic spin modules for SO2`−8(k) of
dimension 2`−5. Set Vi = Ui ⊗Wi and write si for the codimension of the largest eigenspace
of x1 on Ui. We claim that dimCV (x) 6 5d/8.

To see this, first assume x ∈ H is semisimple with a trivial 1-eigenspace on W . Notice
that either si > 4, or x1 has a 6-dimensional 1-eigenspace on Ui and si = 2. Since x1 has a 6-
dimensional eigenspace on at most one of the two spin modules for SO8(k), we may assume that
s1 > 4. Therefore, by applying [20, Lemma 3.7] we deduce that dimCV1(x) 6 dimV1 − 2`−3

and dimCV2(x) 6 dimV2 − 2`−4, whence

dimCV (x) = dimCV̄ (x) = dimCV1(x) + dimCV2(x) 6
1

4
dimV +

3

8
dimV =

5

8
d

as claimed. A very similar argument applies if ` is even and x is an involution of type a`.
Here x1 and x2 are involutions of type a4 and a`−4, respectively, and we note that x1 has
Jordan form (J4

2 ) on one of the spin modules for SO8(k) and (J2
2 , J

4
1 ) on the other. Therefore,

we may assume s1 = 4, s2 = 2 and the previous argument applies.

This justifies the claim. Since |H0| < 2`(2`−1), we conclude that H has a regular orbit on
V if

2d > 2`(2`−1)+5d/8 +

d`/2e−1∑
j=1

22j(2`−2j−1)+1+d/2+2`−j−2
.

One checks that this inequality holds for all ` > 10, as required.

Case 2. λ = λ1 + λ2, ` > 9.

Here d = 16
(
l+1
3

)
and one checks that the bound in (8) holds for all ` > 9. In particular,

H has a regular orbit on V and thus G is not extremely primitive.

Case 3. λ = λ3, ` > 9.

Finally, suppose λ = λ3 so d =
(

2`
3

)
− 2(1 + δ)`, where δ = 1 if ` is odd, otherwise δ = 0.

The inequality in (5) fails to hold for all ` > 9.

Let x ∈ H be an element of prime order. Define H̄ = O2`(k), where k is the algebraic
closure of F2, and consider the usual embedding of H̄ in the symplectic group L̄ = Sp2`(k).
Then we may view V̄ = V ⊗ k as an irreducible module for L̄, with irreducible restriction to
the connected component H̄0 = SO2`(k). This allows us to proceed as in Case 3 in the proof
of the previous proposition, using [13, Proposition 2.5.22] to obtain bounds on dimCV (x).
Specifically, if x ∈ H \H0 is a b1-type involution, then x embeds in L̄ as a long root element
and thus (7) holds, while the bound in (6) is valid for all other elements x ∈ H of prime
order.
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As noted above, there are at most 2`−1(2` + 1) distinct b1-type involutions in H. Since

|H| < 2`(2`−1)+1, we deduce that H has a regular orbit on V if

2d > 2`(2`−1)+1+d−4`2+16`−14 + 2`−1(2` + 1) · 2d−2`2+5`−1.

It is routine to check that this inequality holds for all ` > 9. �

This completes the proof of Theorem 1.
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[26] Á.L. Mart́ınez, Low-dimensional irreducible rational representations of classical algebraic groups, preprint
(arxiv:1811.07019)

[27] S.P. Norton and R.A. Wilson, The maximal subgroups of F4(2) and its automorphism group, Comm.
Algebra 17 (1989), 2809–2824.



EXTREMELY PRIMITIVE AFFINE GROUPS 11

[28] D.V. Pasechnik and C.E. Praeger, On transitive permutation groups with primitive subconstituents, Bull.
London Math. Soc. 31 (1999), 257–268.

[29] N. Spaltenstein, Classes unipotentes et sous-groupes de Borel, Lecture Notes in Mathematics, vol. 946,
Springer-Verlag, Berlin–New York, 1982.

[30] G.E. Wall, Some applications of the Eulerian functions of a finite group, J. Aust. Math. Soc. 2 (1961),
35–59.

[31] R.A. Wilson, Maximal subgroups of sporadic groups, in Finite simple groups: thirty years of the Atlas
and beyond, 57–72, Contemp. Math., 694, Amer. Math. Soc., Providence, RI, 2017.

[32] R.A. Wilson, Maximal subgroups of 2E6(2) and its automorphism groups, preprint (arxiv:1801.08374)

T.C. Burness, School of Mathematics, University of Bristol, Bristol BS8 1UG, UK

Email address: t.burness@bristol.ac.uk

M. Lee, Department of Mathematics, University of Auckland, Auckland, New Zealand

Email address: melissa.lee@auckland.ac.nz


	1. Introduction
	2. Proof of Theorem 1
	References

