FINITE GROUPS, 2-GENERATION AND THE UNIFORM
DOMINATION NUMBER

TIMOTHY C. BURNESS AND SCOTT HARPER

ABSTRACT. Let G be a finite 2-generated non-cyclic group. The spread of G is the largest
integer k such that for any nontrivial elements x1,...,zy, there exists y € G such that
G = (z;,y) for all 7. The more restrictive notion of uniform spread, denoted u(G), requires
y to be chosen from a fixed conjugacy class of GG, and a theorem of Breuer, Guralnick and
Kantor states that u(G) > 2 for every non-abelian finite simple group G. For any group
with 4(G) > 1, we define the uniform domination number v, (G) of G to be the minimal
size of a subset S of conjugate elements such that for each nontrivial x € G there exists
y € S with G = (z,y) (in this situation, we say that S is a uniform dominating set for G).
We introduced the latter notion in a recent paper, where we used probabilistic methods to
determine close to best possible bounds on 7, (G) for all simple groups G.

In this paper we establish several new results on the spread, uniform spread and uni-
form domination number of finite groups and finite simple groups. For example, we make
substantial progress towards a classification of the simple groups G with v, (G) = 2, and
we study the associated probability that two randomly chosen conjugate elements form a
uniform dominating set for G. We also establish new results concerning the 2-generation of
soluble and symmetric groups, and we present several open problems.
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Let G be a finite non-cyclic group that can be generated by two elements. It is natural

to study the properties of generating pairs for G and such problems have attracted a great
deal of attention over several decades, especially in the context of finite simple groups. Here
we begin by introducing the generation invariants and associated probabilities that will be
the main focus of this paper.

In [I0], Brenner and Wiegold define the spread of G, denoted s(G), to be the largest

integer k such that for any nontrivial elements x1, . .
G = (x;,y) for all i. This leads naturally to the more restrictive notion of uniform spread,
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.,Z in G, there exists y € G such that
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denoted u(G), which was introduced more recently by Breuer, Guralnick and Kantor [13].
This is defined to be the largest integer k such that there is a conjugacy class C of G with
the property that for any nontrivial elements x1,...,z; in G, there exists y € C such that
G = (z;,y) for all i. Clearly,
s(G) Z u(G@) = 0.

It is easy to see that if s(G) > 1, then every proper quotient of G is cyclic. In fact, it is
conjectured that this condition on quotients is equivalent to the positive spread property;
see [13], Conjecture 1.8], and recent progress towards a proof of this conjecture in [25, 48] [49].

In [27], we introduced some new generation invariants, which can be viewed as natural
extensions of spread and uniform spread. Following [27], we say that a subset S C G
of nontrivial elements is a total dominating set (TDS) for G if for all nontrivial z € G,
there exists y € S such that G = (x,y). To explain the terminology, note that if I'(G) is
the generating graph of G, whose vertices are the nontrivial elements of G and z,y € G are
adjacent if and only if G = (x,y), then S is a TDS for G if and only if it is a total dominating
set for I'(G) in the usual graph-theoretic sense. Consequently, if s(G) > 1, then the total
domination number of G is defined by

7(G) = min{|S| : S is a TDS for G}.

Similarly, if u(G) > 1, then G contains a uniform dominating set (UDS), which is defined to
be a TDS of conjugate elements, and the uniform domination number of G is

Yu(G) = min{|S| : S is a UDS for G}.
Observe that if u(G) > 1, then
2 <(G) < (@) <[C
for some conjugacy class C' of G (if u(G) = 0, then v, (G) is undefined).

Probabilistic methods play an important role in the study of uniform spread and the
uniform domination number. For an element s € G and a positive integer ¢, we define

e “)e cey X d DS f
P(G,s,c) = H{(x1,...,2.) € (s7) {|:C17"|c ,x.} is a UDS for G}|7

(1)

the probability that ¢ randomly chosen conjugates of s form a UDS for G. In addition, we
define

P.(G) = max{P(G,s,c) : s € G}, (2)
50 v (G) < ¢ if and only if P.(G) > 0.

There is a vast literature on the remarkable generation properties of finite simple groups.
The starting point is a theorem of Steinberg [68], which states that every finite simple group
of Lie type is 2-generated. It is easy to see that every alternating group is 2-generated and
the same is true for all sporadic simple groups by a theorem of Aschbacher and Guralnick
[1]. Therefore, by appealing to the Classification of Finite Simple Groups, we conclude that
every finite simple group is 2-generated (without the classification, there is no known bound
on the number of generators needed for a finite simple group). This observation leads to
many natural problems concerning the distribution of generating pairs across a simple group,
which have been intensively studied in recent years (see the recent survey article [22] for more
details).

The main result on the uniform spread of simple groups is the following theorem, which
combines results from [I3] and [406].

Theorem (x).
(i) If G is a finite non-abelian simple group, then u(G) > 2, with equality if and only if
G € {45, 46,94 (2),5py,(2) (r = 3)}.
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(ii) Let (G) be a sequence of finite non-abelian simple groups with |G| — oo. Then
either u(Gy) — oo, or there is an infinite subsequence consisting of either

(a) alternating groups of degree all divisible by a fized prime; or
(b) odd-dimensional orthogonal groups over a field of fized size; or
(c) symplectic groups over a field of even characteristic and fized size.

Here part (i) is due to Breuer, Guralnick and Kantor [I3] Theorem 1.2], extending earlier
work of Guralnick and Kantor [45], and independently Stein [67], who established the weaker
bound u(G) > 1. The asymptotic statement in part (ii) is a theorem of Guralnick and Shalev
[46, Corollary 2.3]. Note that the cases described in parts (a)—(c) of part (ii) are genuine
exceptions. For example, if n > 6 is composite, then [46, Proposition 2.4] gives

S(Ay) < (2193* 1), (3)

where p is the smallest prime divisor of n. Similarly, [46, Proposition 2.5] states that
$(Spam(q)) < ¢ if ¢ is even and $(Qam11(q)) < %q(q + 1) if ¢ is odd, for all m,q > 2.

In view of Theorem |(x).} it is natural to study the uniform domination number of simple
groups. In [27], we developed probabilistic and computational methods to study ~,(G) and
we used these techniques to determine close to best possible bounds for simple groups. For
example, we showed that there are infinitely many simple groups G with 7, (G) = 2, including
the alternating groups A, when n > 13 is prime. In contrast, we proved that the uniform
domination number is in general unbounded for finite simple groups; for instance,

’Yu(An) Z HOgQ TL~| —1
for all even integers n > 6 (see [27, Theorems 1 and 2]).

A key observation in [27] is the connection between the uniform domination number and
the classical concept of bases in permutation group theory, which allows us to apply recent
work on bases for almost simple primitive groups. In order to explain this relationship, recall
that if G acts faithfully on a finite set {2, then a subset of {2 is a base for G if its pointwise
stabiliser in G is trivial. We write b(G, §2) for the base size of G, which is the minimal size
of a base. The connection in [27] arises from the easy observation that if there is an element
s € G contained in a unique maximal subgroup H of G, then P(G,s,c) > 0 if and only if
b(G,G/H) < ¢, whence 7,(G) < b(G,G/H) (see Section [2.2 for further details).

Our initial investigations in [27] lead to a number of natural problems, which we seek to
address in this paper. For example, one of our aims is to extend the study of the simple groups
G with the extremal property 7,(G) = 2, with a view towards a complete classification.
For such a group G, we will also investigate the corresponding probability P»(G) (see (2))
and its asymptotic properties (with respect to a sequence of such groups). We will also
revisit earlier work of Binder [B 6 [7] from the 1960s on the spread of symmetric groups,
together with results of Brenner and Wiegold [10] from the 1970s on soluble groups and the
simple linear groups La(gq). In particular, we take the opportunity to bring together several
important results on the 2-generation of finite groups that are somewhat scattered through
the literature.

We now present the main results of the paper. Our first theorem concerns soluble groups.

Theorem 1. Let G be a finite non-abelian soluble group such that every proper quotient is
cyclic. Then G = N:H, where N = (Cp)f for some prime p and integer f > 1, and H 1is
cyclic and acts faithfully and irreducibly on N. Moreover, the following hold:
(i) s(G) = |N|—€ and u(G) = |[N|—1, where e = 0 if |H| is a prime and € = 1 otherwise.
(i) 7(G) =2 and P»(G) =1 — |[N|7L.

Remark 1. Let us make some comments on the statement of Theorem [I}
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(a) In (i), the result on s(G) is due to Brenner and Wiegold (see [10, Theorem 2.01]).

(b) Let G = N:H be a soluble group as in the theorem and let s € G be a nontrivial
element. We will show that P(G,s,2) > 0 if and only if s generates a complement
of N (see Proposition , in which case any two distinct conjugates of s form a
uniform dominating set and thus P(G, s,2) = 1 — |N|~! since s is self-centralising.

(c) The corresponding result for a non-cyclic abelian group G is transparent. Indeed,
the condition on quotients implies that G = C), x C}, for some prime p and it is easy
to see that s(G) = p and u(G) = 0.

Next we turn to symmetric groups.

Theorem 2. Let G = S,, withn > 5.
(i) We have

| 2 ifniseven |0 ifn=6
s(G) = { 3 ifn is odd and u(G) = { 2 otherwise.

(ii) For all n,
1(G) Z 1(G) = [logyn] = 3.
(iii) Suppose n is odd and €2 is the set of |5 |-element subsets of {1,...,n}. Then
Yu(G) = b(G, Q) <
(iv) If n is even, then v,(G) < 3nlogyn.

2logy 1.

Remark 2. Let us record some comments on the statement of Theorem [}

(a) The equality u(S,) = 2 for n # 6 is the main feature of part (i). Indeed, the
calculation of s(S,) is due to Binder [5, 6]. In addition, Binder [7] showed that
u(Sy) = 1if n # 6 (as noted in [25, Theorem 2|, we have u(Sg) = 0).

(b) For (iii), the upper bound (and its proof) is analogous to the upper bound on v, (Ag,)
obtained in [27] (see Theorem 3(i) below). It is also worth noting that the base size
b(G, Q) is not known exactly (see [47]).

(c) It is easy to handle the small degree symmetric groups excluded in the theorem. By
Theoremvve have s(S3) = 3, u(S3) = 2, 7,(S3) = 2 and P(S3) = % Since S4 has
a proper non-cyclic quotient, we see that s(S4) = u(Sy) = 0.

For alternating groups, our main result is the following.
Theorem 3. Let G = A,, withn >5

(i) If n is even, then
2 ifn==6
5(6) =u(@) = { 4 (ftherwise
and
logy n < (@) < 7u(G) < 2logy n.
(il) If n > 9 is odd, then u(G) = 4
log, n < 1(G) < (G) < 77logy n,

where p is the smallest prime divisor of n.

4 and

iii) We have v, (G) = 2 if and only if n > 13 is a prime.
(iif) Tu(G) = y p
(iv) If n > 13 is a prime, then Po(G) > 1 —n~1.

Remark 3. Some remarks on the statement of Theorem

(a) In part (i), the result on s(G) and u(G) is due to Brenner and Wiegold [10, (3.01)-
(3.05)] and the upper bound on ~,(G) is taken from [27, Theorem 2]. The lower
bound is established in Proposition
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(b) Part (ii) extends the bound u(G) > 3 established in [I3] (with essentially the same
proof). The excluded cases n € {5,7} are genuine exceptions: it is straightforward
to show that s(As) = u(As) = 2 and s(A7) = u(A7) = 3. The upper bound on ~,(G)
is [27, Proposition 3.15] and the lower bound follows from Proposition

(c) In stark contrast to the even degree case, the uniform spread of an odd-degree al-
ternating group can be arbitrarily large. Indeed, this is a consequence of part (ii) of
Theorem More precisely, [46, Proposition 3.1] states that if n is composite and
p is the smallest prime divisor of n, then

5(An) = cplogp

for some (undetermined) absolute constant c. We refer the reader to [46, Propositions
3.2 and 3.3] for explicit bounds on u(A;) and s(A,) when n is a prime (also see [10]
Section 4]).

(d) Part (iii) extends [27, Theorem 3.7(i)], which states that v,(A,) =2 if n > 13 is a
prime. This can be viewed as a first step towards a classification of the finite simple
groups G with v,(G) = 2 (see Corollary [7| below). In addition, if n > 13 is a prime,
then P(A,,s,2) > 0 if and only if s is an n-cycle (see Proposition [5.5)).

(e) In part (iv), the case n = 13 is an anomaly. Indeed, with the aid of MAGMA [9], one

can show that
4979

Py(Ar3) = 46200

(see Remark for further details).

Next we consider the finite simple groups of Lie type. Our main result for exceptional
groups is the following.

Theorem 4. Let G be a finite simple exceptional group of Lie type over F,.
(i) We have v,(G) < 5, with v,(G) = 2 if and only if
G € {*Ba(q),*G2(q) (a > 27),*Fu(q) (¢ = 8),° Da(a), B§(a), Bx(q), Es(q)}- (4)
(i) If v (G) = 2, then Py(G) > 1 —q~ L.
Remark 4. Let us make some remarks on the statement of Theorem [4t

(a) The bound on 7,(G) in part (i) strengthens the result 7,(G) < 6 stated in [27|
Theorem 5.2]. The same result states that v,(G) = 2 if G is 2Ba(q), 2G2(q) (with
q = 27), or Fg(q), and the complete classification of the exceptional groups G with
Yu(G) = 2 is the main feature of Theorem

(b) The lower bound on P»(G) in part (ii) is essentially best possible. For example, if
G = 2?By(q), then

(@ —4)(q—2q+1)+4
(-1 (g+v2¢+1)

(see Lemma and Remark . Stronger bounds are obtained in many cases. For
instance, if G = Es(q) then P»(G) > 1 — ¢~ by Lemma

P(G)=1~—

Finally, let us turn to the classical groups. The two-dimensional linear groups merit special
attention and they are handled in the following result.

Theorem 5. Let G = La(q) with ¢ > 4.
(i) If ¢ = 11 and q # 3 (mod 4), then

B [ qg—1 ifqg=1(mod 4)
s(G)—U(G)—{ qg—2 ifq is even.

(ii) If ¢ = 3 (mod 4) and q > 11, then u(G) = q— 4 and s(G) > q — 3.
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(iii) If ¢ =3 (mod 4) and q > 11 is a prime, then
1 1
s(G) = 5(3q —=7) and s(G)—u(G)= i(q +1).

(iv) We have
4 ifqg=9
Ww(G) =< 3 ifqe {57} orq is even
2 if g > 11 is odd.
(v) If ¢ > 11 is odd, then

Py(C) 3 1+%) if ¢ =1 (mod 4)
2 = .
% 1-— q(qqt:%l)) if ¢ = 3 (mod 4).

In particular, Py(G) > %, with equality if and only if ¢ = 11.
Remark 5. Let us make some comments on the statement of Theorem [}

(a) The spread of G = La(q) was first studied by Brenner and Wiegold in [10]. According

to [10, Theorem 4.02], if ¢ > 11 or ¢ is even, then s(G) = f(q) where

g—1 if¢g=1(mod 4)

fl@g=1 q—4 if ¢g=3(mod 4)

q—2 if qis even.
However, the proof in [I0] is incomplete and only the lower bound s(G) > f(q)
is established. With some additional work, we can show that s(G) = f(q) when
q # 3 (mod 4) and ¢ > 13 (see Theorem [7.3), which establishes part (i) of Theorem
However, the case ¢ = 3 (mod 4) is rather more complicated and we have been
unable to compute s(G) and u(G) precisely. Note that part (ii) shows that the
statement of [10, Theorem 4.02] is incorrect in this case.

(b) Part (iii) demonstrates that the difference s(G) — u(G) can be arbitrarily large. As
far as we are aware, this provides the first example of an infinite family of non-abelian
finite groups with this property.

(c) It is straightforward to handle the small values of ¢ excluded in parts (i), (ii) and
(iii). Since La(4) = La(5) = A5 and La(9) = Ag, we see that s(G) = u(G) = 2 if
q € {4,5,9}. If ¢ = 8, then s(G) = u(G) = 6 as in part (i). Finally, for ¢ = 7 one
can check that s(G) =5 and u(G) = 3.

(d) Part (iv) extends [27, Proposition 6.4], which states that 7,(L2(q)) < 4, with equality
if and only if ¢ = 9. We also note that G = Ly(11) is the smallest simple group with
’Yu(G) =2.

(e) It is worth highlighting the expression for P»(G) in part (v), which shows that
Py(G) — § as ¢ tends to infinity (cf. Corollary

In order to state a result for all classical groups, it will be useful to write

A={U,41(q) : 7> 7 0dd} U{PSp,,(q) : r >3 odd, g odd} U{PQF (q) : r =5 odd}

B = {Spy,.(q) : 7> 2, qeven, (r,q) # (2,2)} U{Q2r+1(q) : 7 >3, ¢ odd}

C = {PSpy,(q) : > 5 odd, ¢ odd} U {PQQiT(q) ;7 >4 even}

In the statement of the following result, r denotes the (untwisted) Lie rank of G, which is

the rank of the ambient simple algebraic group.

Theorem 6. Let G be a finite simple classical group over Fq of rank r.

(i) We have v,(G) < Tr + 56.
(ii) We have v, (G) = 2 only if one of the following holds:
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(a) G =La(q) and q > 11 is odd.
(b) G =L&(q), where n is odd and (n,q,€) € {(3,2,+),(3,4,+),(3,3,—),(3,5,—)}.
(¢c) GeC.
Moreover, v,(G) = 2 for the groups in (a) and (b).

(il) Ifyu(G) =2 and G & CU{La(q) : ¢ > 11 odd}, then either P»(G) > %, or G = Us(2)
and P5(G) = %% Moreover, P2(G) — 1 as |G| — oc.

Remark 6. Let us make some remarks on the statement of Theorem

(a) The bound on v, (G) in part (i) is from [27, Theorem 6.3], where we also showed that
Yw(G) <15 if Ge Aand r < 7,(G) <Trif G € B.

(b) In part (ii), we have been unable to determine if ~,(G) = 2 for the groups G in the
collection C. We refer the reader to Remarks [8.15] and [8.16] for further comments on
the difficulties that arise in these special cases.

We now present some general results concerning all finite simple groups. Let us write D
for the classical groups arising in parts (ii)(a) and (ii)(b) of Theorem [f] and let £ be the
exceptional groups in . In addition, write

S = {Mas, J1, J4, Ru, Ly, O'N, Fig3, Fi},, Th, B, M}
T = {J3,He, Co;, HN}
The following result is an immediate corollary of Theorems [3{iii), [4i) and [6{ii), together

with [27, Theorem 4.2] on sporadic groups. Note that v, (G) € {2,3} for each of the groups
in 7, but we have been unable to determine the exact value in these cases (see Remark .

Corollary 7. Let G be a finite simple group. Then v, (G) = 2 only if

(i) Ge{A, : n>13 prime} UDUEUS; or

(i) GeCUT.
Moreover, v,(G) =2 for the groups in (i).

The next result follows from Theorems [3(iv), [4(ii) and [6](iii).
Corollary 8. Let (G,,) be a sequence of finite simple groups such that v,(Gp) = 2,
Gn € CU{La(q) : ¢ > 11 odd}

and |G,| = co. Then Po(Gy) — 1 as n tends to infinity.

We will also establish the following non-asymptotic result on the probability P>(G) (this
will be proved in Section @

Theorem 9. Let G be a finite simple group such that v,(G) = 2 and G € CUT. Then
P (G) < % if and only if one of the following holds:

(i) G =La(g), ¢ = 11, g =3 (mod 4) and

24 1 g+3
< I _ .
55 < 120 =35 (1 qlq — 1))

(ii) G e {A13,U5(2),Fi23} and

4%92?0 if G = Az
P(G)=1q % ifG=Us(2)

7700 v T
mroar U G = Fizs.
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Remark 7. In terms of the asymptotics of P»(G), it is natural to ask whether or not this
probability is bounded away from zero. That is, is there an absolute constant ¢ > 0 such
that P,(G) > e for every simple group G with v, (G) = 2? By Theorem [9] this is true for the
relevant groups G & C. Therefore, in order to answer this question, it remains to consider
the specific symplectic and orthogonal groups comprising the collection C.

There is a natural generalisation of the uniform domination number for groups with uni-
form spread greater than one. Indeed, if G is a finite group with u(G) > ¢ for some positive
integer ¢, then let ’yq(f)(G) be the smallest size of a set S of conjugate elements such that for
any nontrivial elements z1,...,z, € G, there exists y € S such that G = (z;,y) for all 4.

Evidently, %(LI)(G) = 7, (G). Since u(G) > 2 for all finite non-abelian simple groups G, it is

natural to consider 7132) (@) for these groups. With this in mind, we can state the following
result (see Section [9).

Theorem 10. Let G be a finite simple group such that v,(G) = 2 and G ¢ CUT. Then
'71(?)(6’) = 3. Moreover, the following hold:

(i) If G = A,, with n > 13 prime, then 'yz(f)(G) =041 foralll <l < n.
(ii) If G is an exceptional group of Lie type over Fy, then fyqsg)(G) =/(+1 foralll <L <q.
Remark 8. Let us comment on Theorem [0

(a) Lemma states that if G is a finite non-cyclic group, then m(f)(G) > (+ 1, with
equality if P,(G) > 1 — ¢~ (this is clear for £ = 1). Therefore, the probabilistic
results in Corollary [§ and Theorem [9] are crucial to the proof of Theorem

(0)

(b) In certain cases, we can establish even stronger results on 7y, ’(G). For example, if
G = Es(q), then 9(G) = £+ 1 for all £ < ¢* (see Remark [4{b)).

Remark 9. Suppose G is a finite group with an element s € G that is contained in a unique
maximal subgroup H of G. In this situation, the class s¢ witnesses v,(G) = 2 if and only
if b(G,G/H) = 2, and one needs further information on the bases of size two in order to

determine if the same class witnesses ’yq(f)(G) = (+1 for some ¢ > 2. It turns out that this is
encoded in the so-called Sazl graph (G, G/H), which has vertex set G/H and two vertices
are adjacent if and only if they form a base for G (see [24]). According to Lemma
%(f)(G) = ( + 1 is witnessed by s if and only if ¥(G,G/H) has an (¢ + 1)-clique (that is, a
complete subgraph with £+ 1 vertices). In particular, the probabilistic condition in Remark
(a) is just a special case of Turdn’s Theorem applied to the graph X(G,G/H). In [24], it is
conjectured that if G < Sym(2) is a finite primitive group with b(G,Q2) = 2, then any pair
of vertices of 3(G, 2) have a common neighbour and thus (G, ) contains a triangle. In
the above setting, this would imply that 7&2)((;) =3.

Finally, let us return to the total domination number 7;(G) and recall that v,(G) < vu.(G).
It is natural to consider the relationship between these two numbers. For example, is there
an absolute constant C' such that

Yu(G) < C(G)

for all non-abelian finite simple groups G? By the results stated above, this is true for all
even-degree alternating groups and all exceptional groups of Lie type. It also holds for the
classical groups in the collections denoted A, B and D above (indeed, one can modify the
proof of [27, Theorem 6.3(iii)] to get v(G) > r for all G € B). It would be interesting
to investigate if this relationship extends to the remaining classical groups, and also the
alternating groups of odd degree.

Notation. Our group-theoretic notation is fairly standard. In particular, we adopt the
notation from [53] for simple groups, so we write L,,(q) = PSL,(¢q) and U, (q) = PSU,(q) for
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linear and unitary groups, and P (q) is a simple orthogonal group, etc. In addition, if G
is a finite group, then we write G* for the set of nontrivial elements in G' and i,(X) for the
number of elements of order r in a subset X of G. For matrices, it will be convenient to write
[AT*, ..., Ap*] for a block-diagonal matrix with a block A; occurring with multiplicity n;.
In addition, J; will denote a standard unipotent Jordan block of size ¢. Finally, for positive
integers a and b, we write (a, b) for their greatest common divisor and we set [a] = {1,...,a}.

Acknowledgements. The second author thanks the Engineering and Physical Sciences
Research Council and the Heilbronn Institute for Mathematical Research for their finan-
cial support. Both authors thank Alexander Hulpke for his computational assistance and
they thank an anonymous referee for their careful reading of the paper and several helpful
comments and suggestions.

2. METHODS

In this section, we record some preliminary results which will be needed in the proofs of
our main theorems. Throughout, let G be a finite 2-generated non-cyclic group and let G#
be the set of nontrivial elements of G.

2.1. Spread. Define the spread s(G) and uniform spread u(G) as in the introduction. We
begin by outlining a probabilistic approach which was first used by Guralnick and Kantor
in [45] to prove that u(G) > 1 for every non-abelian finite simple group G and has since
been instrumental in establishing several related results on the uniform spread of simple and
almost simple groups in [13] 25, [46] [48].

For z,s € G, let

z SG . = (T, Z
Plas)—1- € |5§ (z,2)}] 5

be the probability that = and a randomly chosen conjugate of s do not generate G. The
following result is [25, Lemma 2.1].

Lemma 2.1. Let k be a positive integer and assume there is an element s € G such that

k
Z P(zi,s) <1
=1

for all k-tuples (x1,...,x) of prime order elements in G. Then u(G) = k (with respect to
the conjugacy class s ).

We can use fixed point ratios to estimate the sum in Lemma Recall that if G acts
transitively on a finite set 2, then
Ca()| _ |2“n H]
fpr(z, Q) = =
2] |2€]

is the fized point ratio of © € G, where Cq(x) is the set of fixed points of x and H is a point
stabiliser. By [25, Lemma 2.2], we have

P(z,s) < Y fpr(z,G/H), (6)
HeM(G,s)

where M(G, s) is the set of maximal subgroups of G which contain s. This yields the
following corollary.

Corollary 2.2. Let k be a positive integer and assume there is an element s € G such that
1
Z fpr(z,G/H) < Z
HeM(G,s)
for all x € G of prime order. Then u(G) > k.
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Therefore, upper bounds on fixed point ratios can be used to bound the probability P(z, s).
In order to effectively apply this approach, one needs to identify an element s € G for which
we can control the maximal overgroups in M(G, s) (ideally, s should be contained in very
few maximal subgroups).

When it is feasible to do so, this probabilistic approach will be complemented by computa-
tional methods implemented in MAGMA [9]. These methods are outlined in [48, Section 2.3]
and we refer the reader to Breuer’s manuscript [I2] for a more detailed discussion.

2.2. Uniform domination number. Let G be a finite group with u(G) > 1. Recall that
a subset S of G* is a total dominating set (TDS) for G if for all x € G¥, there exists y € S
such that G = (z,y), and the uniform domination number of v,(G) is the minimal size of a
TDS for G consisting of conjugate elements. This notion was first introduced in [27], where
close to best possible bounds on 7, (G) for simple groups G were determined. Let us briefly
recall the main methods developed in [27] to bound the uniform domination number.

Recall that if G acts faithfully on a finite set €2, then a subset of ) is a base for G if its
pointwise stabiliser in G is trivial; the base size of G, written b(G, (), is the minimal size
of a base. The following result reveals an important connection between bases and total
dominating sets consisting of conjugate elements.

Lemma 2.3. Let s € G7, let H € M(G, s) and assume that H is core-free. Then
min{|S| : S C s% is a TDS for G} > b(G,G/H),
with equality if M(G,s) = {H}. In particular, if for each s € G there exists H € M(G, s)
with b(G,G/H) > ¢, then v,(G) > c.
Proof. This follows from [27, Corollaries 2.2 and 2.3]. O

Probabilistic methods also play a key role in [27]. As in the introduction, for an element
s € G and integer ¢ > 1, we define P(G, s, c) to be the probability that ¢ randomly chosen
conjugates of s form a TDS for G (see (I))). Note that v,(G) < c if and only if P(G,s,c) >0
for some s. The next lemma provides a means of computing P(G, s,2) in an important
special case.

Lemma 2.4. Suppose s € G* and M(G,s) = {H} with H core-free. Then
r|H|?
P(G,s,2) = —,
|G|

where 1 is the number of reqular orbits of H on G/H.

Proof. First observe that if {z,y} is a TDS for G, then so is {29,y9} for all g € G, hence
9€ 5% : {s,s9} is a TDS f
P(G,s,2)=|{$ €s“ : {s,s9} is a TDS orG}\‘
ES
Now {s,s9} is a TDS for G if and only if H N HY =1, so
HgeG: HNHI=1} r/H]?
P(G,s,2) = =
[Ca(s)]]s4] |G|

as required. O

The next result, which is [27, Lemma 2.5], shows that fixed point ratios can be used to
bound the complementary probability Q(G,s,c) =1 — P(G, s, c).

Lemma 2.5. Let s € G# and ¢ € N. Then

k
QG s,0) <> 18| > fpr(ei, G/H) | = Q(G,s,¢),
=1

HeM(G,s)
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where the x; represent the conjugacy classes in G of elements of prime order.

We can use the following result to estimate the bound that arises in Lemma (see [27,
Lemma 2.7]).

Lemma 2.6. Let {Hy,...,Hy} be proper subgroups of G. Suppose that x1,. ..,z represent
distinct G-classes such that >, |2 N H;| < A; and x| > B for alli,j. Then

m V4 ¢ 4 ¢
o1l D o tor(e, G/H;) | < BV YA
i=1 j=1 j=1

for all positive integers c.

Recall the definition of ’yq(f)(G) from the introduction, where ¢ is a positive integer. In
particular, notice that ’y&l)(G) = 7u(G).

Lemma 2.7. Let ¢ be a positive integer. Then ’yq(f)(G) > 0+ 1, with equality if Q(G,s,2) <
1/¢ for some s € G.

Proof. Fix s € G and consider a subset S = {21, 29,..., 2} of s of size £. Since G is not
cyclic, there is no j such that G = (z;, z;) for all i € [¢], whence ’yl(f) (G) =0+ 1.

Now assume that Q(G, s,2) < 1/¢. We will use induction on £ to prove that there exists
a subset S of s¢ of size £ + 1 such that {z, 2’} is a TDS for G for all distinct z,2’ € S. The
base case £ = 1 is clear, so let us assume ¢ > 2. Since Q(G,s,2) < 1/¢ < 1/({ — 1), by
induction, there exist z1,...,z € s¢ such that {zi, z;} is a TDS for all distinct 7,5 € [/].
For i € [(], let N; C s be the set of conjugates z of s such that {z;, 2z} is not a TDS for G.
The bound Q(G, s,2) < 1/¢ implies that |N;| < |s%|/¢, so there exists 2,1 € s such that
Zo41 & Ule N; and hence {z;, z;} is a TDS for all distinct ¢, j € [¢ + 1].

Now fix S C s such that |S| = £+ 1 and {z,2'} is a TDS for G for all distinct 2,2’ € S.
Let x1,...,z; € G# be arbitrary elements. We claim that there exists z € S such that
G = (z;,2) for all i € [f]. Seeking a contradiction, suppose that for all z € S, there exists
i € [¢] such that G # (z;,z). Since |S| > ¢, there exists i € [(] and distinct z, 2’ € S such
that G # (x;,2) and G # (2, 2'), but this contradicts the fact that {z,z'} is a TDS. This
completes the proof of the lemma. O

Recall that if G is a group acting faithfully on a set €2, then the Sazl graph (G, ) has
vertex set 2 and a, § € Q are adjacent if and only if {«, 5} is a base for the action of G on
Q (see [24]).

Lemma 2.8. Fiz s € G and assume that M(G,s) = {H} for a core-free subgroup H with
b(G,G/H) = 2. Then %(f)(G) = ( + 1 is witnessed by s& if and only if ©(G,G/H) has an
(¢ + 1)-clique.

Proof. First assume that (G, G/H) has an (¢ + 1)-clique. Then there exist £+ 1 distinct
conjugates H9 ... H9+1 such that H% N HY% = 1 for all i # j, which is equivalent to
{s%,s9} being a TDS. Therefore, by the proof of Lemma {s91,..., 89441} witnesses
(G =+ 1.

Conversely, assume that ’y?(f)(G) = (+ 1 is witnessed by a set S = {s9',...,s9%+1}. To
prove that ¥(G,G/H) has an (¢ + 1)-clique, it suffices to prove that H% N H9% = 1 for all
1 # j. Suppose otherwise, say 1 # x € H9 N H92. Then there is no element z € S such
that G = (y, z) for all y € {x,s9,...,s9+1} which contradicts S witnessing 'yq(f)(G) =/(+1.
This completes the proof. Il
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In addition to the techniques described above, we will also use computational methods in
GAP [41] and MacMA [9] to study ~,(G). We refer the reader to [27, Section 2.3] and [28]
for a detailed discussion of these methods.

3. SOLUBLE GROUPS

In this section we will prove Theorem [1} With this goal in mind, we begin by recording
an elementary lemma on the structure of the finite soluble groups we are interested in.
Throughout this section, it will be convenient to let S be the set of finite non-abelian soluble
groups with the property that every proper quotient is cyclic.

Lemma 3.1. Fach G € S is a primitive Frobenius group of the form G = N:H, where
N, the socle of G, is an elementary abelian p-group for some prime p, and H = (h) acts
faithfully and irreducibly on N. In particular, H = Cg(h) has |N| distinct N -conjugates and
these subgroups intersect pairwise trivially.

Proof. This is straightforward; see the proof of [I4, Proposition 1.1], for example. O

Since the spread of soluble groups has been studied by Brenner and Wiegold in [10]
Theorem 2.01], we may focus on the uniform spread and the uniform domination number.

Proposition 3.2. Let G = N:H € S as above. Let 1 < k < |N|—1 and let S be a subset
of hC of size k+ 1. Then for any k nontrivial elements 1, ...,z in G, there exists s € S
such that G = (x;, s) for all i.

Proof. Write S = {h™ : n € M} where M is a subset of N of size k + 1. Let z1,...,x} be
arbitrary nontrivial elements of G. Since the distinct conjugates of H have pairwise trivial
intersection, each x; is contained in at most one conjugate of H. Therefore, there exists
n € M such that x; & H™ for all 7. Fix 1 < i < k and write z; = n;h; with n; € N and
h; € H™. Note that n; # 1 since z; ¢ H". We claim that G = (z;,h"). To see this, first
observe that H™ < (x;, h™) since H" = (h"). In addition, n; € (z;,h") and N = (nf") since
H" acts irreducibly on N. Therefore G = (z;, h") and the result follows. g

Corollary 3.3. If G = N:H € S as above, then u(G) = |[N| — 1.

Proof. Since u(G) > |N| — 1 by Proposition it suffices to show that u(G) < |N| — 1.
Seeking a contradiction, suppose that G has uniform spread |N| with respect to an element
s € G. Consider the set {h" : n € N} of |[N| nontrivial elements. Since G has uniform
spread |N| with respect to s, it follows that there exists g € G such that G = (s9, h") for all
n € N. Therefore,

seG\|JH" =N

nenN
and thus s € N. However, (n,s*) < N < G foralln € N and x € G, which is a contradiction.
Therefore, u(G) < |N| — 1 and the proof is complete. O

Corollary 3.4. If G = N:H € S as above, then v,(G) =2 and P(G,h,2) =1 —|N|~L.

Proof. Both claims follow from the special case of Proposition with k& = 1, noting that
any two distinct G-conjugates of h form a uniform dominating set. O

Finally, we determine the conjugacy classes that witness the properties established above.
This completes the proof of Theorem

Proposition 3.5. If G = N:H € S as above, then the following are equivalent:
(1) s¢ witnesses u(G) = 1.
(ii) 8¢ witnesses v,(G) = 2.
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(iii) s generates a complement of N.

In particular, Po(G) =1— |N|7L.

Proof. Proposition proves that (iii) implies (ii), and evidently (ii) implies (i). We will
prove that (i) implies (iii). Suppose that u(G) > 1 with respect to s%. Then for 1 #n € N,
there exists g € G such that G = (n, s9). In particular, G/N = (Nn, Ns9) = (Ns9). Since
Ns9 generates G/N, the element s9 generates a complement of N. O

Remark 3.6. It follows from the proofs of Proposition [3.2] and [3.5] that two elements of G
form a total dominating set if and only if they generate distinct complements of V.

4. SYMMETRIC GROUPS

In this section, we will focus on symmetric groups and our main aim is to prove Theorem
alternating groups will be handled in Section

The spread of symmetric groups has been the subject of many papers, spanning several
decades. In 1939, Piccard [63] proved that if n > 3, then S,, has positive spread if and only if
n # 4. In addition, she showed that the alternating group A,, has positive spread for n > 4.
Building on these results, the spread and uniform spread of symmetric and alternating groups
were studied by Binder in a series of papers [5] [6l [7, 8] in the late 1960s. In particular, he
shows that

0 ifn=4
s(Sp) =14 2 ifn#4iseven (7)
3 ifnis odd

for n > 3 (see [5,6]). Here Binder uses the term k-fold coherent to describe a group G with
s(G) = k, and he refers to a total dominating set as a complete set of complements (the term
spread was first introduced by Brenner and Wiegold in [I0]). Binder studies the uniform
spread of symmetric groups in [7], proving that u(S,) > 1 for n ¢ {4,6}. Note that the two
excluded cases are genuine exceptions. Indeed, s(Sy) = u(Ss) = 0 since Sy has a non-cyclic
proper quotient, and one can check that u(Sg) = 0 (see [25, Theorem 2], for example).

As a consequence of Binder’s work, it follows that u(S,) € {1,2} if n > 8 is even, and
u(Sy) € {1,2,3} if n is odd. Our first aim is to determine the exact uniform spread of S,
for all n; the main results are Theorems and Along the way, we will also prove ([7]).
With this goal in mind, the following preliminary result will be useful.

Lemma 4.1. Let G = S, withn > 9, let s = (1,2,...,n) € G and let i,j,k,l € [n] be
distinct numbers.

(i) G=((i,7),s) if and only if j —i and n are coprime.
(ii) ((i,4,k),s) = Ay if and only if j —i and k — j are coprime.
(iii) ((¢,7)(k,0),s) = Ay if j — i and n are coprime and i,7,k,l < n/2.

Proof. Let = be (i,7), (i,7,k) and (i,7)(k,l) in parts (i), (ii) and (iii), respectively. In
all three cases, it suffices to show that (z,s) acts primitively on [n] since any primitive
permutation group of degree n > 9 and minimal degree at most 4 must contain A,, (see [35]
Example 3.3.1]). Cases (i) and (ii) are straightforward, so let us consider (iii). Let II be a
nontrivial partition of [n] stabilised by s. Then each part of II is a congruence class modulo
a, where 1 < a < n and a divides n. If z also stabilises II, then either each cycle of x is
contained in a part of II, or a = n/2 and either {i,k} and {j,1} are parts of II, or {7, 1} and
{j, k} are parts of II. The first of these possibilities is excluded by the condition that j — 1
and n are coprime, and the second is ruled out by the condition i, j, k,! < n/2 since each
part of II contains a number greater than n/2. The result follows. g

Remark 4.2. By Lemma[4.1]i), if z € S, is an n-cycle then S,, = (z, (i,4z)) for each i € [n].
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Finally, we will refer to the shape of a permutation x € S,, to mean the list of lengths of
the disjoint cycles comprising . For example, (1,2)(3,4) € S7 has shape [22, 13].

4.1. Uniform spread for odd degrees. We will first determine the uniform spread of
odd-degree symmetric groups, which is significantly easier than the even-degree case. We
will also compute the spread of these groups.

Theorem 4.3. Let G = S,, withn > 5 odd. Then u(G) =2 and s(G) = 3.

Proof. The case n = 5 can be handled using MAGMA, so let us assume n > 7. We begin by
establishing lower bounds. Write n = 2m + 1 and let C be the class of elements of shape
[m,m + 1]. Let z1, 2 and x3 be nontrivial elements of G and assume that

{‘7717‘7327 :IJ3} 7é {(17 2)7 (27 3)7 (17 3)}g

for all g € G. Therefore, we may fix two disjoint subsets {a1, a2, as}, {b1,b2,b3} of {1,2,... ,n}
such that a;x; = b; for each i. Choose z € C so that aq,as, as are contained in the m-cycle
of z, and by, be, b3 are contained in the (m + 1)-cycle. Clearly, z is contained in a unique
maximal intransitive subgroup H. Since (m,m + 1) = 1, z is not contained in a transitive
imprimitive subgroup. In addition, since z is odd and 2z™*! is an m-cycle, a theorem of
Marggraf (see [73, Theorem 13.5]) implies that z is not contained in a primitive maximal
subgroup. Therefore, M(G,z) = {H} with H = S,, X Sp4+1. However, by construction
(x;, z) is transitive for each i, so G = (x1, z) = (x2, 2) = (x3, 2).

In particular, by setting x3 = x2 in the above paragraph, we have shown that u(G) > 2
with respect to the class C. Moreover, to show that s(G) > 3, it suffices to prove that
there exists an element w € G such that G = ((1,2),w) = ((2,3),w) = ((1,3),w). By
Lemma [4.1}i), we can take w = (1,2,...,n), hence s(G) > 3.

Let us now turn to upper bounds. Let s € G be such that

G = <(172)78> = <(1’3)75> = <(273)75>'

Suppose s stabilises a k-element subset A of [n] with k < n, and let B be the complement of
A. Since G = ((1,2), s), we may assume, without loss of generality, 1 € A and 2 € B. Since
G =((1,3),s) and 1 € A we must have 3 € B. However, this gives ((2,3),s) < Gypy < G,
which is a contradiction. Therefore, s is an n-cycle.

Let us draw two conclusions from this observation. First, suppose that u(G) > 3 is
witnessed by a class s¢. We have just demonstrated that s is an n-cycle. However, n is
odd, so s € A, and thus ((1,2,3),s9) < A, < G for all ¢ € G, which is a contradiction.
Therefore, u(G) < 2 and thus u(G) = 2. Second, suppose that s(G) > 4. Then there exists
t € G such that G = ((1,2),t) = ((2,3),t) = ((1,3),t) = ((1,2,3),t). As before, ¢t must be
an n-cycle and once again we reach a contradiction since ((1,2,3),t) < 4, < G. Therefore,
s(G) < 3 and the proof is complete. O

4.2. Uniform spread for even degrees. Now let us turn to the uniform spread of sym-
metric groups of even degree. Our main aim is to prove the following result.

Theorem 4.4. Let G = S,, with n > 8 even. Then u(G) > 2.

Our proof of Theorem [4.4] relies on the probabilistic method described in Section [2.1] and
it is based on the arguments in [45 Section 7] and [13, Section 6]. In addition, we use some

of the ideas in Binder’s proof of the weaker bound u(G) > 1 in [7].

Our first priority is to establish some fixed point ratio estimates for the action of G = 5,
on partitions. For a divisor | of n with 1 < [ < n, let II; be the set of partitions of [n]
into [ parts of equal size. Then G has a natural action on II; and for each € G we write
Fix;(x) for the set of partitions in II; stabilised by x. Whenever we refer to partitions we
mean partitions whose parts have equal size.
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We will establish the following bounds, which may be of independent interest (note that
in both lemmas, there are no conditions on the parity of n).

Lemma 4.5. Let G = S, with n > 8 and assume that * € G has shape [p¥, 1"P*] where p
1s an odd prime and k > 1. Then

/12 if (p,k) = (3,1) orl >n/6
fpr(z, ) < { 1/13  otherwise

Lemma 4.6. Let G = S,, with n > 14 and assume that * € G has shape [2%,1"72k] where
k>1. Then

Yl ifk=1

6/n? ifk=2andl=n/2

1/12 ifk=2and2<l<n/2

33/128 ifk=2andl =2

1/12 if k>3 and > n/6

1/13 if k>3 andl <n/6

fpr(z,1I;) <

Remark 4.7. Let us comment on Lemmas [£.5] and [4.6]

(a) In [I3, Proposition 6.7], similar upper bounds on fpr(x,II;) are obtained when n is
odd and z € A, has prime order. Therefore, we can view Lemmas and as an
extension of this result to all n and all z € S, of prime order.

(b) When n is small, it is straightforward to verify the bounds in Lemmas and
with the aid of MAGMA. Indeed, we will prove these results in this way for n < 30.

We begin by recording some preliminary results (once again, note that there are no con-
ditions on the parity of n in Lemmas and [4.9)).

Lemma 4.8. Let G = S,, and assume that © € G has shape [pk, 1”_pk], where p is an odd
prime and k > 1.

(i) If1 < %, then
fpr(x,II;) < fpr((1,2,3),1IL;).
(ii) If p =5 and I < %, then

fpr(z,11;) < fpr((1,2,3,4,5),11;).
(iii) Ifp=3,k>2 andl < §, then
pr'(I, Hl) < pr'((]., 2, 3)(47 5, 6)7 Hl)

Proof. The bound in part (i) is obtained by constructing an injection
f: Fixy(z) — Fix((1,2,3)),

as in the proof of [13, Proposition 6.7(c1)]. Similarly, we refer the reader to [45, Proposi-
tion 7.4(ii)] for parts (ii) and (iii), which are established in a similar fashion. O

Lemma 4.9. Let G = S,, withn > 30 and let © = (1,2)(3,4) --- (2k—1,2k) € G with k > 2.
(i) If3<1< 3, then
pr'(JJ,Hl) < fpr((la 2)(3a 4)7Hl)
(i) If k>3 and 3 <1 < §, then
fpr({B,Hl) < fpr(<172)(374)(576)7nl)'

In the proof of Lemma we will make use of the convenient notation for partitions
introduced by Guralnick and Kantor in [45] Section 7].
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(L,a,byx / 2,a' 0/, [ 3,% [ 4, /...)

= (1,2,a,% / 3,4,b,% [ a',x [V, x /...)
(1,2,a,% / 3,b,% / 4,6/, /...)

= (1,2,b,% / 3,4,% [ a,b,x /...)
(3,4,a,% / 1,b,x / 2,b/,% /...)

(IT)

(1) = (3,4,b,% / 1,2,% [ a, b/, x /...) ity =>4
(3,4,a / 1,b,c /2,0, [ d,* /...) 03
— (3,4, / 1,2,d / a,b,e /W %/ ...) !
(V) (1,3,% /2,4, /...)
= (1,2,% / 3,4,% /...)
V) (1,4,a,% / 2,3,a',x | bye,d,* /...) where V & {c,d}

= (1,2,a,% / 3,4,b,% [ d',e,dyx [ ..))
TABLE 1. The map f in the proof of Lemma [4.9(i)

Notation. When defining a map f between subsets of II;, for a partition II we will specify
the image f(II) by giving some of the elements of {1,2,...,n}, separating parts by / and
assuming that the unspecified points, denoted by *, are in the same parts of f(II) as they
are in II. For z = (1,2)(3,4)--- (2k — 1,2k) € S,, and i € [n] in the support of z, we will
write i =4 — 1 if 7 is even and ¢/ =i+ 1 if 7 is odd (so (4,4’) is the cycle of x containing 7).

Proof of Lemmal[].9. To establish part (i), we proceed as in the proof of [I3, Proposi-
tion 6.7(c2)] (note that in [I3], it is assumed that k is even and n is odd). The claim is
clear if kK = 2, so let us assume k > 3. Define a map

f: Fix;(z) — Fix;((1,2)(3,4))

as follows. Let II € Fix;(z). If II € Fix;((1,2)(3,4)), then set f(II) = II. Otherwise, by
considering the possible types of partitions in Fix;(z) \ Fix;((1,2)(3,4)), we define f(II) as
in Table[l] Note that f(II) € Fix;((1,2)(3,4)) \ Fix;(z) in each case.

In order to establish the desired bound in part (i), it suffices to show that f is injective.
To do this, let ¥ be a partition in the image of f and write f(II) = X for some II € Fix;(z).
We need to show that there is a unique choice for II. Clearly, if ¥ € Fix;(x) then IT = X, so
let us assume ¥ ¢ Fix;(z). Note that in every case, {1,2} is a subset of a part A of X, and
{3,4} is a subset of some other part B.

From the definition of f, we see that there are three separate cases to consider, according
to the number m € {2,3,4} of parts of ¥ that are not mapped to parts of ¥ by x. We will
refer to the type of II by the label recorded in the first column of Table

First assume m = 4, so I has type (I) or (III) (with n/l = 3 in the latter case). If no point
in any of these four parts is fixed by z, then II has type (I). To prove that II is uniquely
determined in this case, it suffices to show that a and b are uniquely determined (indeed,
these numbers determine ¢’ and b’ and, together with X, these four values determine II).
Now a is the unique point in A \ {1,2} which is not mapped by z into B, and similarly b
is the unique point in B\ {3,4} not mapped into A. Therefore, IT is uniquely determined
by ¥. Now assume IT has type (III) and n/l = 3. Here, d is the unique point in A\ {1,2}
and ¢ is the unique point in B\ {3,4}, so we have determined ¢ and d. Now « is the unique
point fixed by x in the part of 3 containing ¢, and b is the remaining point in this part. The
values of a, b, ¢ and d, together with the partition ¥, uniquely determine II.
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Now assume m = 3, so II is of type (II), (IIT) (with n/l > 4) or (V). Necessarily, A and B
are two of the three parts of ¥ that are not mapped to parts of ¥ by x. Let C' be the third
such part. We begin by demonstrating that the type of 1I is determined by X. First assume
that n/l = 3. If a point of B is mapped by z into C, then II has type (II), otherwise, IT has
type (V). Now assume that n/l > 4. If a point of A is mapped by x into B, then II has type
(V). Otherwise, if at least two points of A are mapped into C' by x, then II has type (III);
else IT has type (II).

We now show that II is determined by 3 when m = 3. First assume that II has type (II).
The unique point of A not mapped into A by z is b, and the unique point in C'\ {b'} not
mapped into B is a; this determines II. Next assume that n/l > 4 and II has type (III). The
unique point in B not mapped into B is b, and the unique point in C'\ {§’'} not mapped into
A is a; this determines II. Finally, suppose II has type (V). Now a is the unique point in A
not mapped by x into B, and b is the unique point in B not mapped into A; this determines
IT (since ¢ and d are not moved by f).

Finally, suppose m = 2. Here II has type (IV) and thus II is the partition obtained by
interchanging 2 and 3 in ¥. Therefore, II is uniquely determined in this case.

We have now shown that the map f is injective, which completes the proof of part (i).

Now consider (ii) and note that we may assume k > 4. We define a map
f: Fix)(z) — Fix((1,2)(3,4)(5,6))

as follows. Let II € Fix;(x). If II € Fix;((1,2)(3,4)(5,6)), then we define f(II) = II. Now
assume that IT & Fix;((1,2)(3,4)(5,6)). For brevity, we will handle multiple possibilities at
once by letting

oe{l,(1,3,5)(2,4,6),(1,5,3)(2,6,4)} (8)
and writing i = i0 for 1 < ¢ < 6. With this notation, we define f as in Table [2l Note that
S() € Fix((1,2)(3,4)(5,6)).

We claim that f is injective. To see this, let ¥ = f(II) be a partition in the image of
f- As before, we need to show that II is uniquely determined by ¥. We may assume that
Y ¢ Fix)(x).

First assume that {1,2}, {3,4} and {5,6} are not subsets of distinct parts of ¥, so II has
type (IV). Here b is the unique point in the part of ¥ containing 1, 2, 3 and 4 which is not
mapped by x into that part. In addition, there is a unique part all of whose points other
than exactly two are mapped into the part containing 5 and 6; a is the unique point other
than b’ in this part not mapped into the part containing 5 and 6. This determines II.

For the remainder, we may assume that {1,2}, {3,4} and {5,6} are subsets of distinct
parts A, B and C of ¥. Where appropriate, we will write A = Ao, B = Bo and C = Co
for o as in . There are four cases to consider, according to the number m € {2,3,4,6} of
parts of X that are not mapped to parts of ¥ by x.

First assume m = 6, so II has type (I). The unique point in A\ {1,2} not mapped into B
by z is a, and the unique point in B\ {3,4} not mapped into A is b. There is a unique part
of 3 all of whose points other than exactly two are mapped into C, and c is the unique such
point other than a’. This determines II.

Next assume m = 4, so II has type (II), (VII) or (VIII). If one of A, B or C' is fixed by z,
then IT has type (II). In this case, the unique point in B\ {3,4} not mapped into C is a, and
the unique point in C\ {5, 6} not mapped into B is b; this determines II. Now assume that
none of the parts A, B and C' are fixed by x. Let P be the unique part of ¥ other than A,
B or C which is not mapped to a part by . There are two cases to consider. First suppose
P contains a cycle Z of z, in which case II has type (VIII) and Z = {b,b'}. If A\ {1,2} and
B\ {3,4} are interchanged by z, then b is even; otherwise, b is odd and c is the unique point
in B not mapped into A. In both cases, this uniquely determines II (since ¢ is not moved by
f when b is even). Now suppose that P does not contain a cycle of x, so IT has type (VII).
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(1,a,b,x / 2,a' b/ ,x [ 3,¢,% [ 4, % [B,* [6,% /...)

@ = (1,2,a,% / 3,4,b,% / 5,6,% [ c,a',x [V, x ) x/...)
an (1,2,% / 3,a,b,% / 4,a' b/, /5,% [ 6,% [...)
— (1,2, / 3,4,a,% /5,6,b,x [ a',x /U ,x/...)
(1) (1,2,% / 3,4,a,% / 5,b,x | 6,0/, /...)
—(1,2,% / 3,4,b,x / 5,6,% [ a,b/,x /...)
() (1,2,3,4,a,% / 5,b,x / 6,0/ ,% /...)
— (1,2,3,4,b,% / 5,6,x [ a, b/, x /...)
W) (1,2,% / 3,5,% / 4,6,% /...)
= (1,2,% / 3,4,% / 5,6,% /...)
(VI) (1,2,a,* / 3,6,b,% / 4,5, /...)
— (1,2,b,% / 3,4,a,% / 5,6,% /...)
(Vi) (1,3,a,% / 2,4,d',% / 5,b,x / 6,b/,x /...)

— (1,2,a,% / 3,4,b,%x / 5,6, / a',b/,x /...)

(1,4,a,% / 2,3,a’',%x / 5,b,c,x / 6,0, % /...)

(VIII) (1,2,a,% / 3,4,a’,% / 5,6,¢c,x / b,/ ,c/,x /...) if biseven
{(1,2,a,*/3,4,6,*/5,6,&’,*/b,b’,c’,*/...) if b is odd

(1,3,5,% / 2,4,6,¢c,% [/ a,b,d,* /...)

(IX) = (1,2,a,% / 3,4,b,d,x |/ 5,6,¢c,% /...)
(X) (1,3,6,% / 2,4,5,¢,% [ a,b,d,x /...)

— (3,4,a,% / 5,6,b,d,x [/ 1,2,¢,% /...)
(XT) (1,4,5,% / 2,3,6,c,% [/ a,b,d,* /...)

— (5,6,a,% / 1,2,b,d,x / 3,4,¢,% /...)
(XI1) (1,4,6,a,b,% / 2,3,5,a', b/, % / ¢,d,e,g,x /...)

— (1,2,a,¢,d,% / 3,4,b,e,g,% / 5,6,a’,b/ ;% /...)

TABLE 2. The map f in the proof of Lemma [£.9(ii). (In cases (IX)—(XI),
{a,b,d} N {a’,V/,d'} = 0. In case (XII), if ¢ or d’ is in {c,d,e,g,*} then
d =d,and if ¢ or ¢ is in {c,d, e, g,*} then ¢ = g.)

Here, the unique point in A \ {1,2} not mapped into B by z is a, and the unique point in
B\ {3,4} not mapped into A by z is b; this determines II.

Now suppose m = 3, so II has type (III), (VI) or (IX)—(XII). First assume one of A, B or
C' is fixed by x, so I has type (III). The unique point in B not mapped back into B is b.
There is a unique part of ¥ all of whose points other than exactly two are mapped into C,
and a is the unique such point other than #'. This determines II.

Now assume none of A, B and C' are fixed by x. If all but one point of one of A, B or C'is
mapped back into that part, then IT has type (VI). Here the unique point in A not mapped
back into A is b, and the unique point in B\ {3,4} not mapped into C is a; this determines
II.

To complete the analysis of the case m = 3, we may assume that IT is of type (IX)—(XII).
If all but one point of A\ {1,2} are mapped into B, then II has type (IX). The unique point
in A\ {1,2} not mapped into B is a, the point in C that is mapped into A is ¢ and the
points in B\ {3,4} not mapped into A are b and d; this determines II. If all but one point
of B\ {3,4} are mapped into C, then II has type (X), and if all but one point of C'\ {5, 6}
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are mapped into A, then IT has type (XI); in both cases II is determined as before. Finally,
suppose II has type (XII). The point in A mapped into C' is a, and the point in B mapped
into C' is b. In addition, the two points in A \ {1,2,a} not mapped into B are ¢ and d, and
the two points in B\ {3,4, b} not mapped into A are e and g. This determines II.

Finally, if m = 2 then II has type (V) and we can determine II by interchanging 4 and 5
in .
This proves that f is injective and completes the proof of (ii). O

Lemma 4.10. Let G = S, with n > 30 even and suppose x € G has shape [p*,1"7P¥] where
pis a prime, k> 1 and (p,k) € {(2,1),(2,2),(2,3), (3,2)}. If1 =2, then

1
fpr(z,1I;) < -
Proof. First assume that p is odd. Let II € Fix;(x). Since n/l = 2 < p, no cycle of x is
contained in a part of II. Consequently, if k is odd, then Fix;(z) is empty, so we will assume
that k > 2 is even. Then x moves ¢t = pk/2 parts in k/2 orbits of size p and thus [ — ¢ parts
of IT are fixed by xz. With this in mind, let us compute fpr(z,II;).

First observe that |II;| = (21)!/(1!2"). To construct an z-stable partition in IT;, we must
first partition the 2] — 2t fixed points of = into [ — t parts of size 2. The number of ways
this can be done is (21 — 2t)!/((I — ¢)!2!=!). We must then partition the remaining 2t = pk
points into pk/2 parts of size 2, which are permuted by z in k/2 orbits of size p. This
amounts to partitioning the pk/2 parts into k/2 sets of the form {{i1,ji},..., {ip,jp}} where
(i1,...,ip) and (j1,...,Jp) are cycles of x. Therefore, an z-stable partition of these pk
points corresponds to a partition of the cycles of = into pairs, together with a choice of
partition {{i1, jic}, ..., {ip, jpo} } for each pair {(i1,...,%p), (j1,...,7p)}, where o is a power
of (1,2,...,p). There are k!/((k/2)!2¥/?) ways of partitioning the k cycles of z into pairs,
and for each pair there are p choices for . Therefore, there are p*/2-k!/((k/2)! 2¥/2) different
ways to partition the pk points moved by z. In this way, we conclude that

k! (21 —2t)! 112!
(Eyrok/2  (I—t)l2i=t (2))

fpr(z,11;) = pl‘“/2 .

By applying Stirling’s approximation, we calculate

k! (20 —2t)! 112!
f ) = pk/2 . . .
prie ) =75 (g e (@) )
o3 pRI2Ih L/ 20—k 921—201/2( _ )20 2041/2—(21-20)141/2 Il oh/2+1/2
S 537282 Jek /2412 —k/29k/2(] — {)l=t+1/2—(I—1) 2l [21+1/2¢—2120+1/2
e e\ (P-Dk/2 (] —¢)l=t
:27r3/2'(27) T (10)

which in turn is at most

tt(l_t)lft _ 55(l—5)l75 _ ic') l _ l
! h ! 153 12 72
since | =n/2 > 15 and t = pk/2 > 5 (because p > 3 and we are assuming (p, k) # (3,2)).

Now assume that p = 2 and k > 4. In this case, a partition II € Fix;(x) has i pairs of
parts interchanged by z, and [ — 27 parts stabilised by x. Moreover, [ — k of these [ — 27 parts
are fixed pointwise. Therefore, by counting as we did above,

L2l S|, @2 n2

fpr(z, ) = ;Uc—z@)wz ) ameE @y
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Observe that

[k/2] lk/2] , Lk/2]
k2]t Lk/2)\ ([k/2] — ) [k/2] 1
> g =2 ()2 < = () e

i=0 =0

which is at most
L%J k/2] 1 (3 Lk/2]
i )2t \2 '

1=0

Therefore,

S\ g @r—2k) 12
2) CLR/2 (= k)12R T (210)!
_ (" B — k! 20 —2k)! 12
A (2) [k/2]- CTk/2\12K2 (1= k) 2R (20

By repeating the manipulations between @ and (with p =2 and t = pk/2 = k) we get

Lk/2] 3 k/2 kR(] — )k 4 k/2-1 1k 18—k
ety < (£) U [E] ()R B el sy SR
2 2| 273/2 \2k I sr3/2 \ 4k i

fpr(z,I1;) < <

If k > 5, then
EF(l—k)=F 51 -5)!° 5 1 1
< < =% <
Il It 15372~ ]2

pr'(.%', Hl) <
and for k = 4 we get
3et 3edt11t1 1
83216 1508 2 12
This completes the proof. O

fpr(x, Hl) <

We can now establish the main fixed point ratio bounds.

Proof of Lemma[{.3. Let x € G have shape [p*, 1"7P¥], where p is an odd prime and k > 1.
For n < 30 we can verify the desired bound using MAGMA, so assume that n > 30.

First assume (p,k) = (3,1). Up to conjugacy, we may assume x = (1,2,3). A partition
in II; is stabilised by x if and only if it has a part containing {1,2,3}. By counting the
partitions with this property, we deduce that

n l n n n
fpr(z, IT;) < (n—3l)i1 ‘((z)!') ! (l)(l_l)(l_ )l =
(I DR R N e T R
A similar calculation shows that fpr(z,IL;) < %4 when (p, k) = (5,1).
Next assume (p, k) = (3,2), say = = (1,2,3)(4,5,6). If | < n/2, then a partition stabilised
by x either has a part containing {1,2,3,4,5,6}, or a part containing {1,2,3} and another
containing {4,5,6}. Therefore,

fpr(z,II;) < ( (n — 6)! i (n—6)! ) . ((%)')l il
G0 () a-u (G-a (a2 o
1 l—l‘ nin—1)(n—2) 1 14

SETTE m—3)n-Dn-5) BB
and thus fpr(z,1I;) < l% Now assume [ = n/2, so | > 15. Here we must also consider
the partitions containing three parts for which {1,2,3} and {4,5,6} are transversals. The
proportion in II; of such partitions is
(n—6)! 2 - 3 _ 06
203 (1-3) n! T (20-3)(20 —4)(2l —5) ~ I3
and this gives fpr(z, 1) < 3 + 4 + % < &.

3
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Now assume (p, k) & {(3,1),(3,2)}. If | = n/2, then the desired result follows from Lemma
Similarly, if n/6 < [ < n/3, then we combine Lemma |4.8(i) with the above calculation
in the case (p, k) = (3,1). Finally, let us assume [ < n/6. If p = 3 and k > 3, then we appeal
to Lemma [4.§[(iii) and the above calculation for (p, k) = (3,2). Similarly, if p > 5 then the
desired bound follows via Lemma [4.8](ii) and the case (p, k) = (5,1) handled above. O

Proof of Lemma@ Set x = (1,2)(3,4) --- (2k — 1,2k). As in the proof of Lemma
may assume that n > 30. The desired bound is straightforward to verify when k = 1 or 2
(we proceed as in the proof of Lemma with (1,2,3) and (1,2,3)(4,5,6), respectively).
Next assume k& = 3 and | < n/6. The partitions stabilised by x are exactly those which
have a part containing {1,2,3,4,5,6}, or a part containing the union of two of {1, 2}, {3,4},

{5,6} and another part containing the third, or a part containing {1, 2}, another containing
{3,4} and a third which contains {5,6}. Therefore,

(n — 6)! 3( —6)!
7)!

oo () a0 (5o
(n—6)! ).(( )) !
Ty (T asy) A

1o30-1)  (-1)0-2) _1

fpr(z,1I;) < <(

N\:
v
3 —
N\ﬁ
v :

Now assume k = 3 and | = n/2. Here there are three additional types of partition to
consider. In one case, we consider those partitions which contain two parts for which {1, 2}
and {3,4} are transversals and a third part which is {5,6}. We calculate that the proportion
of [-part partitions satisfying this condition is equal to

(n—6)! 21 - 1 _ L6
231 =31 nl S (n=3)(n—4)(n—5)  n3’

The two other cases arise from interchanging the roles of {1,2}, {3,4} and {5,6}, so we

obtain the same proportion and fpr(z,I;) < % + % < l%

To complete the argument, we may assume that either k = 3 and n/6 <l <n/2,or k > 4
If k>4 and | = n/2 then Lemma gives fpr(z,II;) < l% as required, so we may assume
[ < n/2. Here Lemma and the above bounds imply that

fpr((1,2)(3,4)(5,6),11;) < 1/1> if3 <1< n/6
<
fpr(z, Ih) < { fpr((1,2)(3,4),11}) < 1/12 if1/6 <1< n/2.
Therefore, to complete the proof of the lemma, we may assume that [ = 2.

First assume k < n/2. If Il € Fix;(z), then each cycle of z must be contained in one of
the two parts of II, so Fix;(x) C Fix;((1,2)(3,4)(5,6)) and

fpr(z, 1) < fpr((1,2)(3,4)(5,6), 1) < 7.
Finally, suppose k = n/2. If II € Fix;(z), then either each cycle of x is contained in a part
of I, or each cycle of x contains a point from each part of II. Since there are at most on/2-1
partitions of each of these types, it follows that

2 ((2))? 2(Byrtleme?
<9.9n/2-1 Z2\\2)")  ~9n/2 2 I
fpr(z,11;) < 2-2 nl S 2 nnt1/2e—n(2m)1/2 S3T B
noting that n > 30. This completes the proof. O

We are now in a position to prove Theorem [4.4]
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Proof of Theorem[{.4 If n < 30, then the result can be verified computationally with
MAGMA (see the end of Section [2.1)). Now assume n > 30.

Let G = S,, and let s be an n-cycle. Then M(G,s) =Z U P, where Z consists of exactly
one imprimitive subgroup S, ; 1.5; for each divisor 1 <! < n of n, and P contains primitive
subgroups of the form PTLgy(q) for pairs (q,d) satisfying n = (¢ — 1)/(q — 1) (see [52
Theorem 3]). Moreover, by the proof of [13, Proposition 6.7] we see that P contains at most
(n — 1)/d subgroups of the form PT'Ly(q) for each pair (¢, d).

Suppose & € G has prime order and let H € M(G,s). First assume H € P, say H =
PI'Ly(q) with n = (¢¢ —1)/(¢ — 1). Then |H| < n'°827*1 and

23n/4 ( )n/4

by [13, Lemma 6.6]. Since |P| < 1(n — 1)logyn (see [27, Lemma 3.9]), it follows that
H 1 8 log, n+1 I log2 n+34
Z fpr(z,G/H) < Z || | § —1)logyn n3 . n/4 < . n\/f 0.01.
Hep Hep 2%n/4 (%) /4 (2)

Now assume H € Z, say H = S, ;1 S;. Note that the action of G on G/H is equivalent to
the action of G on II;. Therefore, if x ¢ (1,2)% U (1,2)(3,4)% U (1,2,3)%, then Lemmas
and [4.6] imply that

1 52+42+32+22 =1 54
> for(e, G/H) < D 5+ <D mt 7 <021+ 255 <0.27,
Hez IIn 1=2
1<l<g
Similarly, if z € (1,2)(3,4)% U (1 2,3)¢, then
33 72 5 6
fpr(z, G/H) < — -S4 < 0.66.
2 for(r, G/ <12§;Jr Z Bt 8 "6 1302 <000

Hel
2<l<7

In order to establish the desired bound u(G) > 2, it suffices to show that if z,y € G have
prime order, then there exists an n-cycle z such that G = (z, z) = (y, z). Let P(x,s) be the
probability that  and a randomly chosen conjugate of s do not generate G (see ) Then
by Lemma it is sufficient to show that

P(z,s)+ P(y,s) < 1.

There are three cases to consider, according to the possibilities for  and y.
Case 1. x,y & (1,2)Y and either x or y is not in (1,2)(3,4)% U (1,2,3)C.

By applying the bound in (@, together with the above fixed point ratio estimates, we
obtain

P(z,s)+P(y,s) < Y fpr(z,G/H) + > fpr(y,G/H) < 0.02+0.27+0.66 = 0.95
HeM(G,s) HeM(G,s)

and the result follows.
Case 2. x € (1,2)%.

Without loss of generality, we may assume that = (4, j) and
y=(1L2,....p)(p+L,p+2,....20) - ((k—=Dp+1,(k—1Dp+2,...,kp)

for some prime p and integer k£ > 1. In the proof of [7, Theorem 2], Binder constructs an
n-cycle z such that G = (y, z). Typically, we will show that there exists g € Ng({y)) such
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that G = (29, 2), whence G = (2,29 ') = (y,29 ') (in one particular case below, we work
with a different n-cycle to the one given by Binder). Let S C [n] be the set of points moved
by both x and y. We will consider five cases.

Case 2(a). k=1.

Set z = (1,2,...,n) and note that G = (y, z). By conjugating by an element of N¢((y))
if necessary, we may assume that = is (p + 1,p+ 2), (p,p+ 1) or (1,2) if |[S| =0, 1 or 2,
respectively. In each case, G = (x, z) by Lemma |4.1{i) and the result follows.

Case 2(b). k > 2, p>3 and kp < n.

Let u =1 if 3 divides n — kp and u = 0 otherwise. Then consider the n-cycle

z = (1,041,p+ 172p+ 177(k_ 1)p+ 17kp7kp_ 17"'737/817627"-7/815727717“'7711)7
where the first ellipsis represents an arithmetic sequence with difference p and the second
ellipsis represents the entire decreasing sequence from kp — 2 to 4, omitting any numbers
that occur earlier in the cycle. By [7, Theorem 2], we have G = (y, z).

By arguing as in Case 2(a), we may assume that x = (1, 1) if |S| = 1 and x = (kp—1, kp)
or z = (p,p+2) if |S| = 2. In both cases, G = (z,z) (see Remark[1.2). Now assume |S| =0,
son —kp > 2. If n— kp> 2 then we may assume that z = (01, f2) and again G = (x, z).

Therefore, to complete the analysis of Case 2(b), we may assume that n — kp = 2 and
x = (kp+1,kp + 2). Here we must deviate from the proof of [7, Theorem 2] and we choose
a different n-cycle z. (Indeed, if 3 divides n, then z = (a1,31) and B12® = ay, so it is
straightforward to see that G # (x, z).) In particular, let

z={p+1,2p+1,....(k—=1)p+1,kp,....2,1,kp+ 1,kp+2)
(adopting the same conventions as above for the ellipses) and observe that
yz=(p+Lpkp+ 1L kp+2)2p,2p+1)---((k—1)p,(k—1)p+1)
(y2)> = (p+ L kp+ 1)(p, kp + 2).

First we claim that G = (y,z). To see this, suppose that (y,z) stabilises a nontrivial
partition IT of [n] (into parts of equal size). Then (yz)? stabilises II. If (yz)? acts nontrivially
on the set of parts of II, then each part has size two and two parts of I are either {p,p + 1}
and {kp + 1,kp + 2}, or {p,kp + 1} and {p + 1,kp + 2}. However, since z stabilises II,
the parts of IT must be of the form {a,az"/?} with a € [n]. Since kp + 2 = (kp + 1)z and
p+1 = (kp+2)z, both of these options are impossible and we have reached a contradiction.
Therefore, each cycle of (yz)? is contained in a part of II. Let A be the part of I containing
p and kp + 2. Since y fixes kp + 2, we conclude that y fixes A. In particular, 1,2,...,p € A.
Since z stabilises II, we know that A = {12% | 1 < i < n/l} for some divisor 1 < [ < n.
But this is a contradiction since 2z = 1 € A and we conclude that (y,z) does not stabilise
a nontrivial partition of [n]. In particular, (y,z) is a primitive subgroup of G containing a
double transposition, so G = (y, z) (see [35, Example 3.3.1], noting that z is odd).

Finally, we observe that G = (x, z) since x = (kp+ 1,kp+2) and (kp + 1)z = kp + 2 (see
Remark .

Case 2(c). k > 2, p>3 and kp =n.

Here we set
z=1,2,p+1,....,(k—1)p+1,pk,pk+1,...,3)
and we note that G = (y, z) by the proof of [7, Theorem 2]. By replacing = by a suitable
N¢g((y))-conjugate, we may assume that x = (1,2) or x = (pk,pk + 1). In both cases, it is
easy to see that G = (x, z).
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Case 2(d). k> 2, p=2 and 2k < n.

Here we define
z=(1l01,...,06,2,B1,...,08,3,5,...,2k — 1,2k, 2k — 2,...,6,4),

where t = 0 if n — 2k is even, otherwise s = 0 (there are no additional conditions imposed
on the a; and ;). Again, we have G = (y, z) by the proof of [7, Theorem 2], and without
loss of generality we may assume that x is one of (2k — 1,2k), (2k — 2,2k) or

(
(a1,9) if n — 2k is even (1,a1) if n— 2k is even
T = r o=
(B1,B2) ifn—2kis odd (2,581) if n— 2k is odd.

In every case, one checks that G = (z, 2).
Case 2(e). k =22, p=2 and 2k = n.
Set

z=(1,3,2,4,5,7,...,2k — 1,2k, 2k — 2,...,6)

and note that G = (y, z) by the proof of [7, Theorem 2]. Without loss of generality, we may
assume that z = (1,3) or x = (2k — 1,2k) and in both cases we have G = (z, z).

Case 3. x,y € (1,2)(3,4)9 U (1,2,3)°.

If 2,y € (1,2,3)%, then we may assume that = (1,2,3) and depending on the size of
S we may assume that the support of y is one of {2,3,4}, {3,4,5} and {4,5,6}. Moreover,
since we are at liberty to replace y by y~!, we may assume that

y € {(2,3,4), (3,4,5), (4,5,6)}.
Similarly, if 2 € (1,2)(3,4)% and y € (1,2,3)%, then we may assume that 2 = (1,2)(3,4) and
y€{(1,2,3), (1,2,5), (2,3,5), (4,5,6), (5,6,7)}.
Finally, if z,y € (1,2)(3,4)%, then we may assume that = = (1,2)(3,4) and
y € {(1,3)(2,4), (1,2)(3,5), (1,2)(5,6), (2,3)(5,6),
(3,6)(4,5), (1,6)(4,5), (1,5)(6,7), (5,6)(7,8)}.

In all three cases, Lemma implies that G = (z,2) = (y,2) for z = (1,2,...,n), unless
z = (1,2)(3,4) and y = (1,3)(2,4). In this exceptional case, z = (1,2,...,n)>3) has the
desired property.

This completes the proof of Theorem O

We can now determine the spread and uniform spread of even-degree symmetric groups.

Theorem 4.11. Let G = S, with n > 8 even. Then s(G) = u(G) = 2.

Proof. By Theorem [£.4] we have 2 < u(G) < s(G), so it suffices to prove that s(G) < 2. As
noted in the proof of Proposition if

G = <(172)78> = <(273)73> = <(173)78>7
then s is an n-cycle. By Lemma [4.1](i), if
G=1((1,2),(1,2,...,n)) =((2,3),(1,2,...,n)%),

then 1g # 2¢g (mod 2) and 2g # 3¢ (mod 2). This implies that 1g = 3¢ (mod 2) and thus
G #((1,3),(1,2,...,n)9). This shows that s(G) < 2, as required. O
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4.3. Uniform domination. In order to complete the proof of Theorem [2| it remains to
establish the bounds on the total and uniform domination numbers. We begin by establishing
lower bounds on the total domination numbers (for use in Section 5] it is convenient to include
alternating groups in the following proposition).

Proposition 4.12. Let n > 5 and let p be the smallest prime divisor of n.

(i) 7(Sn) = logy n.
(i) 72(An) > log,n.
(iii) v(An) = 3 if n is composite.
Proof. Let G be S, or A, and let S = {s1,..., 5.} be a total dominating set for G. Without
loss of generality, assume that si,...,s; are n-cycles and s;i1,...,s. are not n-cycles (we
allow j = 0). To begin with, we will prove that v;(G) > log,n. This is clear if n is prime,
SO we may assume 7 is composite.

If 1 < i < j then s; stabilises a partition C; of [n] with parts Cji,...,Cj, of size n/p.
Similarly, if j < 4 < ¢ then s; stabilises a proper subset A; of [n]. For j < i < ¢, it will
be convenient to write C; = (Cj1,Ch2) = (A, [n] \ 4i). Set R = [pJ? x [2]°7 and define
f:[n] = Ras f(z) = (I1,...,l.) where z € Cy,. For 1 <i < j, let G¢, be the stabiliser in
G of the partition C; (so G, is isomorphic to (S, 1 Sp) N G). Similarly, if j < i < ¢ then
let G4,y be the setwise stabiliser of A;.

We claim that |R| > n — 1. To see this, suppose that f(z) = f(y) = f(z) for three
distinct points x,y, 2 € [n]. Then (z,y, 2) is contained in G¢, for i < j and Gya,y for i > j.
Therefore, G # (s;, (z,y,z)) for all 1 < i < ¢, which is a contradiction since S is a total
dominating set for G. It follows that the preimage under f of any point has size at most
two. In fact, if f(z) = f(y) and f(z) = f(w) for four distinct points z,y, z,w € [n], then
(7,y)(z,w) € G is contained in G¢; for i < j and in Gy, for i > j. As before, this is a
contradiction and we deduce that at most one point in R has a preimage of size two. This
justifies the claim.

Now |R| = p/2¢77 < p¢, so p¢ = n — 1. Since p divides n, it follows that p° > n and thus
7:(G) = log, n. This establishes part (ii) of the proposition, and also part (i) when n is even.
Therefore, it remains to prove part (iii), together with part (i) when n is odd.

In view of part (ii), in order to prove (iii) we may assume that G = A, and n = p?, so
p is odd. Suppose v (G) = 2, say {s1, s2} is a total dominating set. If s; and so are both
n-cycles, then s; € Hy and sy € Hj for stabilisers H; and Hs of p-part partitions of [n].
But Lemma @ implies that G has a base of size two in its action on the set IL, of p-part
partitions, which is a contradiction (see [50, Remark 5.3]). Therefore, we may assume that
59 is not an n-cycle, so 2p > |R| > n — 1 = p?> — 1, which is absurd. We conclude that
7(G) = 3.

Finally, let us assume G = S, and n is odd. Here we allow n to be prime. As above, if
i > j, then s; stabilises a proper subset A; of [n] and we write (Cj1, Ci2) = (A;, [n]\ A;). Also

observe that s1,...,s; € Ay, so for each g € A,, there exists j < i < ¢ such that S, = (g, s;).
In particular, note that j < c.
Define a map f': [n] — [2]7 as f'(x) = (lj+1,...,l) where z € Cy,. First assume that

j = 0. Suppose that there exist two distinct points x,y € [n] such that f'(z) = f'(y).
Then (z,y) € G is contained in Gyu,y for all i, so G # (s, (z,y)) and we have reached a
contradiction. Therefore, f’ is injective, which implies that 2° > n and v(G) > log, n. Now
assume j > 1. The above argument for f implies that the map f’ has the property that the
preimage of any point has size at most two, and at most one point has a preimage of size
two. Therefore, 277 > n — 1 and (G) = logy(n — 1) + j > logy n. O

Corollary 4.13. Let G = S,, withn > 5. Then v,(G) > 3.
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Proof. Since n > 5, Proposition implies that v, (G) > %(G) = [logan] > 3. O

We will now complete the proof of Theorem [2| when n is odd.

Proposition 4.14. Let G = S, withn =2m + 1 and m > 2. Then
logyn < 1(G) < 1(G) = b(G, Q) < 2logy n,

where § is the set of m-element subsets of [n].

Proof. By Proposition we have
loga n < () < 7a(G).
1.

Let s € G be a witness to the bound u(G) > Since s must be an odd permutation,
it follows that s € H = Si x S,_j for some 1 < k < m. Now [47, Corollary 2.2] gives
b(G,G/H) > b(G, Q) and thus v,(G) > b(G, ) by Lemma Now fix an element s € G
of shape [m, m + 1]. As explained in the proof of Theorem we have M(G,s) = {H}
with H = Sy, X Sp41. Therefore, v,(G) < b(G,G/H) = b(G, ). This proves that v,(G) =
b(G, Q). Finally, by applying [47, Theorem 4.2], we conclude that

m+ 1

b(G,Q) < log[£1 n- {m-‘ < 2logy n,

and the result follows. O

It remains to prove Theorem 2] when n is even.

Proposition 4.15. Let G = S,, with n > 6 even. Then v,(G) < 3nlogyn.

Proof. Let s = (1,2,...,n) and € P, where P is the set of elements of prime order in G.
If x ¢ (1,2)%, then P(z,s) < 0.67 by the proof of Theorem (see pf22)). Therefore,

Z P(z,5)?"1%82" < pl.0.67 "% = pl/p" < 1.
z€P\(1,2)¢

Consequently, there exists a subset A C s such that |A| < 2nlogyn and for all z € P\ (1,2)%
there exists z € A with G = (z, 2).

Let 1 < k <n. If (k,n) =1, then let
B, ={(1,1+k,1+2k,...,14+ (n—1)k)},
where addition is carried out modulo n. If (k,n) =d > 1, then write [ =n/d — 1 and let
By, = {bk, i}

where
b= 1,1+ k, 142k, ..., 1 +1k, 2,2+ k,24+2k,...,2+1k,...,d,d+ k,d+2k,...,d+ k)
co=04+k14+2k ..., 1+1k1,2+k,2+2k,...,24+1k2,...,d+ k,d+2k,...,d+ lk,d).
Set B = |J}Z{ By, and note that |B| < 2(n — 1). Let = = (i,5) € (1,2)¢ with k = j —i > 0.
Then there exists z € By, such that iz = j, which implies that G = (z, z).

We conclude that for all = € P, there exists z € AU B such that G = (x, z). Moreover,

|AUB| < 2nlogyn +2(n—1) < 3nlogyn
and the proof of the proposition is complete. O
Remark 4.16. By combining Propositions and we deduce that
logyn < 74, (Sp) < 3nlogyn

when n is even. It would be interesting to see if it is possible to close the gap between the
lower and upper bounds on v,(.S,,) in this case.
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5. ALTERNATING GROUPS

In this section we prove Theorem [3| We start by recording the spread and uniform spread
of even-degree alternating groups, which were determined by Brenner and Wiegold in [10,
(3.01)—(3.05)]. If n > 4 is even, then

2 ifn==6
4  otherwise

s(An) = u(Ay) = {

The situation for odd-degree alternating groups is more complicated. With the aid of
MAGMA, one can check that

s(As5) = u(As) =2, s(A7) = u(A7) = 3.

Now assume G = A, with n > 9 odd. By [13| Proposition 6.7], we have u(G) > 3 and
by making a minor modification to the proof of this result, we can establish the following
slightly stronger bound.

Proposition 5.1. Let G = A,, withn > 9 odd. Then u(G) > 4.

Proof. If n < 29, then the result can be verified computationally (see [13, Table 6]). Now
assume n > 31 and let s € G be an n-cycle. As in the proof of [13, Proposition 6.7], we have

M(G,s) =Z UP1UPo,

where Z consists of exactly one imprimitive subgroup (S, ¢ S;) NG for each divisor [ of n
with 1 < I < m, P; contains at most (n — 1)/d subgroups isomorphic to PI'L4(q) N G for
each pair (q,d) with n = (¢ — 1)/(q — 1), and Py = {Ng((s))} if n is prime (otherwise Py
is empty).

Suppose = € G has prime order. As in the proof of [I3 Proposition 6.7], we have

log, n+34
M <1076

> tor(ae,G/H) < 2 O

HePy e
4\ (92
Z fpr(z,G/H) < 2 <> <1078,
n+1
HePy

The action of G on the set of cosets of H = (S,,/;1.5) NG is equivalent to the action on I1j,
so by applying Lemmas [4.5| and noting that « is even and 2 < [ < % since n is odd, we

see that fpr(z,II;) < l% Therefore,

R~ 1 n2
Simecme Y he LT
ot i 1?0 = (2m+1) 8
1<i<n
and thus
2 6 g 1
> fpr(z, G/H) < 5 1107107 < 2
HeM(G,s)
By applying Corollary we conclude that u(G) > 4. O

Remark 5.2. As noted in Remark (c), the uniform spread of odd-degree alternating groups
can be arbitrarily large. Indeed, |46, Theorem 1.1] states that if (n;) is a sequence of natural
numbers tending to infinity, then u(A,,) tends to infinity if and only if the least prime divisor
of n; tends to infinity (see Theorem [(x)ii) and (3)).

‘We now turn to uniform domination.
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Proposition 5.3. Let G = A,, withn > 5 and let p be the smallest prime divisor of n. Then
log,n < 1(G) < Ww(G) < clogyn

where ¢ = 2 if n is even and ¢ = 77 if n is odd.

Proof. This is a combination of Proposition [4.12ii) and [27, Theorem 2]. O

Remark 5.4. Let us consider the upper bound in Proposition [5.3] Let G = A,,, where
n = 2m > 8 is even, and let k be the greatest odd integer strictly less than m. For
1 < £ < n, let 3; be the set of f-element subsets of [n]. To establish the upper bound on
7u(G) in the proposition, we show that if s € G has shape [k,n — k] then M(G,s) = {H}
with H = (S % S,—)NG and thus v,(G) < b(G, X). This is very similar to Proposition
for odd-degree symmetric groups, where we showed that v, (S2m+1) = b(S2m+1,$2) for the
set © of m-element subsets of [2m + 1]. Therefore, it is natural to ask if equality holds, that
is, do we have v,(G) = b(G,Xg)?

Let S C 5% be a TDS for G and note that s acts intransitively on [n] since n is even. By
[47, Corollary 2.2(2)], b(G,%;) > b(G,%;) if i < j < m. Therefore, we can conclude that
|S| = b(G,Xg) unless s has shape [m,m|, or m is odd and s has shape [m + 1,m — 1]. In
particular, if 7,(G) < b(G,Xk), then this has to be witnessed by a conjugacy class s& of
elements of shape [m, m], or of shape [m+1,m—1] if m is odd. In these two cases, s could be
contained in several imprimitive maximal overgroups and since the base size b(G, ¥y) is not
known exactly, it is difficult to use our probabilistic method to determine if s does indeed
witness 7,(G) < b(G, Xy).

Proposition 5.5. Let G = A,, withn > 5.
(i) 7 (G) = 2 if and only if n > 13 is a prime number.
(ii) If vu(GQ) = 2, then P(G,s,2) > 0 if and only if s is an n-cycle.

Proof. If 4,(G) = 2, then Proposition [4.12(iii) implies that n is prime and thus part (i)
follows via [27, Proposition 3.8 and Remark 3.12]. For (ii), if s € G is not an n-cycle,

then s is contained in a maximal intransitive subgroup H and thus Lemma implies that
P(G,s,2) =0 since b(G,G/H) > 3. O

Remark 5.6. The proof of Proposition [5.5| shows that if G = A, with n > 13, then
v(G) = 2 if and only if n is prime. Moreover, the only possible witnesses are two (not
necessarily conjugate) n-cycles.

In order to complete the proof of Theorem it remains to consider the probability P»(A4;,)
when n > 13 is a prime. Set

H = {n eEN:n= qqd%ll for some prime power ¢ and integer d > 2}
and observe that 3,5,7,13,17,31,73,127,257,307 are the ten smallest primes in H.
Proposition 5.7. Let G = Ay, where n > 13 is a prime with n € H. Then
PQ(G) >1-— ’I’L_2.
Proof. By Proposition we have P»(G) = P(G, s,2) where s € G is an n-cycle. To begin

with, let us assume n # 23. Then M(G,s) = {H}, where H = Ng((s)) = Cn:C(;,_1)/2, and
we have P»(G) =1 — Q(G, s,2). Moreover, Lemma [2.5| gives

k
Q(G,5,2) <Y [af| - fpr(wi, G/H)* = Q(G, 5,2),

i=1

where the z; represent the conjugacy classes in GG of elements of prime order.
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Let © € H be an element of prime order t. If t = n then |2 N H| = (n — 1)/2 = a and
|2C| = $(n — 1)! = b. Now assume ¢ divides (n — 1)/2. Here z has a unique fixed point on
[l s0

n!
((n — D)/0ee7

2 N H| =i (H) =n(t—1) =ar, [aC] = -

and thus
Q(G.s.2) =ad/b+>_ai /b,
temw
where 7 is the set of prime divisors of (n — 1)/2. Now || < logy((n — 1)/2) and one checks
that a?/b; < a2 /by for all t € 7, so

n—1 n?((n —1)/2)12(n=1/2

m —logy((n —1)/2)

P(G)>1-

n!

and the desired bound follows.
Finally, let us assume that n = 23. Here M(G, s) = {H, K} with H =2 K = M3 and with
the aid of MAGMA we calculate that
k
Q(G,s,2) =4 |af| - tpr(w;, G/H)
i=1
The result follows. O

o 27704
178562475

Remark 5.8. In the previous proposition, it is easy to compute P5(G) precisely when
m = (n —1)/2 is a prime and n # 23. As before, let s € G be an n-cycle and write
M(G,s) = {H}. Let r be the number of regular orbits of H on G/H. By arguing as in the
proof of [24, Proposition 3.2] we calculate that

_|G:H|-n(m*-m-1)—-1
|H|

r

and thus
nd —4n? —n+4
4(n — 2)!

P(G) =1

by Lemma [2.4]
Proposition 5.9. Let G = A,,, where n > 13 is a prime. Then

Py(G) >1—-n"1.

Proof. In view of the previous proposition, we may assume n € H. Let s € G be an n-cycle,
so P»(G) = P(G,s,2). If n > 73, then by arguing as in the proof of [27, Proposition 3.8], we

obtain
2logyn 2
n—1

Py (G) >1—<

and the result follows if n > 257. For n € {73,127,257}, the desired bound is easily obtained
by inspecting the proof of [27, Proposition 3.8]. For example, the proof gives

g 2
P(G)>1- <C> ;
where £ =1+ (n—1)> 2, 4 1 and C = n(n —1)/2 (the sum in the expression for ¢ is over

all prime powers ¢ and integers d > 2 with n = (¢ — 1)/(¢ — 1)). For n = 73 we have
n=(8—1)/(8 —1) only, so £ = 25, C' = 2628 and the desired bound quickly follows. The
cases when n is 127 or 257 are just as straightforward.
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Finally, if n = 17 then M(G,s) = {H, K}, where H and K are non-conjugate maximal
subgroups isomorphic to PI'Ly(16). Here we calculate

~ 335848 1
9) = o720
QG:s:2) = Hrerms < 17
and the result follows. Similarly, if n = 31 then @(G, $,2) < 3% O

Remark 5.10. The case G = A;3 requires special attention. As above, we have Py(G) =
P(G, s,2) with s € G a 13-cycle and we observe that
M(G, S) = {H, Kl, KQ, Ll, LQ},

where H = Ng((s)) = C13:Cs and each of the remaining subgroups are isomorphic to
PI'L3(3), with K1, Ky conjugate, and Li, Lo conjugate. One checks that

~ 4230997

G,8,2)=————>1

Q5 2) = {5500 ~ &
so the probabilistic approach does not yield P»(G) > 0. However, as noted in the proof of
[27, Proposition 3.8], by randomly choosing conjugates of a fixed 13-cycle, we can identify a
TDS for G. For example,

{(1,2,3,4,5,6,7,8,9,10,11,12,13), (1,2,3,4,5,6,8,9, 12,7, 11, 10, 13)}

has the desired property (see [28, Section 1.2.4] for further details). This shows that Py(G) >
0, but further work is needed to compute this probability precisely. To do this, we use the
fact that {s,s9} is a TDS for G if and only if AN B =1 for all A € M(G,s) and all
B € M(G, s9) (see [27, Lemma 2.1]). In this way, we can use MAGMA to show that
{s9 € 5% : {s,s9} is a TDS for G}| 4979

|sC| 46200
and we conclude that A3 is a genuine exception to the bound in Proposition

P(G) =

6. EXCEPTIONAL GROUPS OF LIE TYPE

In this section, we assume G is a finite simple exceptional group of Lie type over F,.
Our aim is to prove Theorem 4] Note that Theorem |(x).| (see the introduction) implies that
u(G) = 3, and u(G) — oo as ¢ — 0.

Remark 6.1. By applying Corollary [2.2] it is possible to determine explicit lower bounds on
u(G) in terms of q. For example, suppose G = 2Bs(q) with ¢ = 22"t and m > 1. Let s € G
be an element of order ¢ — /2¢ 4+ 1. By inspecting [69, Theorem 9], which lists the maximal
subgroups of G, one can show that M(G,s) = {H} with H = Ng((s)) = C,_ /55,1:Cs (see
the proof of Lemma [6.7). Let € G be an element of prime order r. Since G contains a
unique conjugacy class of involutions, it follows that

_ia(H) _ q—+2q+1 1

(@) (+D-1)  (¢+v2¢+1(g-1)

if » = 2. Similarly, if r is odd then we may assume r divides ¢ — +/2¢ + 1 (otherwise
fpr(z,G/H) =0), so |Cq(z)| = ¢ — /2q + 1 and we deduce that

—1 _(a=+v2¢+1)(a—+v2q) _ 1

2O T g D(¢* +1) (@++v2¢+1)(g—1)
Therefore, Corollary 2.2 implies that

uw(G) = (g +2¢+1)(¢g—1) - 1.

Let us now turn to the uniform domination number. In [27, Theorem 5.2], we established
the bound 7,(G) < 6 for every finite simple exceptional group G. By applying recent work
of the first author in [23], we can prove a stronger result.

fpr(z,G/H)

fpr(z, G/H) < ,
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Theorem 6.2. If G is a finite simple exceptional group of Lie type, then v,(G) < 5.

Proof. First assume there exists an element s € G with M(G, s) = {H} for some maximal
subgroup H of G. Then Lemma 2.3 implies that v, (G) = b(G, H) and by applying the main
theorem of [23], noting that H is non-parabolic, it follows that v, (G) < 5.

By arguing as in the proof of [27, Theorem 5.2], it remains to consider the cases
(a) G = Fi(q), ¢ =2 a>2; and
(b) G = GQ(Q), q= 3a’ a = 2.

First consider (a). As noted in the proof of [27, Theorem 5.2], there exists an element
s € G with M(G,s) ={H,K} and H = K ~3D,(q).3. It suffices to show that

k
Q(G,5,5) =323 x| - fpr(z;, G/H)” <1, (11)
i=1
where z1, ...,z are representatives of the conjugacy classes in G of elements of prime order.

Let G = Fy and H = Dy be the corresponding algebraic groups defined over the algebraic
closure of IF,. Let Va6 be one of the 26-dimensional irreducible modules for G' and note that

Vas L H=V (M) ®V(A\3) ®V(\) @ 0% (12)

where V(A1) is the natural module for H, V(A3) and V(\4) are the two spin modules and 0
is the trivial module (see [70, Chapter 12], for example). Let € H be an element of prime
order r.

First assume r = 2, so x € 2Dy(q). There are two classes of involutions in 3Dy(q), labelled
Aj and A} in the notation of [66]. As elements of H, the involutions in the first class are of
type ag and those in the second are of type ¢4 (in the notation of [2]). By considering the
decomposition in (12)), we deduce that if z is in the Ay class of *D4(g), then it has Jordan
form [JS, Ji4] on Vag, and similarly [J32, JZ] if it is in the class labelled A3. By inspecting
[54, Table 3], we conclude that the involutions in the A; class of 3Dy4(q) are in the G-class
labelled A, and the others are in G-class Alfll. The relevant class sizes in G are given
in [59, Table 22.2.4] and we deduce that the contribution to @(G, s,5) from involutions is
precisely 32(a1b3 + a2b3), where

1
Pttt

a1 = (" +1)(¢"* = 1), b

and
1

¢*(¢* +1)(¢* - 1)
Now assume r > 2, so x is semisimple. By arguing as in the proof of [23] Lemma 3.17], we

deduce that the combined contribution to @(G, s,5) from the elements with C5(2)? = B3Ty
or (377 is at most

az=q" (" + @+ 1)(® - 1)(¢"? = 1), bp=

48(q +1) >5 P
¢*(q —1)* '

Similarly, the contribution from regular semisimple elements is less than 32¢~33. For all
other semisimple elements, the bound in [23, (17)] gives fpr(x, G/H) < ¢! and it follows
that the remaining contribution is less than 32¢°°(¢~11)® = 32¢°. In conclusion,

Q(G,5,5) < 32(a1b? + azb}) + ¢ 7 +32¢ B +32¢ 0 < 1
and thus 7,(G) < 5.

Finally, let us consider case (b). Here there is an element s € G such that M(G,s) =
{H, K} with H = K = SUj3(q).2 and so it suffices to show that holds. Let z € H be an
element of prime order r. Let G = G5 and H = A, be the corresponding algebraic groups
over the algebraic closure of F,.

32-2¢(¢" + 1)(¢"* = 1) - (
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First assume r = 3, so v € SU3 (q). Let V7 be one of the 7-dimensional irreducible modules
for G and note that

Vil H=Vs0 V5 @0,
where V3 is the natural module for H (and V5 is its dual). If x € H has Jordan form [J2, Ji]
on V3, then the above decomposition implies that [J22 , Jf’} is the Jordan form of z on V7.

Similarly, the regular unipotent elements in H have Jordan form [J2,J;]. By inspecting
[54, Table 1], we deduce that x belongs to the G-classes labelled A; and Ga(a1) in the two

respective cases, whence the contribution to @(G, $,5) from elements of order 3 is precisely
32(a1b3 + asb3), where

2
q(g®—1)

Next assume r = 2. Now G contains a3z = ¢*(¢* + ¢* + 1) involutions, which form a single
conjugacy class, and thus

1 1
2==¢"(* —1)(¢° = 1), by =

6
ai q s U1 q2+q+17a 2

’mG N H’ _ Z2(];]) _ |GU3(Q)| + |SU3(Q)|

202
= (GO @) IGUI ()] T [80s(q)] — ¢~ 1 DT+ 2)

Therefore,

2(*—q+1 2 Z_gq+1 2
fpr(z, G/H) = (q4 4q+2)(q+ ) _ (g : Z+ ;(q+ )
a*(¢* +¢* + 1) ¢*(¢* +¢* + 1)
and 32a3bj is the contribution from involutions. Finally, if » > 5 then the proof of [29,
Lemma 4.31] gives

4((1‘*‘1)2. 4 _ 2y

and thus the total contribution to @(G, s,5) from elements of order at least 5 is less than

25 ,\°
32q14 . <4q_4> < 6q_1.

fpr(z,G/H) <

We conclude that
R 3
Q(G,5,5) <32 a;b) +6¢ " < 1.

i=1

The result follows. O

By [27, Theorem 5.2], we have v,(G) = 2 if G is one of 2By(q), 2Ga(q) (with ¢ > 27) or
Eg(q). The following theorem, which is the main result of this section, completely determines
the simple exceptional groups G with 7, (G) = 2.

Theorem 6.3. Let G be a finite simple exceptional group of Lie type over Fy. Then v,(G) =
2 if and only if

G € {*Ba(q), *G2(q) (¢ > 27), *Fi(q) (¢ = 8), *Dalq), Ei(a), Ex(a), Es(q)}-
Moreover, if v,(G) = 2 then Py(G) > 1 —q~ L.

In order to prove Theorem we need to record some preliminary results.

Lemma 6.4. Let G be a finite simple group of Lie type and let P be the union of the parabolic
subgroups of G. Then G\ P is the set of reqular semisimple elements that are not contained
in a maximal torus of a Levi factor of a parabolic subgroup of G.

Proof. If uw € G is a nontrivial unipotent element, then Cg(u) is contained in a parabolic
subgroup of G. Therefore, each x € G \ P is a regular semisimple element and the result
follows. O
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Recall that if G is a finite simple exceptional group and H is a maximal subgroup of G,
then b(G,G/H) < 6 by the main theorem of [29]. The next two lemmas, which may be of
independent interest, show that b(G,G/H) = 2 in two special cases. These results will play
an essential role in the proof of Theorem [6.3| when G = E7(q) or E§(q).

Notation. In Lemmas and we use the notation P(G, H,2) to denote the probability
that H N HY = 1 for a randomly chosen conjugate H9. Equivalently, this is the probability
that two randomly chosen points in G/H form a base for G, with respect to the natural
action of G on G/H. In particular, b(G,G/H) = 2 if and only if P(G, H,2) > 0. Moreover,
if Q(G,H,2) =1—- P(G, H,2) denotes the complementary probability, then

k
Q(G,H,2) <) |af| - fpr(x;, G/H)® = Q(G, H,2), (13)
i=1
where 1, ...,z represent the conjugacy classes of elements of prime order in G (see the

proof of [61, Theorem 1.3], for example).
Lemma 6.5. If G = E;(q) and H = (La(q®) x 3D4(q)).3 then P(G,H,2) > 1 — ¢ 2.

Proof. It suffices to show that @(G, H,2) < ¢ 2% Let G = By and H = A‘}D4.§'3 be the

corresponding ambient algebraic groups over the algebraic closure of Fy. Let L(G) be the

Lie algebra of G and let Vs be the 56-dimensional irreducible module for G. Fix a set of

fundamental dominant weights {A1, A2, A3, \q} for the Dy factor of H. It will be useful to

record the restrictions

L(G) ) A}Dy = L(AIDy) ® (Vo @ V2@ 0@ V(M) @ (12 ®0@ Vo ® V(A3))
0V, VheV(A))
Vig L A3Dy= (Va@1a®Va®0)® (1220202 V(M) ® 08 V220 V()\3)) (15)

SO0 Ve V(\)).

(see [70, Chapter 12|, for example). Here V5 and 0 denote the natural and trivial modules
for Aj, respectively, and we write V' ()\;), with ¢ = 1,3,4, for the 8-dimensional irreducible
module for Dy with highest weight A\; (so V(A1) is the natural module, and V(A3), V(A1)
are the two spin modules).

Set H = Hy.{T) = Hy.3, where Hy = Lo(¢®) x 3D4(q) and 7 induces a field automorphism
¢ on La(¢?) and a graph automorphism on 3Dy(q). If we view Hy as a subgroup of the
connected component HY, then we may assume that

Ho = {(z,2%,2",y) : x € La(q"), y € *Da(q)} < H",
In particular, note that 7 cyclically permutes the three A; factors of H?. Write

(14)

Q(G,H,2) = a+B, (16)
where o and  denote the contributions from unipotent and semisimple elements, respec-
tively. We refer the reader to [59, Table 22.2.2] and [40, Section 3| for detailed information
on the unipotent and semisimple conjugacy classes in G (including centralizer orders). In
particular, we will adopt the notation from [59] for labelling the unipotent classes in G, which
is consistent with the standard Bala-Carter notation.

Let = € H be an element of prime order r and write ¢ = p/ with p a prime. First assume
r=p=2. If z is a long root element, then [56, Proposition 1.13(iii)] implies that 2% N H is
the set of long root elements in the 3Dy(q) factor of Hy, so [z¢ N H| < ¢, |29| > ¢34 and
the contribution to « is less than 2¢~'4. In the remaining cases, we have ]:UG| > %q52 and
we note that

i2(H) = (i2(La(¢®)) + 1) (i2(*Da(q)) + 1) = 1 < ¢*,
so the contribution to « from these elements is less than %q52(2(f31)2 = 2¢~ 10, Therefore,
a < 2¢7 " +2¢71° when p = 2.
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Next assume r =p > 3. If x € H \ Hp then » = 3 and x belongs to one of the G-classes
labelled A3 or A3A; (see the proof of [26, Proposition 5.12]). Therefore, [2¢| > £¢* and
thus the contribution to « is less than 1 ¢**(2¢7%)? = 2¢7 6 since |H| < ¢*°. Now assume
%N H C Hy. If dimz% > 64 then |xG| > 1¢5 and thus the contribution to a from these
1 64(2 q—34)
of order p. Now assume dim 2“ < 64, in which case z belongs to one of the G-classes labelled
Aq, A% or (A“;’)(l). As above, the contribution from long root elements is less than 2¢~'4.
More generally, we can use to calculate the Jordan form of each unipotent element
x € Hy on Vg, which in turn allows us to determine the G-class of by inspecting [54, Table
7).

For example, suppose x = yz € Hy, where 3y € La(¢?) is a long root element and z € 3Dy(q)
is in the class labelled A in [66]. In terms of (15]), y has Jordan form [J5] on V5 and z has
Jordan form [J2, J?] on each V();). Therefore, z has Jordan form

[Ji, ]3] ifp>5
[J?;L4a']27] 1fp:3

elements is less than = 2¢~* since Hy contains fewer than ¢%-¢?* = ¢° elements

(Jo® Jo® Jo) @ (Jo @ [J3, JE])? = {

on Vsg and by inspecting [54, Table 7] we conclude that z is in the G-class A3 A3.

In this way, we see that there are no unipotent elements in Hy that belong to the G-class
A?2. Similarly, the elements in the class (A43)™) correspond to long root elements in the Lo (q%)
factor. Therefore, if z is in (A$)™) then |2 > 2¢°, [ N H| < ¢° and so the contribution
1 54 (2 q—48)

from these elements is less than = 2q_42. To summarise, we have

Oz<2q_6+2q_4+2q_14+2q_42

for all ¢ >
Now let us turn to 3. If 7 = 2 then [z%| > (g + 1)71¢°® and we calculate that

i2(H) = (i2(L2(q)) + 1)(i2(*Da()) + 1) = 1 < (¢° + 1)(¢°(¢® + ¢" +1) + 1) < ¢*
which means that the contribution to ﬁ from involutions is less than 4¢~%. Now assume
r > 3. If dimz® > 84 then [z > 1(¢ + 1)71¢% and since |H| < ¢* we see that the

contribution to 3 from these elements is less than 4q*6.

Finally, let us assume r > 3 and dim 2% < 84, so Cg(2)? = DT or FEgTy. Set V = L(G)
and note that dim Cy (x) = dim Cg(z) (see [32, Section 1.14]). If z € H\ HY then r = 3 and
by considering we calculate that dim Cy (v) = 35 + a, where a = dim Cf(p,)(z). Since
a < 28 we have dim Cy (x) < 63 and thus Cg(2)? € {Dg¢Ty, EgT1}. For the remainder, we
may assume that ¢ N H C Hy. Write 2 = yz € Hy, where y € La(¢%) and 2z € 3Dy(q).

We claim that dim Cy (z) < 67if y # 1 and z # 1. To see this, let d denote the codimension
of the largest eigenspace of z on the natural Ds-module V()\1). Since z € 3Dy(q), it follows
that d is also the codimension of the largest eigenspace of z on both V(A3) and V(A\4). In
addition, d > 4 and dim Cp,(z) < 10 (see the proof of [20, Lemma 2.12], for example). Set

W1 = L(AIDy), Wa=12® V@08 V(\).

Then dimCy,(z) < 1+ 1+ 1+ 10 = 13 and by applying [60, Lemma 3.7] we deduce
that dim Cyy, (z) < 32 — 4d < 16. Similarly, the 1-eigenspace of x on each of the other two
summands in the decomposition has dimension at most 16, so dim Cy (z) < 13+48 = 61
and the claim follows. In a similar fashion, one checks that dim Cy (z) < 79ify = 1 and 2z # 1.
It follows that H contains fewer than ¢” semisimple elements = with C(z) = EgT}, and since
|2%) > %(q +1)71¢% we deduce that their contribution to 3 is less than ¢—3*. Similarly,
if Ca(z) = DTy then |29 > 1(g+1)7'¢%" = b and there are fewer than a = ¢ + ¢*
semisimple elements x € Hy of the form x = yz with y = 1 or z = 1, so the contribution
here is less than ¢ 8.
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We conclude that
B<dqg8+4¢+¢*+¢8
By combining this estimate with the above bound on «, we see that
@(G, H2) <2¢ 5 +2¢7 4 +2¢7 1+ 272 +4¢ 8 +4¢ 5+ ¢ + ¢ 8 < ¢72
and the result follows. O
Lemma 6.6. If G = E§(q) and H = L§(¢*).3 then P(G,H,2) > 1 —q*.

Proof. It suffices to show that @(G,H, 2) < g% Let G = Eg and H = f_l%.Sg be the

corresponding algebraic groups over the algebraic closure of Fy and let V' = L£(G) be the Lie
algebra of G. We have

VA =LA e (Kool e (5l oly), (17)
where V3 denotes the natural module for As. It will be convenient to set
Wi =L(A3), Wo=V30 V30 V5.
Also set F = Fjsu, where u =1 if e = + and u =2 if e = —.

Write H = Hy.{¢) = Hy.3, where Hy = L§(¢%) and ¢ is a field automorphism of order 3.
Without any loss of generality, we may assume that

Hy = {(x,x<ﬁ’x<ﬂ2) T E Lg(qg)} < Hoa

so ¢ cyclically permutes the three Ay factors of H%. In order to estimate a and 3, as defined
in , we will refer repeatedly to the information on unipotent and semisimple conjugacy
classes in [59), Table 22.2.3] and [40, Section 2|, respectively. As in the proof of the previous
lemma, we will use the notation from [59] for labelling unipotent classes.

Write ¢ = p/, with p a prime, and let © € H be an element of prime order r. We begin
by considering «.. First assume r = p = 2. Here Hj has a unique class of involutions (with
Jordan form [Jo, J1] on V3) and by considering the decomposition in we calculate that
has Jordan form [J38, J2] on V. By inspecting [54, Table 6], it follows that z is in the G-class
A3 so |29 > 1%, |29 N H| = i2(H) = (¢° + €)(¢° — €) and we deduce that a < 2¢~'° when
p=2.

Now assume r =p > 3. If x € H \ Hp then » = 3 and the proof of |26, Proposition 5.13]
implies that x is in one of the G-classes labelled A% or A3A;. Therefore, |2&] > %q‘lg =a
and we note that there are fewer than iz(H) < 2¢*°(¢® + 1) = b such elements in H (see
[57, Proposition 1.3]). It follows that the contribution to « from these elements is less than
a(b/a)? < ¢~ 1. Now assume 2N H C Hy, so x € Hy. As above, we calculate that the long
root elements z € Hy are contained in the G-class labelled A3. In this case, |2%| > %q‘m,
|2¥ N H| < 2¢'? and thus the contribution is less than ¢~'4. Similarly, if x € Hy is a regular
unipotent element then it has Jordan form

[J5, J3]3 9 { [JAL JT, J2] ifp>5
J3® J3® J3)" = .
L ewememr={ i 2]
on V. By inspecting [54, Table 6], it follows that x is in the G-class A24; if p = 3 and

Dy(ay) if p = 5. Therefore |2%| > %q54 and there are fewer than 2¢'® such elements in H, so
the contribution to « is less than ¢~ '°. We conclude that

a<qg 04 Upgs

To complete the proof, it remains to estimate 8. Set D = Ci(x) and let us first assume

dim zC = 54, in which case D° = A3, r = 3 and |2C| > 1g51. Since i3(H) < 2¢"°(¢ + 1)
by [57, Proposition 1.3], it follows that the contribution to § from these elements is less

than 2¢~14. Similarly, if dimz% > 56 then 29| > (¢ +1)71¢°" = @, r > 5 and the bound

|Ho| < ¢** implies that the contribution to /3 is less than 2¢~".
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For the remainder, we may assume that dim 2% < 52 and thus
D° € {DsTy, As A1, AsTy, DaTy, AsAr Ty, AgTh}.
Suppose 7 = 2. Now H has a unique conjugacy class of involutions and by considering
we calculate that dim Cy (z) = 38 and thus DY = A54;. Therefore, |2¢| > 3¢*° and
|29 N H| =i2(H) = ¢5(¢% + e¢® + 1), so the contribution to 3 from involutions is less than
-15

q .

Now assume r > 3. If x € H \ Hp then r = 3 and x acts as a field automorphism on Ho,
inducing a cyclic permutation on the three factors of HY. It follows that dim Cyy, (z) = 8
and dim Cy, (z) = dim Cyy; (x) = 11, so dim Cy (z) = 30 and thus D° = DyT5. Therefore,
[2C] > 3(q 4+ 1)72¢° and there are fewer than is(H) < 2¢'°(¢* + 1) such elements in H,
so the contribution to 3 is less than ¢~°. For the remainder, we may assume r > 3 and
2% N H C Hy. In particular, € Hy.

If x is a regular semisimple element of Hy then dim Cy,(x) = 6 and by applying [60,
Lemma 3.7] we deduce that

dim Cyy, (z) = dim Cyy; (x) < 9. (18)

Therefore, dim Cy (x) < 24 and thus dim ¢ > 54, which means that the contribution from
these elements has already been accounted for. Now assume z is non-regular, so r divides
¢® — ¢ and we may assume z lifts to an element of GL§(¢®) with eigenvalues 1,1, for
some nontrivial r-th root of unity A € F. In particular, note that r < ¢+ g+ 1. Now
dim Cy, () = 12 and one checks that holds, which gives dimz® > 48. Therefore,

[2C] > +(q +1)72¢°° = a and we calculate that there are fewer than

€3
St =) gy < e+ D ala 124 =

rem

such elements in H, where 7 is the set of odd prime divisors of ¢ — e. It follows that the
combined contribution to 3 from these elements is less than a(b/a)? < ¢~1°. Therefore,

B<2 Mt T4 q B 4q04q 10
and by combining this with the above estimate for «, we deduce that
@(G,H, ) <qg 0 g WU pg B yog o T g g5 g0 < gt
as required. H
We are now ready to prove Theorem We partition the proof into a sequence of

lemmas. We begin by handling the rank 1 groups G € {?Bs(q),%2G2(q)} where we can
compute P(G, s, 2) precisely for an appropriate element s € G.

Lemma 6.7. Let G = ?By(q), where ¢ = 22! and m > 1, and let s € G be an element of
order ¢ — \/2q + 1. Then

> —4)(q—v2¢+1)+4
¢*(¢—1)(g++v2¢+1)

P(G,s,2):17( >1—¢!

and thus v,(G) = 2.

Proof. First we claim that M(G,s) = {H}, where H = Ng((s)) = K:L and K, L are cyclic
groups of order ¢ — v/2¢ + 1 and 4, respectively. By considering the orders of the maximal
subgroups of G (see [69, Theorem 9]), we see that every subgroup in M(G, s) is a conjugate
of H. Now, if r is a prime divisor of |K|, then H has a unique subgroup J of order r,
which is contained in K. Therefore, if ¢ € G and J < H N HY, then J = J9 and thus
g € Ng(J) = H. Therefore, |H N HY| € {1,2,4} for all g € G\ H and thus M(G,s) = {H}
as claimed. Moreover, it follows that the nontrivial, nonregular H-orbits on Q = G/H have
length ¢ — v/2¢+ 1 and 2(¢ — /2¢ + 1).
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Let ¢t be the number of regular orbits of H on €. Then Lemma [2.4] gives

tH|?
PG5 ="

and so it remains to determine ¢. By [69, Proposition 18], G has two (non-real) conjugacy
classes of elements of order 4, both of size |G|/2q (see [37, Lemma 3.2], for example). Simi-
larly, H also has two classes of such elements, both of size ¢ — 1/2¢g + 1, which are not fused
in G. Also note that G and H both have unique conjugacy classes of involutions, of size
|G|/q? and q — \/2q + 1, respectively.
Write H = G, for a point a € . Any element x € H of order 4 has
|2 N H|
||
fixed points on Q = G/H, one of which is a. Clearly,  acts fixed-point-freely on the orbits
of length 2(q — v/2¢ + 1) and 4(q — \/2¢+ 1). If T' = H/J with J = C4, then z has
|z N J|
27
fixed point on I'. This implies that H has precisely ¢/2 — 1 orbits of size ¢ — /2q + 1.
Similarly, any element y € H of order 2 has %qQ fixed points on 2, which are distributed
so that y has 1 fixed point on each H-orbit of length ¢ — /2¢ + 1 and 2 on those of length
2(q — v2q +1). It follows that H has
1.2 1
¢ -1-(30-1) 1
= —q(qg—2
5 gdla—2)

orbits of length 2(¢ — /2¢ + 1) and we conclude that

LG H = 5(a=2) (4= v20+1) —5a(a=2) - 2(¢ = v2g+1) — 1
| H]
The result follows. 0

Remark 6.8. Define G and s as in Lemma We claim that P,(G) = P(G, s, 2), which
shows that the general bound P>(G) > 1 — ¢~ in Theorem is essentially best possible.
To see this, let « be any nontrivial element of G and observe that z is either contained in a
Borel subgroup B of G, or it normalises a cyclic maximal torus of order q + €y/2¢ + 1 with
e = {+, —} (this follows from Lemmal6.4)). If z € B, then P(G, z,2) = 0since b(G, G/B) > 2.
Therefore, we may assume z is a regular semisimple element and H¢ € M(G,x), where
H¢ = Ng((y)) = Cyieyyzg+1:Ca for some element y € G of order g + €y/2¢ + 1. Note that
|ICq(z)| =|Ca(y)| = ¢+ ev2¢+1 and M(G,y) = {H}, so P(G,x,2) < P(G,y,2). If e = —
then P(G,y,2) = P(G,s,2). On the other hand, if € = +, then

1"|H+ |2
P(G,y,2) ar

where 7 is the number of regular orbits of H™ on G/H™. By arguing as in the proof of
Lemma 6.7, we deduce that

LG HT = 5(a=2) - (a+ V24 +1) — 5alg—2) - 2(a+ V2 + 1) — 1
[ H|
and one checks that P(G,y,2) < P(G,s,2). This justifies the claim.

Lemma 6.9. Let G = 2Gs(q), where ¢ = 32" and m > 1, and let s € G be an element of
order ¢ —+/3q+ 1. Then

(19)

1
. cH| = -
G H|=5q

CH:J =1

(¢* +2¢*> —3¢—6)(q—/3q+1)+6

>1— (f2
3(¢* = 1)(g+3q+1)

P(G,s,2)=1—
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and thus v, (G) = 2.

Proof. This is very similar to the proof of Lemma Firstly, we observe that M(G,s) =
{H} and H = K:L, where K and L are cyclic groups of order ¢+ +/3¢+1 and 6, respectively.
In view of , it suffices to compute ¢, the number of regular H-orbits on Q@ = G/H. By
arguing as in the proof of Lemma [6.7, we see that |[H N HY| € {1,2,3,6} for all g € G\ H,
so the nontrivial, nonregular H-orbits on Q have length ¢(q — /3¢ + 1) for ¢ € {1, 2, 3}.

In order to compute ¢, we need to consider the conjugacy classes of elements of order 2, 3
and 6 in both G and H (the conjugacy classes of G are determined in [71] and we refer the
reader to [51], Section 3] for a convenient summary of the main facts we need). Both G and H
have unique conjugacy classes of involutions, of size ¢—+/3¢+1 and |G|/q(¢>—1), respectively.
Similarly, H has two (non-real) classes of elements of order 3, both of size ¢ — /3¢ + 1, and
the same is true for elements of order 6. Now GG has three classes of elements of order 3, two
of size |G|/2¢? and one of size |G|/q%; the first two classes are non-real and they both meet
H (see [38, Lemma 2.3(b)]). Similarly, G has two (non-real) classes of elements of order 6,
both of size |G|/2q.

Let € H be an element of order 6. In the usual manner, we calculate that x has ¢/3
fixed points on 2. Moreover, if I' = H/J is an H-orbit of length ¢ — /3¢ + 1, then x has a
unique fixed point on I', whence H has ¢/3 — 1 orbits of length ¢ — /3¢ + 1. Next suppose
y € H has order 3 and note that y has %qQ fixed points on 2. Then y has a unique fixed
point on each H-orbit of length ¢ — /3¢ + 1, and two fixed points on the orbits of length
2(q — +/3¢ + 1). This implies that H has

38— (30-1) -1 1
2

= ECI(Q - 1)

orbits of length 2(q¢ —+/3¢+1). Finally, let z € H be an involution. First we calculate that z
has ¢(¢? — 1)/6 fixed points on 2. Now z has a unique fixed point on each H-orbit of length
q — /3¢ + 1, and three fixed points on the H-orbits of length 3(¢ — /3¢ + 1). Therefore, H
has

s -1 —(3¢-1)-1 1 (¢ — 3)
3 18

orbits of length 3(q — /3¢ + 1).
Putting this together, we conclude that

|G H[ - (3¢—1)a—3q(¢—1)a—q(¢* —3)a—1
B |H| ’

where a = ¢ — /3¢ + 1. The result follows. O
Remark 6.10. Note that 2G2(3)" = Ly(8), so 7, (2G2(3)") = 3 by Proposition

t

To complete the proof of Theorem [6.3] it remains to handle the simple exceptional groups
of rank at least two.

Lemma 6.11. Let G = Eg(q) and let s € G be an element of order ¢®+q¢" —¢° —q¢* — > +q+1.
Then P(G,5,2) >1—q 3" and v,(G) = 2.

Proof. This follows from the proof of [27, Theorem 5.2]. O

Lemma 6.12. If G = 2Fy(q)’, then v,(G) = 2 if and only if ¢ > 8. Moreover, if ¢ > 8 and
s € G has order ¢*> + \/2¢® + ¢ +/2q + 1, then P(G,s,2) > 1 —q73.

Proof. First assume g = 2. Here

a=Jnru|J K,

geG geG
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where H = 2.[28].5.4 and K = L3(3).2 (see [62], for example), and it is easy to check that
b(G,G/H) = b(G,G/K) = 3. Therefore v,(G) > 3. In fact, by carrying out a random
search in MAGMA (see [28, Section 1.2.4]) we can demonstrate that v, (G) = 3 (witnessed by
the class 16A in the notation of the ATLAS [33]).

Now assume ¢ > 8 and let s € G be an element of order ¢ = ¢* + \/ﬁ—l— q+v2q+ 1.
By [72, Section 4(c)], we have M(G,s) = {H} with H = Cy:Ca. Since |2€] > 1¢'! for all
1 # x € G (see [65]), by applying Lemma we deduce that

~ 1
QG,5,2) < 5" (¢ - [H|)* < g7
and the result follows. O

Lemma 6.13. Let G = 3Dy(q) and let s € G be an element of order ¢* — ¢*> + 1. Then
P(G,5,2) >1—q* and v,(G) = 2.
Proof. By [72, Section 4(e)], we have M(G,s) = {H} with H = Cpa_,2,1:Cy. Let x € H be
an element of prime order 7. We claim that |z%| > ¢'6. If = is semisimple, then |z¥| can be
read off from [34, Proposition 2.2] and the desired bound follows. Now assume r = p = 2.
From the proof of [31, Lemma 4.6], we deduce that H contains a unique class of involutions
and they belong to the A3 class of G (in the notation of [66]). This gives |z¢| > ¢! as
required and by applying Lemma [2.6| we conclude that
Q(G,s,2) <¢'%(¢ "% |H|)? < q*

for all ¢ > 2. The result follows. U
Lemma 6.14. Let G = E7(q) and let s € G be an element of order

(@ - D(¢* —¢*+1)
Then P(G,s,2) >1—q~2 and v,(G) = 2.

Proof. In view of Lemma it suffices to show that M(G,s) = {H} with H = (L2(¢%) x
3D4(q)).3. Set T = (s) and N = Ng(T). By the main theorem of [58], N is not maximal in
G, so N < H < @G for some maximal rank subgroup H. By considering the order of s, it is
clear that H is not a maximal parabolic subgroup of G. Moreover, further inspection of [58|
Tables 5.1 and 5.2] shows that H = (L2(¢) x 3D4(q)).3 is the only option. Now G has a
unique conjugacy class of maximal subgroups of this form and we will write n for the number
of G-conjugates of H containing s. We need to show that n = 1. Note that Cg(s) = Cr(s),
SO
1SN 6] ) 16l
s¢1 [H| 7 1s¢] |H]|
and thus n = 1 if and only if s¢ N H = s7.

Suppose t € H is G-conjugate to s, say s = t9 for some g € G. We need to show that s and
t are H-conjugate. From the structure of H, it is easy to determine the H-classes of maximal
tori of H; we see that there is a unique class of maximal tori of order |s|, so T' = (s) and (t)
are H-conjugate. Therefore, by replacing ¢ by an appropriate H-conjugate, if necessary, we
may assume that (s) = (t). But then g normalizes T and we have Ng(T) < H, so s and t
are indeed H-conjugate and we conclude that n = 1 as required. O

Lemma 6.15. Let G = E§(q) and let s € G be an element of order (¢% +eq® +1)/(3,q —€).
Then P(G,s,2) > 1—q¢* and v,(G) = 2.

Proof. By [72], Section 4(g,h)] and [45, Proposition 6.2] we have M(G,s) = {H} with H =
L5(¢%).3. Now apply Lemma [6.6} O

Finally, we prove that v, (G) > 3 for the remaining two families of exceptional groups.
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Lemma 6.16. If G = G2(q)’, then v,(G) = 3.

Proof. 1f ¢ = 2 then G = Us(3) and with the aid of MAGMA it is easy to check that ~,(G) = 3.
For the remainder, we may assume q > 3.

As in Lemmal6.4] let P be the union of the parabolic subgroups of G. In addition, let H¢
be the union of the maximal rank subgroups of G of the form SL5(¢):2 for e = +. We claim
that

G=PUH"UH .
Notice that this implies that every element in G is contained in a maximal subgroup H with
b(G,G/H) > 3, so Lemma [2.3| gives 7, (G) > 3 as required. (In fact, if ¢ > 4 is even, then a
theorem of Bubboloni et al. [16] implies that G = HT UH™.)

By Lemma it suffices to show that every maximal torus of G is either contained in a
Levi factor of a maximal parabolic subgroup, or in a maximal subgroup of the form SL§(q):2.
There are six conjugacy classes of maximal tori in G (corresponding to the six conjugacy
classes in the Weyl group of G, which is isomorphic to Di2):

02

1—c> C—eqr1, Cq2_1(two classes).

There are two classes of maximal parabolic subgroups, both with Levi factor GLa(g), so
the maximal tori C'q{l and Cy2_; (both classes) are contained in Levi factors. In addition,
SUs(q) contains CZ, | and Cga_gyq, and SL3(q) contains Cp2_o1q. The result follows. O

Lemma 6.17. If G = Fy(q), then v,(G) > 3.

Proof. This is similar to the proof of the previous lemma. Define P as before and let H and
K be the union of the maximal rank subgroups of the form By(q) and 2Dy(q), respectively.
It suffices to show that

G=PUHUK.

The Weyl group of G has 25 conjugacy classes, so there are 25 classes of maximal tori.
Similarly, B4(q) has 20 classes of maximal tori and by studying the embedding of these tori
in G, we find that all but 7 classes of maximal tori of G have representatives contained in a
By(q) subgroup (see [55, pp.95-96]). The exceptions are
2
Clg—agre) Cpp—e X Ca—e; Cpyeqirr Cgtge i1

However, these are precisely the maximal tori of 3Dy(q), so H U K contains every maximal
torus in G and the result follows. (Note that if ¢ = 3/ then G = H U K by [16].) O

This completes the proof of Theorem|[6.3] In particular, the proof of Theorem[4]is complete.

7. TWO-DIMENSIONAL LINEAR GROUPS
In this section we prove Theorem |5l Set G = La(q) with ¢ > 4.

7.1. Spread. We start by studying the spread and uniform spread of G. Define
g—1 if ¢g=1(mod 4)
flg)=<% ¢q—4 if g=3(mod 4)
qg—2 if qis even.
Lemma 7.1. Let G = La(q) with ¢ > 4. Assume q > 11 if q is odd. Then u(G) = f(q).

Proof. First assume ¢ is odd and let s € G be an element of order (¢+1)/2, so M(G,s) = {H}
with H = Dgy1. Let © € H be an element of prime order r. If » = 2 then fpr(z,G/H) =
i2(H)/i2(G) since G has a unique class of involutions and we get

% if ¢ =1 (mod 4)

fpr(z,G/H) = .
pr(z, G/ H) {q(qq—‘:31) if ¢ = 3 (mod 4).
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Similarly, if r is odd then |z¢ N H| = 2, |2%| = q(q¢ — 1) and thus
2

fpr(z,G/H) = =1

We conclude that if € G has prime order, then

L if g =1 (mod 4)
-1 4
fpr(z,G/H) < { %4 if ¢ = 3 (mod 4)

and the result follows by Corollary 2.2l A very similar argument applies when ¢ is even,
working with an element of order g + 1. O

Remark 7.2. As noted in Remark |5, the spread of G = La(q) is studied by Brenner and
Wiegold in [10] and the bound s(G) > f(q) is established in [I0, Theorem 4.02]. In fact, this
result states that s(G) = f(q) for all ¢ > 11, but we will show below that this is false when
g =3 (mod 4).

=)

Fix subgroups A and B of G, where A = D,(441), B is a Borel subgroup and e = 2 if ¢ is
even, otherwise e = 1. It will be useful to record that

G=|JAu | B (20)

geG geG
(see [I5] Corollary 4.3], for example).

Theorem 7.3. Let G = Ly(q) with ¢ = 4 and ¢ #Z 3 (mod 4). Assume that q > 13 if q is
odd. Then s(G) = u(G) = f(q).

Proof. In view of Lemma it suffices to show that s(G) < f(¢). First assume ¢ = 1
(mod 4). Fix a Borel subgroup B of G and let 2 be the unique class of involutions in B.
Note that |2P| = ¢, say 28 = {21,...,24}. Let A = Cg(z1) = Dy41, which is a maximal
subgroup of G. We claim that there is no element y € G such that G = (x;,y) for all i. In
view of (20)), it suffices to show that |J; M(G, z;) contains every G-conjugate of A and B.

First note that G has g+1 Borel subgroups, say B, By, ..., B;. By considering fixed points,
one checks that each involution in G is contained in exactly two Borel subgroups. Moreover,
we have BN B; = C(4_1)/2 for all 4, so BN B; contains a unique involution. Therefore, we
may assume that 2; € BN B; and thus | J; M(G, x;) contains every conjugate of B.

Now let us consider the conjugates of A. First note that (|AY],|B|) = 2 and thus |[A9NB| <
2 for all g € G (in fact, equality holds for all g € G). Now each xz; is contained in (¢ —1)/2
conjugates of A; if x; and x; are both contained in A9, then (z;,z;) < A9N B and thus i = j.
This shows that |J; M(G, z;) contains all ¢(¢ — 1)/2 conjugates of A and the result follows.

To complete the proof, let us assume ¢ is even. Let B be a Borel subgroup of G and fix
maximal subgroups A = Dy,y1) and C' = Dy,_). Let B = {x1,...,24-1} be the set of
involutions in B. We claim that there is no y € G such that G = (z;,y) for all i. To see this,
let us first observe that each x; is contained in a unique Borel subgroup (namely B itself),
and also ¢/2 conjugates of both A and C. Moreover, |A9NB| =2 and |CYNB| € {2,q—1} for
all g € G, so | J; M(G, z;) contains g(q — 1)/2 subgroups of the form Dy(,41). In particular,
U; M(G, z;) contains every conjugate of A and all but ¢ conjugates of C. Let Hy,. .., Hy be
the conjugates of C' that are not contained in | J; M(G, z;)

Seeking a contradiction, suppose there is an element y € G with G = (x;,y) for all 1.
By considering , it follows that y must be contained in a Borel subgroup and |y| > 1
is a divisor of ¢ — 1. Without loss of generality, we may as well assume y has order ¢ — 1.
In particular, y is contained in a unique conjugate of C, namely Ng((y)). Since we are
assuming y & |J, M(G,x;), it follows that y € H; for some i. As noted above, we have
|H; N B| € {2,q—1}. If H;N B = (%) for an involution z, then z = z; for some j and we get
H; € M(G,z;), which is a contradiction. Therefore, |H; N B| = ¢ — 1 and thus H; N B = (y)
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since H; has a unique subgroup of order ¢ — 1. But this implies that y € B, which is a
contradiction since B € M(G,z1). The result follows. O

Now assume ¢ = 3 (mod 4) and ¢ > 11. By Lemma [7.1] we have u(G) > f(¢) = ¢—4. In
the proof of Theorem [7.3] we worked with the set of involutions in a fixed Borel subgroup
B of G. However, a different approach is needed when ¢ = 3 (mod 4) since |B| = ¢(¢ —1)/2
is odd and it is more difficult to determine the exact spread of G. Indeed, this remains an
open problem.

The next result gives a lower bound on $(G) when ¢ is a prime. In particular, we see that
the difference s(G) — u(G) for a non-abelian simple group G can be arbitrarily large.

Proposition 7.4. Let G = La(q), where ¢ = 3 (mod 4) and g > 11 is a prime. Then
s(G) =2 (3qg—17)/2 and s(G) —u(G) = (¢ +1)/2.

Proof. Fix a maximal subgroup A = Dy41 and let B be a Borel subgroup of G. Consider a
subset {x1,...,zmy} of nontrivial elements in G.

If s € G has order (¢ + 1)/2, then s is contained in a unique maximal subgroup of G,
namely Ng((s)), which is a conjugate of A. Similarly, each element of order ¢ is contained
in a unique maximal subgroup (here we are using the hypothesis that ¢ is a prime), which
is a conjugate of B. In view of , it follows that there is no element y € G such that
G = (xj,y) for all ¢ if and only if |J, M(G, z;) contains every conjugate of A and B. Since
(|A],|B]) = 1, we deduce that

s(G) =S|+ |T| -1, (21)

where S and T are subsets of G¥ of minimal size such that (J,.q M(G, ) contains every
conjugate of A and (J,.; M(G,x) contains every conjugate of B. Note that there are
q(q — 1)/2 conjugates of A and ¢ + 1 conjugates of B.

First consider |S|. Let x € G be a nontrivial element. As observed in the proof of [10]
Theorem 4.02], if || = 2 then z is contained in precisely (¢ + 3)/2 conjugates of A. On
the other hand, if || > 2 divides ¢ + 1, then z is contained in a unique conjugate of A.
Therefore,

1

la(g—1
S| > % >q—4

3(q+3)
and thus |[S| > ¢ — 3.

Now let us consider |T'|. As noted above, each z € G of order ¢ is contained in a unique
conjugate of B. Similarly, any nontrivial element of order dividing (¢ — 1)/2 is contained in
exactly two conjugates of B. This implies that |T'| > (¢+1)/2. We claim that |T'| = (¢+1)/2.
To see this, let By, ..., By+1 be the Borel subgroups of G and note that B; N Bj = C(4_1)/2
and B; N B; N By, = 1 for distinct 4, j, k. In particular, if we write B; N B; = (x; ), then
T ={x12,234,...,%qq+1} has the desired property. This justifies the claim and we conclude
that

S(G) =S| +IT] =13 (g = 3)+ 3la+1)~ 1= 53¢~ 7)

as required.

Finally, let us consider u(G). Fix a conjugacy class ¥ with z # 1 and note that z is
contained in a conjugate of A or B (see (20]). If = is contained in a conjugate of A, then
there is no g € G such that G = (s,z9) for all s € S. Similarly, if x is in a conjugate of B,
then there is no g € G such that G = (t,29) for all ¢t € T". Therefore,

w(G) = max{[S|, [T} =1 =[5 -1
and thus s(G) —u(G) =|T| = (¢ + 1)/2. O
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Remark 7.5. Let G = La(q), where ¢ > 11 is a prime with ¢ = 3 (mod 4). As noted in the
proof of the previous proposition, in order to compute s(G) we need to determine |S| in ([21)).
For ¢ = 11, we can use MAGMA to show that |S| = 9, which gives s(G) =9+6—1 = 14 and
u(G) = 8.

Remark 7.6. The case G = Ly(7) requires special attention. In [10, Section 4], it is observed
that s(G) > 3. Using MAGMA, we can identify 6 elements in G to show that s(G) < 6. For
instance, if we take

G =((3,6,7)(4,5,8), (1,8,2)(4,5,6)) < Ss
then

Ao { (2,3,8)(4,5,7), (1,8,5)(2, 7 6), (2, 3 4)(6,8,7), }

(2,7,8)(3,5,6), (1,6,4)(3,5,7), (1,5,2)(3,8,4)
has the desired property (that is, there is no y € G such that G = (z,y) for all z € A). In
addition, an exhaustive search shows that s(G) > 5, whence s(G) = 5. Finally, one checks
that u(G) = 3. For example, the class (1,7,2,3,8,5, 6) is a witness to the bound u(G) > 3.

The next result gives a lower bound on s(La(g)) which is valid for all ¢ > 11 with ¢ = 3
(mod 4). In particular, this shows that the claim s(La(q)) = ¢ — 4 in [10, Theorem 4.0.2] is
incorrect for all such q.

Proposition 7.7. Let G = La(q), where ¢ = 3 (mod 4) and ¢ > 11. Then s(G) > q — 3.

Proof. Define A and B as before (see (20)) and set C = D,_1. Note that G contains $¢(q—1)

conjugates of A. Let {z1,...,2z4-3} be a set of nontrivial elements of G.

First observe that each y € G of order (¢+1)/2 is contained in a unique maximal subgroup
of G, namely N¢((y)), which is a conjugate of A. In addition, each involution is contained in
%(q—i—?)) conjugates of A, whereas every other nontrivial element of GG is contained in at most
one conjugate of A. This implies that if at least one z; is not an involution, then | J; M(G, z;)
does not contain every conjugate of A and it follows that there exists an element y € G of
order (¢ + 1)/2 such that G = (z;,y) for all i. Therefore, we may assume each z; is an
involution. We claim that there is an element y € G of order (¢ — 1)/2 such that G = (z;,y)
for all 4. In particular, this shows that s(G) > g — 3, as required.

To justify the claim, first observe that G contains ¢(q + 1)/2 distinct conjugates of C. If
s € G has order (¢—1)/2, then M(G,y) comprises a unique conjugate of C' (namely, N ((s)))
and two conjugates of B. Now each involution in G is contained in (¢ + 1)/2 conjugates of
C and no conjugates of B (since |B| is odd). In particular, |J; M(G,z;) does not contain
every conjugate of C'. Moreover, if Ng((y)) is such a conjugate of C, then G = (z;,y) for all
7 and the result follows. O

To conclude this section, we briefly consider the spread and uniform spread of G =
PGL2(q), where ¢ > 5 is odd.

If ¢ = 5 then G = S5 and thus s(G) = 3 and u(G) = 2 by Theorem [4.3] If ¢ = 7, then a
computation in MAGMA yields s(G) > u(G) = 4. Now assume that ¢ > 9. In her PhD thesis
[42], Garion states that s(G) = ¢ — 4 (see [42, Proposition 6.2.4]), but her argument only
establishes the bound u(G) > ¢ — 4. Indeed, the problem of determining the exact values of
s(G@) and u(Q) is still open.

Our main result is the following.
Proposition 7.8. Let G = PGLa(q) with ¢ > 9 odd. Then
g—4<u(G) <s(G)<g-L

Proof. First we show that u(G) > q —
(

4. Let s € G be an element of order ¢ + 1 and note
that M(G,s) = {H} with H = Ng((s)) =

Dy(q41)- Fix an element x € H of prime order r.
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Suppose 7 = 2. Now H has three classes of involutions (a central involution, plus two
classes of size (¢ + 1)/2) and G contains two classes (represented by the elements ¢; and ¢}
in the notation of [44, Table 4.5.1]). We calculate that

1
for(z, G/ H) ={ s
q(q—1)
If 7 > 2 then r divides (¢ + 1)/2, |2%] = q(¢ — 1) and [z N H| < r —1 < (¢ —1)/2, so
fpr(z, G/H) < 1/2q. Therefore,

if x is conjugate to t;

if x is conjugate to t}.

1
q—4
for all x € G of prime order, whence u(G) > g — 4 by Corollary

Finally, let us turn to the upper bound on s(G); here we essentially repeat the argument in
the proof of Theorem with ¢ =1 (mod 4). Fix a maximal subgroup A = D441y and let
B be a Borel subgroup of G. Note that G contains ¢ + 1 Borel subgroups, say B, By,. .., By.

Let {z1,..., x4} be the unique class of involutions in B and set M = |J, M(G, z;). It suffices
to show that M contains every conjugate of A and B.

fpr(z,G/H) <

Since B N B; = Cy—1 contains a unique involution, we may assume that x; € B; for all ¢
and thus M contains every Borel subgroup. Now each z; is contained in (¢ —1)/2 conjugates
of A, and there are ¢(q — 1)/2 conjugates of A in total. We have |[A9N B| =2 for all g € G,
so no two of the x; are contained in the same conjugate of A. Therefore, M contains every
conjugate of A and the result follows. O

7.2. Uniform domination. By [27, Proposition 6.4], we have ~,(L2(q)) < 4, with equality
if and only if ¢ = 9. Our first aim is to determine the exact value of v, (La(q)) for all g. We
begin by recording a preliminary lemma.

Lemma 7.9. Let G = La(q) where g > 11 is odd and consider the action of G on the set of
cosets of H = Dy11. The nontrivial subdegrees are as follows:

(i) ¢ = 1 (mod 4): (¢ + 1)/2 and q + 1, with multiplicities (¢ — 3)/2 and (¢ — 1)/4,
respectively.

(il) ¢ = 3 (mod 4): (¢ +1)/4, (¢+1)/2 and q + 1, with multiplicities 2, (¢ — 3)/2 and
(g — 3)/4, respectively.

In particular, b(G,G/H) = 2.

Proof. First observe that H N HI9 < Cy x Cy for all g € G\ H (see [64, Lemma 2(b)], for
example). Suppose ¢ = 1 (mod 4), so |H N HI| € {1,2} for all g € G\ H. If y € H has
order 2 then |y“ N H| = (¢ +1)/2 and |y%| = q(¢ + 1)/2, so y has (¢ — 1)/2 fixed points on
) = G/H. Moreover, each H-orbit of length (¢ + 1)/2 contains a unique fixed point of y, so
H has (¢ — 3)/2 such orbits in total and we deduce that H has

3a(a—1) —3(g+D(g-3) -1 1
) 4q+1 :Z(q_l)

regular orbits.

Now assume g = 3 (mod 4), so H = Cg(z) for an involution z € G. For g € G\ H we
observe that H N HI = (x,29) = Cy x Cy if and only if [x,29] = 1. Similarly, H N HY =1 if
and only if there is no involution in G that commutes with both x and 29. Now = commutes
with (¢ 4+ 1)/2 involutions (other than x itself) and thus H has

sla+1) _
ila+1)
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orbits of length (¢+1)/4. By [3, Theorem 1.1(ii)], there are precisely (¢+1)(¢—3)/4 elements
29 for which there is no involution commuting with both  and x9. This implies that H has

ila+1)(e-3) 1

qg+1 4 (g
regular orbits. Finally, we deduce that H has

39 —1) —3(@+1) —3(g+1)(g—-3) -1 1

~3)

o+ ) 3179
orbits of length (¢ + 1)/2. The result follows. O
Proposition 7.10. Let G = Ly(q) with ¢ > 4. Then
4 ifg=9
Ww(G) =< 3 ifqe {b,7} orq is even

2 ifqg>11 is odd.

Proof. The cases with ¢ < 9 can be checked directly, so let us assume ¢ > 11. Note that
v(G) € {2,3} by [27, Proposition 6.4].

First assume that ¢ is odd and let s € G be an element of order (¢ + 1)/2. As noted
in the proof of [27, Proposition 6.4], we have M(G,s) = {H} with H = Dy, and thus
(@) < b(G,G/H) = 2, by Lemma [7.9]

Now assume ¢ > 16 is even. We claim that each g € GG is contained in a maximal subgroup
H of G with b(G,G/H) > 3, which implies that v,(G) > 3 (and hence equality holds by [27]
Proposition 6.4]). To see this, we consider the action of g on the natural module for G. If
g acts reducibly, then g is contained in the stabiliser of a 1-space (that is, a Borel subgroup
of G) and the claim follows. On the other hand, if g acts irreducibly then it is contained
in a maximal dihedral subgroup H = Dj41) and the subdegrees for the action of G' on
G/H are presented in [39, Table 2]. We see that there are no regular suborbits and thus
b(G,G/H) > 3. This justifies the claim and the proof of the proposition is complete. O

The next result completes the proof of Theorem
Proposition 7.11. Let G = La(q) with ¢ > 11 odd. Then P2(G) = g(q), where

o(g) = : 1+%) if ¢ =1 (mod 4)
11— ng*_?’l)) if ¢ = 3 (mod 4).

In particular, Po(G) > %, with equality if and only if ¢ = 11.

Proof. Let s € G be an element of order (¢ + 1)/2. Then, as noted above, M(G,s) = {H}
with H = Ng((s)) = Dg+1, whence

r|H[?
G|’

where r is the number of regular orbits of H on G/H (see Lemma. By applying Lemma
[7.9) we deduce that P(G,s,2) = g(q) and thus P»(G) > g(q).

To complete the proof, we need to show that P(G,t,2) < P(G,s,2) for all t € G*. If
t is contained in a Borel subgroup B, then P(G,t,2) = 0 since b(G,G/B) > 3. Therefore,
by replacing t by a suitable conjugate, if necessary, we may assume that ¢t = s € H for
some positive integer m. Clearly, P(G,t,2) = 0 if |[t| = 2, so assume [¢| > 2. Then the map
59— t9 is a bijection from s to t& and we observe that if {91,192} is a TDS then {s9', 592}
is a TDS. Therefore P(G,t,2) < P(G,s,2) and the result follows. O

P(G,s,2) =
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8. CLASSICAL GROUPS

In the previous section, we studied the two-dimensional linear groups La(¢) and we now
turn our attention to finite simple classical groups in general. We will focus on the uniform
domination number and our aim is to prove the results stated in parts (ii) and (iii) of Theorem
[6] (vecall that part (i) is established in [27]).

The main result of this section is the following, which makes substantial progress towards
a complete classification of the finite simple classical groups G with ~,(G) = 2. As in the
introduction, write

C = {PSpy,(q) : ¥ =5 odd, ¢ odd} U{PQL (¢q) : r > 4 even}. (22)

Theorem 8.1. Let G be a finite simple classical group. Then ~v,(G) = 2 only if one of the
following holds:

(i) G = La(q) with ¢ > 11 odd;
(ii) G =L (q) with n odd and (n,q,€) ¢ {(3,2,+),(3,4,+),(3,3,—),(3,5,—)};
(iil) G € C.
Moreover, v,(G) = 2 in cases (i) and (ii). In addition, for the groups G in part (ii) we have
(a) Po(G) > 3, unless G = Us(2) with P»(G) = 22 and
(b) P(G) — 1 as |G| — oo.
Remark 8.2. We have been unable to determine if v, (G) = 2 for the groups G € C and we

refer the reader to Remarks [R.15 and [B.16] for a brief discussion of the difficulties that arise
in these special cases.

We present the proof of Theorem in a sequence of lemmas. We begin by recording
some useful preliminary results.

Lemma 8.3. Let G be a finite simple classical group and let s € G be an element that acts
reducibly on the natural module V. Then one of the following holds:

(i) s is contained in a proper subgroup H of G with b(G,G/H) > 3.
(ii)) G = Ugp(q), m is odd and s is a reqular semisimple element that fixes an orthogonal

decomposition V.= U L UL into nondegenerate m-spaces and acts irreducibly on
both summands.

(iil) G = PQ3, . (q), m is even and s is a regular semisimple element that fizes an orthog-
onal decomposition V.= U L UL into nondegenerate minus-type m-spaces and acts
wrreducibly on both summands.

Proof. Let U be a proper nonzero subspace of V fixed by s of minimal possible dimension.
In particular, note that s acts irreducibly on U. Since s also fixes the radical U N UL, we
deduce that U is either totally singular or nondegenerate (recall that if G is linear, then every
subspace of V' is totally singular). Let Gy be the stabiliser of U in G and set H = Ng(Gy).
Let n be the dimension of V.

If U is totally singular then H is a maximal parabolic subgroup and it is easy to check
that |H|? > |G| (see [36], for example), whence

log |G|
log |G/ H]
and (i) holds. Therefore, we may assume U is nondegenerate and s is not contained in a
proper parabolic subgroup of G, so Lemma [6.4] implies that s is a regular semisimple element.

If G = PSp,,(¢q)" then |H|? > |G| and thus (i) holds. If G = Q,(¢) then dimU = 1 (since
every element of G fixes a 1-space) and once again we see that |H|?> > |G].

b(G,G/H) > > 2
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We have now reduced to the case where U is a nondegenerate ¢-space and G is a unitary
or even-dimensional orthogonal group. Note that s fixes the orthogonal decomposition V =
UlLUtand ¢ < n/2.

First assume G = U,(q). Since s acts irreducibly on U, we see that ¢ is odd. If n = 2/,
then (ii) holds, so we may assume that ¢ < n/2. Let W be any nondegenerate ¢-dimensional
subspace of V. We claim that there exists a nontrivial element of G that fixes both U
and W. In particular, b(G,G/H) > 3 and thus (i) holds. To see this, consider the sum
X = U+ W. Begin by assuming that X is degenerate and fix a nonzero vector v in the
radical XNX~+. Then X C (v)* and we can define a transvection g € G that acts trivially on
the hyperplane (v)*. In particular, g fixes U and . Now assume that X is nondegenerate
and note that V' = X L X*. Suppose that dim X = n — 1. Then, since ¢ < n/2, we must
have n = 2¢ + 1. The element s stabilises U, a subspace of dimension £ 4 1, which is even.
Therefore, s stabilises a nonzero subspace of U+ of dimension strictly less than ¢, which is a
contradiction. Therefore, dim X < n — 2, and there is clearly an element g € G# that acts
trivially on X, so g fixes both U and W. This implies that b(G,G/H) > 3 as required.

Finally, suppose G = PQ,(¢) with n = 2m > 8. Let (, ) be the symmetric bilinear form on
V' corresponding to the quadratic form defining G. Since s acts irreducibly on U, we deduce
that ¢ is even and U is minus-type. If m = ¢, then U and U’ must both be minus-type
spaces, so € = + and case (iii) holds, so we may assume that ¢ < m.

Let W be any nondegenerate ¢-dimensional subspace of V' of the same type as U. Again we
claim that there exists a nontrivial element of G that fixes both U and W. Write X = U+W.
If X is nondegenerate, then since dim X < 2m — 2, there exists ¢ € G¥ that acts trivially
on X and consequently stabilises U and W.

Now assume X is degenerate. If there exist linearly independent vectors u,v in X N X,
then X C (u,v)* and the long root element defined as z — z + (z,u)v — (z,v)u (see
[74, Section 3.7.3]) acts trivially on (u,v)* and hence stabilises U and W. Now assume
X N X+ = (u) is 1-dimensional and write X = Y L (u) where Y is nondegenerate. Then
V=Y LY+ and u € Y'. Since Y is nondegenerate, there exists v € Y+ such that
(u,v) = 1, which implies that (u,v) C Y is nondegenerate. Therefore, Z =Y L (u,v) is a
nondegenerate subspace of V' containing X. Since £ < m, it follows that dim Z < 2/+1 < 2m
and thus Z is a proper nondegenerate subspace of V' containing X. If dim Z < 2m — 2, then
there exists g € G# that acts trivially on Z, so we may assume dim Z = 2m — 1 (in which
case, ¢ must be odd). Now dim Y = 3 and we can define an element g € G# so that it acts
trivially on Y and as a regular unipotent element on Y+. Moreover, we may choose ¢ so that
it fixes the singular vector u € Y. Then g acts trivially on X =Y L (u) and thus g fixes
U and W. We conclude that b(G,G/H) > 3 and (i) holds. This completes the proof. O

Remark 8.4. In the proof of Lemma we will show that if G and s are as in part (ii)
of Lemma then the conclusion stated in part (i) still holds (with H the stabiliser of the
given orthogonal decomposition of V).

Corollary 8.5. Let G be one of the following finite simple classical groups:
Uaim(q) (m even), Q,(q), P, (q) (m odd).
Then v,(G) = 3.

Proof. Notice that every element s € G acts reducibly on the natural module for G and thus
Lemma implies that s is contained in a proper subgroup H with b(G,G/H) > 3. Now
apply Lemma [2.3] to conclude. O

Next we recall the definition of a Singer cycle.

Definition 8.6. Let G be a finite simple classical group over [F, with natural module V. An
element s € G is a Singer cycle if (s) is an irreducible subgroup (with respect to the action
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on V') of maximal possible order. In particular, s is a regular semisimple element and

g 1 if G =1L,(q)

(q—l)n(i,{z—l)

’3’ = m if G = Un(q) and n is odd
n/2 . —
2127q_+11) if G = PSp,(q) or P2, (q)

where n = dim V. Note that any element in G that acts irreducibly on V is equal to s*
for some Singer cycle s € G and integer k. Let us also note that none of the groups U,(q)
(n > 4 even), ,,(q) and PQ;f (q) contain elements that act irreducibly on V, so Singer cycles
do not exist in these cases.

In the statement of the next result, we say that H is a field extension subgroup if it is
contained in Aschbacher’s C3 collection of maximal subgroups of G (see [53] Section 4.3]).

Lemma 8.7. Let G be a finite simple classical group over F, with natural module V' and let
s € G be a Singer cycle. Let H be a field extension subgroup of G containing s. Then s is
contained in a unique conjugate of H.

Proof. First observe that Cg(s) = Cy(s) = (s), so it suffices to show that s N H = s7. By
considering the structure of H, we see that H contains a unique conjugacy class of maximal
tori of order |s| and we can complete the proof by repeating the argument in the proof of

Lemma [6.14] O

Lemma 8.8. Suppose G = PSp,,,(q)’, where m > 2 and either m or q is even. Then
Tu(G) = 3.

Proof. First assume m is even and fix an element s € G#. If s acts reducibly on the
natural module for G, then Lemma implies that P(G,s,2) = 0. Now assume s acts
irreducibly, in which case s = z* for some Singer cycle x € G and integer k. Now M(G, )
(and thus M(G, s)) contains a field extension subgroup H of type Sp,,(¢?) and it is easy to
check that |H|? > |G| (note that |H| = 2|PSp,,(¢?)| by [563, Proposition 4.3.10]). Therefore
b(G,G/H) > 3 and we conclude that P(G,s,2) =0, so v,(G) > 3.

Finally, if m > 3 is odd and ¢ is even, then [27, Theorem 6.3(iii)] implies that v,(G) > m
and the result follows. O

Lemma 8.9. If G = PSpg(q), then v,(G) = 3.

Proof. In view of the previous lemma, we may assume ¢q is odd and it suffices to show that
P(G,s,2) = 0 when s € G is a Singer cycle. Since M(G,s) contains a field extension
subgroup H of type Spy(q?), it is sufficient to show that b(G,G/H) > 3. Write G = é/Z,
where G = Spe(q) and Z = Z(@) By applying [43, Lemmas 2.2 and 4.1], we see that there
is an element = € GLg(q) such that GNGe = Spy(q?). In particular, if y € G then

Spy(6*) N Spy(¢®)Y = G N G* NG

and thus [43, Lemma 5.7] implies that Z is a proper subgroup of Spy(¢®)NSpy(¢3)Y. Therefore,

by passing to the quotient group G = G/Z, we deduce that the intersection of any two
conjugates of H in G is nontrivial and thus b(G,G/H) > 3. O

Lemma 8.10. If G = L,(q), where n > 4 is even, then v,(G) > 3.

Proof. Set n = 2m with m > 2. As in the proof of the previous lemma, it suffices to show
that P(G,s,2) = 0 for a Singer cycle s € G. To see this, first observe that M(G, s) contains
a field extension subgroup H of the form GL,,(¢?). According to [53, Proposition 4.3.6], we
have

(q+ 1)[PGLn(¢°)]

2
|H| =
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and one checks that |H|?> > |G| when ¢ = 2, so b(G,G/H) > 3 and the desired result follows.

Now assume g > 2. Set G = SLa,,(K), where K is the algebraic closure of Fy, and let o
be a Steinberg endomorphism of G such that G, = SLom(q). Then there exists a maximal
closed o-stable subgroup H of G such that H, is of type GL,,(¢?). Here H is of type
GL,,(K) 1S3 and without loss of generality we may assume that G = G,/Z and H = H,/Z
with Z = Z(G,). By [26], Corollary 3.15], we have dim(H N H9) > m — 1 for all g € G and
thus [43, Proposition 8.1] implies that the intersection of any two conjugates of H, in G,
is nontrivial. In fact, the proof of [43, Proposition 8.1] implies that any such intersection
either contains a nontrivial unipotent element, or it has order at least (¢ — 1)™" 1. Now
|Z] = (2m,q — 1) and by excluding the cases (m,q) = (2,3),(2,5) we deduce that Z is a
proper subgroup of every such intersection and it follows that the intersection of any two
conjugates of H in G is nontrivial. It is straightforward to check directly that the same
conclusion holds when (m,q) = (2,3) or (2,5). We conclude that b(G,G/H) > 3 and the
proof of the lemma is complete. O

Lemma 8.11. If G = U, (q), where n > 4 is even, then v,(G) > 3.

Proof. First recall that every element of G acts reducibly on the natural module. Therefore,
by Lemma [8.3] we may assume that n = 2m with m > 3 odd, and it suffices to show that
b(G,G/H) > 3 for a maximal subgroup H of type GU,,(q)2Ss. If ¢ = 2 then |H|? > |G| and
the result follows, so we may assume g > 2. We can now repeat the argument in the proof
of the previous lemma, working with the algebraic group G = SLa,,(K) and an appropriate
Steinberg endomorphism. We omit the details. O

To complete the proof of Theorem [6] we may assume that G = L (¢) with n odd. We
start by studying the special case n = 3.

Lemma 8.12. If G = L§(q), then

4 if (e,q) = (+,4
’Vu(G) = 3 if (67 Q) € {(+72)7 (_73)7 (_75)}

2 otherwise.

Moreover, if v,(G) = 2 then

2., 2o .
Coias  gymogma
5_r.3 c o
(¢ —63q2;r311(4qri2€))(2‘12+ 4+ Giherwise

and thus Po(G) > 33, with equality if and only if G = L3(3). In particular, Po(G) — 1 as
q — o0.

Proof. The special cases with (¢,q) € {(+,2), (+,4),(—,3),(—,5)} can be checked directly
with the aid of MAGMA. For the remainder, we may assume G does not correspond to one
of these cases.

Let s € G¥. If s is reducible then P(G,s,2) = 0 by Lemma so let us assume s
is irreducible, in which case s = z* for some Singer cycle 2 € G and integer k. Since
Ca(s) = Cg(x) = (z), it follows that P(G,s,2) < P(G,x,2). Therefore, we may as well
assume s € G is a Singer cycle, so P3(G) = P(G,s,2). Set a = (¢> +eq+1)/(3,q —¢). By
applying the main theorem of [4] and Lemma we deduce that M(G,s) = {H}, where
H = Ng((s)) = C,:C3 is a field extension subgroup of type GL(¢?). By Lemma We have
P»(G) = r|H|?/|G| and so it remains to determine the number r of regular orbits of H on
G/H.
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By arguing as in the proof of [24, Proposition 3.2], we see that

|G:H|—a(b—1)—1 2a|G : H|
r= and b = ———— (23)
|H| |y
for any element y € H of order 3. Since such an element y is regular, it follows that
a(¢* = 1)(¢* —¢) if ¢ =0 (mod 3)
y91 =< §P(a+e)(@® +eq+1) if g=e(mod 3)
(g —e) otherwise
and one can check that this gives the stated expression for Py(G). O

Next we handle the case where n > 5 is a prime.

Lemma 8.13. If G = L¢(q) with n > 5 prime, then v,(G) = 2 and either P»(G) > L, or
G =Us(2) and P5(G) = 325 Moreover, P3(G) — 1 as |G| tends to infinity.

Proof. First assume G = Us(2) and let s € G be a Singer cycle, so s has order 11 and
P(G,s,2) = Py(G). Then M(G,s) = {H} with H = Lg(lﬁnd using MAGMA we calculate

that H has 11 regular orbits on G/H. By applying Lemma we deduce that Py(G) = %.

For the remainder, let us assume G # Uj;(2). Fix a Singer cycle s € G and observe that
M(G,s) ={H}, where H = Ng((s)) = C4:C, and
q" —e
(g—e)(n,qg—e)

a:|s’:

Let y € H be any element of order n and set b = 2a|G : H|/|y%|. Then holds, where
r denotes the number of regular orbits of H on G/H. Since y is a regular element of G, it
follows that |Ca(y)| < (¢+1)"! and thus b < (1 —n~1)(¢+ 1)"" L. Now,
rlH? L bHP
G| n|G|

P(G,s,2) = >1

and we observe that

n_q
< (T8 ) 161> g
q_

Therefore

q" —1
P(G.s.2)>1—-2n% ——
(G52 12 (T2

and the result follows. O

2
> (1-— n_l)(q + 1)"_1 . ql_"2 >1-— 2n2q4n_2_"2

Finally, to complete the proof of Theorem 8.1]we address the general case with n composite.
Lemma 8.14. If G = L§(q) with n > 3 composite and odd, then v,(G) = 2 and P5(G) > 3.
Moreover, Po(G) — 1 as |G| tends to infinity.

Proof. Let s € G be a Singer cycle and note that n > 9. By [4] and Lemma we have
M(G,s)={Hy : ken(n)}
where Hy, is a field extension subgroup of type GL¢

n

of n. More precisely, [53, Proposition 4.3.10] gives

/k (¢*) and 7(n) is the set of prime divisors

¢ —¢
q—E

Hy, = By.k < <( ) .PGL;/k(qk)> ), (24)

where By, is the image of GL], (¢*) in L¢ (q) and ¢ is a field automorphism of order k.
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Let {z1,...,x4} be a set of representatives of the conjugacy classes in G of elements of
prime order and set

2

=S L[ Y for(en, G/
=1

kem(n)

In order to prove the lemma, it suffices to show that @(G, 8,2) < % and @(G, $,2) = 0 as

|G| — oco. To do this, it will be convenient to observe that |w(n)| < logn, so
Q(G,s,2) < alogn
where
a
on 3 (Sl oo )
ken(n) \i=1
Let V be the natural module for G and let p be the characteristic of F,. Let G = PSL,(K),
where K is the algebraic closure of Fy, and let o be a Steinberg endomorphism of G such that
(Gy)' = G. For any element z € G, write x = £Z with & € GL{(¢) and Z = Z(GL,(q)), and
let v(z) be the codimension of the largest eigenspace of & as an element of GL, (K) (note
that this is independent of the choice of ). Write
{$1,---,$a} = {yla"'ayb}u{zl7"'7zc}a
where v(y;) < n/2 and v(z;) > n/2 for all i.

It will be useful to write & = a1 + a2 + a3, where the «; are defined as follows. Firstly, if
3 € m(n) then

a
Q] = Z "CL"LG| : fpr(xia G/H3)2a
i=1
otherwise a; = 0. Similarly,

b
a= Y (Z; e 'fpr(qu/Hk)2>

ken(n), k=5
and
a3 = Z (Z |28 - fpr(z;, G/Hk)2>
ken(n), k=5 \i=1
if m(n) # {3}, otherwise as = ag = 0.

First consider as. Fix k € m(n) with k > 5 and set H = Hy. Let x € H be an element of
prime order with v(z) > n/2. Then

2
H| < 2kgi™ ™ < 10g5" 71, |2€] > % < P 1> gz
q
(see [18], Corollary 3.38]) and thus
1 1
Z\zGl fpr(z;, G/H)* < 2 <q+ ) g <1Oq"2/5*1) = 200 <Q+ > g 10",
q q
i=1

It follows that ag < 01, where §; = 0 if 7(n) = {3}, otherwise

1
5 = (200 <q+ > q—fo"Q—I) log 7.
q
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Now let us turn to a; and as. Fix k € 7(n) and set H = Hy, and B = By, as in (24). In

addition, let us define m = ¢ and set 8 = ay if k = 3, otherwise

b

B=> Iyl tor(y:, G/H)>.

Our aim is to determine a bound 8 < v which is valid for all £ > 3, in which case a1 + as <
~vlogn.

Let € H be an element of prime order r and assume v(z) < n/2 if k > 5. There are
several cases to consider and we will closely follow the proof of [19, Proposition 3.1].

First assume ¢ N (H \ B) is non-empty. Here 7 = k and v(z) = n(1 — k™) > n/2 (see
[19, (66)]), so we may assume k = 3. Now

G 1 q 23112
e sleri) @

and we calculate that H \ B contains fewer than

2(q3—6> IPGLS, /5(q )|< 2,2
a—c) TPGLE (0]

such elements. In addition, there are at most 4q§"2 in B (there are none if n is indivisible
by 9). By applying Lemma it follows that the contribution to S from the elements with
2N (H\ B) # () is less than

1 1
6<q+ > g (124" ) — 864 <q+ > a3 = 5.
q q

For the remainder, we may assume ¢ N H C B.

Next suppose r = p > 2 and let A be the partition of n corresponding to the Jordan form
of z on V (this uniquely determines the G-class of x). By considering the embedding of
GL;/k(qk) in GL¢ (q), it follows that A = (mF®n ... 1%91) for some non-negative integers a;
(recall that this notation indicates that = has ka; Jordan blocks of size 7). Let ¢ > 1 be the
number of non-zero a; in A. Then as explained in the proof of [19, Proposition 3.1], we have

1 q b imaC
|I ‘ qdlm:p 1
g+1

and there are fewer than 2tqk dima? olements in B that are G-conjugate to x. Therefore, the

contribution to 8 from unipotent elements when p is odd is less than

t - -
222t+1 <(I7; 1) g+ (F-1)dima® Zq2t+2+(%—1)dime7

where the sum is over a set of G-class representatives x of order p with the appropriate
Jordan form on V. We claim that

2
2t+2+(k—1>d1mx <12 — 2n.

If ¢ = 1 then dimz% > in? and the desired bound holds. For ¢ > 2 we have n > Tht(t+1),

2

1 1 1 1
di >k (m? —t) -t P P -t
im 2% < (t"—1) 2t Tt 5
(see [I8, Lemma 3.25]) and the claim quickly follows. Since there are fewer than 27/k
partitions of n/k, we conclude that the entire contribution to S from unipotent elements
when p is odd is less than

2n/3 . q12—2n < q5—n = §5.
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Next we focus on the contribution from semisimple elements of odd order, so let us assume

r # pisodd. Let i > 1 be minimal such that r divides ¢' — 1. Similarly, let 79 > 1 be minimal
such that r divides ¢* — 1 and note that

i i/k if k divides i

07 4 otherwise.
We define the integer ¢ = ¢(i,€) as in [I8, Lemma 3.33], so

2i if e=— and ¢ is odd

c=1¢ /2 ife=— andi=2(mod 4)
7 otherwise.

First assume Cg(z) is disconnected and ¢ = 1. By [I8, Lemma 3.34], it follows that r
divides n and v(z) = n(l — 1), so we may assume k = 3. In addition, the condition
%N H C B implies that 7 > 5, hence n > 15 and ¢ > 4 (since ¢ = 1). Now

26 > ~ (L T s L (e ) e
- r JR— 5
Tl \gr1) ¢ “10\gr1) 1

and |B| < 2q"2/ 31 so the contribution to B from these elements is less than

40 <q + 1) g2
q

For the remainder of our analysis of semisimple elements of odd order, we may assume
that either Cx(x) is connected or ¢ > 1.
First assume that k& does not divide 7, so i9 = i. As explained in [I8] Section 3.4], the G-

class of x is determined by a tuple (aq,...,a;) of non-negative integers (where t = (r—1)/c)
and we have

t
dim z% = n? — (n—v)Q—cZa? (25)
j=1
where v = n — czj a;. In addition, if ¢ = 1 we may assume that v > a; for all j. Since
io = 1, it follows that each a; is divisible by k, so n > kdc where d > 1 is the number of
non-zero a;. As in the proof of [19, Proposition 3.1], we have

d
1 ) —
‘l‘ mH|<2qud1mz ‘ G|> q qdlme
qg+1

and it follows that the combined contribution to [ from these semisimple elements is less

than
22<q—;—1) q7d1mx <2qud1mx > Zq3d+1 d1mz 7

where the sum is over a set of representatives of the relevant G-classes. Now one can check
that

dnkd — 4k?d? — 2dk? — 2k? ifc > 2

2nkd — k2d® — dk? ifc=1

and by setting £k = 3 and d = 1 we deduce that

dlrna: > {

3d+1—<1—2>d1mw <12 —2n.

Now assume k divides i, so ig = i/k. As before, the G-class of x is determined by a tuple
(ai1,...,a;) and we write d for the number of non-zero a;, so n = dc and

d _
’£G| > } q qdime
2\qg+1 ‘
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Note that in this case, the a; need not be divisible by k, in general. Now, if £ = 3 then the
proof of [19, Proposition 3.1] gives

3 d )
|$G N H| < 23d ( 3(] 1> q% dim z€ (26)
q —

and we claim that the same bound holds for k > 5.
To see this, let y € *% N H and write v(y) = t and vo(y) = to with respect to the natural
modules V' and Vj for G and PGLS, /k(qk), respectively. Recall that we may assume t < n/2

since k > 5. Then to < t/k (see the proof of [61, Lemma 4.2]) and by appealing to the proof
of [18, Proposition 3.36] we deduce that

B q* . kto (22 —to—1) q° > t(Zr—L-1)
<2\ 47— 0% 77 L2 & TR
vl (qk—1> ! <q5—1> !
@\ ot
<4 kTR
<q3 - 1) !
From [I8] Proposition 3.40] we see that there are fewer than
Lt/k]
Z qkto < 2qt
to=1
distinct B-classes in ¢ N H, whence
¢\
29 N H| <8 g+t
¢ —1

Now dimz® > 2t(n — t) by [17, Proposition 2.9] and it is easy to check that 1¢(2n —t) <
%t(n —t). This shows that holds for all k.

It follows that the contribution to S from these semisimple elements is less than

7 gbd (q + 1>d ( ¢’ >2d gy dima® Zq7d+1—§dimxé
3 )
q -1

where we sum over a set of G-class representatives. In view of (25)), we calculate that

dim 2¢ > 2nde — d%c? — de
and thus
1 —
7d+1-— gohmxc’ <12 — 2n.

By combining the above estimates, noting that G has at most ¢"~! semisimple conjugacy
classes, we conclude that the entire contribution to 8 from semisimple elements x € G of
odd order with ¢ N H C B is less than

4
g2 44 (q + 1) . ]
q

Notice that this is larger than 1 when n = 9, so this case requires special attention. Here
k=3,i€{1,2,3,6, %(3 —¢€)} and we can estimate the contribution to 8 by considering each
possibility for ¢ in turn. For example, suppose ¢ = + and ¢ = 6, so igp = 2 and r divides
¢> — ¢+ 1. Then

G |GL3(‘Z3)‘ ) 18 G |GL9(Q)| 1 66
s NH| <3 <3q°, |z7| = > —
= N4l <|GL1<q3>|GL1<q6>r ¢ 1= fen e @)~ 2




FINITE GROUPS, 2-GENERATION AND THE UNIFORM DOMINATION NUMBER 55

and there are fewer than %q(q — 1) such G-classes for a fixed value of 7. Since ¢> — ¢+ 1 has
less than log(¢? — ¢+ 1) odd prime divisors, we deduce that the total contribution to 3 from
semisimple elements with ¢ = 6 is less than

1

gala—1log(g” —q+1)-2¢"(3¢"%)* <q ™.

In a similar fashion, we can estimate the contribution for the other values of i. Indeed, one
can check that if n = 9 then the total contribution to 8 from semisimple elements of odd
order is less than ¢~® (this estimate is valid for € = 4). Set

4
) (qH) ¢ B2 ifn>15
q

g8 ifn=29.

0y =

To complete the proof of the lemma, it remains to estimate the contribution to 8 from
involutions. Let z € H be an involution and first assume p = 2. Here x has Jordan form
[JEE T2k on V| for some 1 < £ < |n/2k], and we get

1
’:EG NH|< 2q2€(n—k€), ‘xG‘ > 5 <q j!r 1> q2k£(n—k€)' (27)

Therefore, the contribution to 3 is less than

[n/2k]
Z 8 <q+ 1) q—QZ(n—ké) < ﬁ .8 <q+ 1) q6—2n < q2—n‘
q 6 q

(=1
Now assume p # 2. Here z has Jordan form [—1Iy, I,,_¢] on V for some 1 < ¢ < [n/2k] and we
get the same bounds as in . In particular, the contribution to 3 is less than ¢>~" = ds.

By bringing together the above estimates, we deduce that
B <02+ 03+ 04+ 05 =7
and thus

@(G, $,2) < (a1 + ag + az)logn < (ylogn + 01) log n.
This implies that @(G, 5,2) < % for all possible values of n and ¢. Moreover, we deduce that

~

Q(G,s,2) — 0 as n or ¢ tends to infinity. This completes the proof of the lemma. O

This completes the proof of Theorem [} We close this section by commenting on the
classical groups arising in part (iii) of Theorem these are the groups that comprise the

collection C (see (22)).

Remark 8.15. Suppose G = PSp,,,(q), where mq is odd and m > 5. Let V' be the natural
module for G and fix an element s € G#. If s acts reducibly on V, then Lemma implies
that s is contained in a proper subgroup H with b(G,G/H) > 3, so P(G,s,2) = 0. Now
assume s is irreducible, so s is a power of a Singer cycle x € G. Clearly, if g € G then {s, s9}
is a TDS only if {z,29} is a TDS, so v,(G) = 2 if and only if P(G,z,2) > 0. Therefore, we
may as well assume that s is a Singer cycle.

By combining Lemma with a theorem of Bereczky [4], we deduce that

M(G,s) ={Hy, K : t € w(m)},

where H; is a field extension subgroup of type Sps,, /t(qt), K is a subgroup of type GU,,(q)
and 7(m) is the set of prime divisors of m. The main theorem of [21] gives

b(G7 G/Ht)v b(G7 G/K) S {27 3, 4}1
but the precise base sizes in these cases have not been determined. One can check that
|K|? < |G| and Q(G, K,2) > 1 (as defined in ), so our probabilistic methods do not yield
b(G,G/K) = 2. In particular, we have Q(G,s,2) > 1 and so a different approach is needed
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to determine whether or not 7,(G) = 2. For G = PSp;((3), which is the smallest group
satisfying the conditions in part (iii) of the theorem, we can use MAGMA [9] to show that
b(G,G/K) = 2. Moreover, we can find an element g € G by random search such that

HsNH!=HsNKY=KNKY=KnH! =1,

which implies that {s,s%} is a total dominating set and thus 7, (PSp;((3)) = 2 in this case.
We have not been able to estimate P>(PSp;o(3)) and the general problem remains open.

Remark 8.16. Similar difficulties arise when G = P, (¢) and m > 4 is even. First assume
e = —. As before, we may as well assume that s € G is a Singer cycle, in which case

M(G,s) ={H; : t € m(m)}

by [4], where Hy is a field extension subgroup of type O, / t(qt) and 7(m) is the set of prime
divisors ¢ of m with 2m/t > 4. The main theorem of [21] gives b(G,G/H;) < 4, but the
exact base size is not known. In particular, we have |Hz|? < |G| and Q(G, Ha,2) > 1,
so our probabilistic methods will not determine b(G, G/Hs) precisely. For m = 4 we have
Y(G) = b(G,G/H3) and we can use MAGMA when ¢ is small. Indeed, if m = 4 then
Y(G) =3 if ¢ =2 and ~,(G) =2 if ¢ € {3,5}. Moreover, if ¢ = 3 we calculate that Hy has
exactly 10 regular orbits on G/Hs2, whence

2050

T 7371

by Lemma A similar computation is out of reach when ¢ = 5 since the index |G : Hs| is
too large.

B (P (3))

Now assume € = 4. Here every element of G acts reducibly on the natural module V', so
Lemma [8.3] implies that P(G, s,2) = 0, with the possible exception of the case where s € G
is a regular semisimple element fixing an orthogonal decomposition V = U L U+ into minus-
type m-spaces, acting irreducibly on both summands. Clearly, in this case M(G, s) contains
a maximal subgroup H of type O, (¢)1S2. For m = 4, a computation with MAGMA shows that
b(G,G/H)=3if g=2and b(G,G/H) =2 if g € {3,5}, but the exact base size is not known
in general (as before, [2I] gives the bound b(G,G/H) < 4). In addition, if (m,q) # (4,2)
then |H|? < |G| and @(G,H, 2) > 1, so the probabilistic approach is inconclusive in this
case. Finally, let us also observe that further work is needed to determine the complete set
of maximal overgroups of s (since s is not a Singer cycle, we cannot appeal to [4]).

9. PROOFS OF THEOREMS [9] AND [10]
In this final section we prove Theorems 0] and

Proof of Theorem[9 Let G be a finite simple group such that v,(G) =2 and G ¢ CUT. By
applying Theorems [3] ] [5] and [0} we immediately reduce to the case where G is a sporadic
group (see Remark [5.10] for the precise value of P»(A;3)).

Let G be a sporadic group and recall that G ¢ T. First assume that G ¢ {Fiz3, B, M}. As
explained in [28], we can use the GAP Character Table Library [11] to compute Q(G, s, 2)
precisely for any element s € G. We obtain the following results, where we adopt the ATLAS
[33] notation for conjugacy classes (we round up real numbers to 3 decimal places):

€ Myps Ji  Ji Ru Ly ON Fip, Th
s 230 15A 20A 20A 37A 31A 20A 27A
Q(G,s,2) 0.030 0.364 0.001 0.168 0.001 0.337 0.001 0.060

In particular, we deduce that P»(G) > 3.

We will now consider the three remaining groups. First let G = Figz and s € G. If s is not
in the class 35A, then one can verify that there exists H € M(G, s) such that b(G,G/H) > 3
and consequently P(G, s,2) = 0 (the base size for every primitive action of a sporadic group



FINITE GROUPS, 2-GENERATION AND THE UNIFORM DOMINATION NUMBER 57

is given in [30]). Now assume that s does belong to 35A. In this case M(G,s) = {H} with
H = Sia. Therefore, P,(G) = P(G,s,2), which Lemma [2.4] implies is equal to r|H|?/|G],
where r is the number of regular orbits of H on G/H. A computation in GAP by Alexander
Hulpke establishes r = 1, so
C|H]Z 7700
|G| 137241
Now let G = B and let s be in 47A. Then M(G,s) = {H} where H = 47:23 (see [45]
Table 1V]). Since |%| = 10'° for all prime order elements 2 € G, we deduce that
1104
1010
Finally, let G = M and let s be in 59A. Then M(G, s) = {H} where H = L2(59) (see [45]
Table IV]) and we proceed as in the previous case. Since |H| = 102660 and |z%| > 10'° for
all prime order elements x € GG, we conclude that
1026602
1019
This completes the proof. Il

P (G) = P(G,s,2)

Py(G) = P(G,5,2) > 1 — >1-1077.

Py)(G) = P(G,5,2) > 1— >1-1077.

Remark 9.1. Let G be a sporadic simple group with v,(G) = 2 and G ¢ T. If there is an
element s € G such that M(G,s) = {H} and b(G,G/H) = 2, then in some cases we can
determine the probability P»(G) precisely.

For example, let G = Mgz and s € G. If |s| # 23, then s is contained in a maximal
subgroup H with b(G,G/H) > 3. Now assume |s| = 23, in which case M(G,s) = {H} with
H = Ng((s)) = 23:11 and P5(G) = P(G, s,2). Using MAGMA, we calculate that H has 159
regular orbits on G/H, so Lemma yields

_ 159|H* 13409
|Gl 13440

Remark 9.2. In Remarks[8.15| and we briefly discussed some of the special difficulties
that arise when we try to determine if +,(G) = 2 for the classical groups in C. Here we
discuss the groups in 7 = {J3,He, Co;, HN}. For each G € T, there exists at least one class
5% such that b(G,G/H) = 2 for all H € M(G, s). Indeed, the relevant classes are as follows:

Js5 3B, 8A, 9A, 9B, 9C, 12A, 194, 19B

He 7€, 7D, 7E, 214, 21B

Co; 35A

HN 5C, 5D, 10D, 10E, 15B, 15C, 20D, 20E, 25A, 25B, 30B, 30C

However, Q(G, s,2) > 1 in all cases, and we never have M (G, s) = {H} with b(G, G/H) = 2.
Therefore, our methods are inconclusive and we have not been able to determine if v,(G) = 2
in these cases (in particular, we have been unable to apply computational methods to answer
this question). However, we can verify the bound @(G,S,S) < 1 for a suitable element s,
which implies that v,(G) € {2,3} (see [27, Theorem 4.2]).

Finally, let us remark that if G = Co; and s is in 35A, then M(G,s) = {H, K, Ly, Lo}
where H = <A5 X J2>:2, K= (A7 X L2(7))2 and L1 = L2 = (A6 X U3(3 )2

Py(G) > 0.997.

We now turn to the proof of Theorem

Proof of Theorem[10 Let G be a finite simple group such that v,(G) =2 and G ¢ CUT. By
Lemma the claims in parts (i) and (ii) are immediate consequences of Theorems [3(iv)
and (ii). Moreover, Theorem |9 implies that 7&2)(6’) = 3 unless G € {A13,U5(2), Figs} or
G = La(q) with ¢ > 11 and ¢ = 3 (mod 4). In the first three cases, we can verify the claim
in MAGMA by carrying out a random search.
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Now assume that G = La(q) for ¢ > 11 and ¢ = 3 (mod 4). Let s € G be an element
of order (¢ + 1)/2. As noted in the proof of Proposition we have M(G,s) = {H}
with H = Dy11. By Lemma it suffices to show that there exist «, 8,7 € G/H such
that {«, 8}, {a,v} and {B,7} are bases for the action of G on G/H. To prove this, we
will identify G with PSUy(q) and G/H with the set € of orthogonal pairs of nondegenerate
1-dimensional subspaces of the natural module V' for PSUj(q).

Fix an orthonormal basis {u,v} for V and write a = {{u), (v)}. Then
Q={a}U{wy : AT and A £ —13,

where wy = {(u + M), (u — A™%)}. Note that wy = w_,—¢ and the condition A9t # —1
ensures that (u + Av) # (u — A~%). We claim that if \ € IF;Q and A9t #£ —1, then {a,wy}

is a base if and only if A is a nonsquare in F .

By Proposition [7.9(ii), H has exactly (¢ — 3)/4 regular orbits on 2. Therefore, there are
exactly (¢ + 1)(¢ — 3)/4 points w € Q such that {«,w} is a base. Now, there are exactly

(>—1)/2—(q+1) = (¢+1)(g—3)/2 nonsquare \ € IFqX2 such that \9*t! £ —1. Therefore, it

suffices to prove that {a,wy} is not a base if A is a square. To this end, suppose that A\ = 2

for some k € IFqXQ and fix g = §Z(SUz(q)), where

- 0 k1=a
9= _Kq—l 0 )

with respect to the ordered basis (u,v). It is straightforward to check that g fixes o and wj,
which proves that {o,wy} is not a base, as claimed.

Now write IE"qX2 = (u), B =wy and v = w_,. Since p has multiplicative order q*> —1, we see

that {«, 8} and {a,~} are bases. It now remains to prove that {3,~} is a base. The norm
of u+pw is 1+ p9*!, which is in F, so there exists v € IF‘;2 such that v7t! = 1 + p9t!. Now

(vp~ N0t = (1 4 pathyp= (et = 1 4 =@+ which is the norm of u — p~%, so {a, b} is an
orthonormal basis for V, where a = v~ (u + pv) and b = v=!u(u — p~9). Moreover, it is
straightforward to check that

(u—po) =(a+0b), (u—p=tv)=(a—35")
where 6 = 2(u~7 — ) 1. Therefore,

B={{a),(B)}, v={(a+db),(a— 35"}
and thus the argument in the previous paragraph implies that {3,~} is a base if and only if

0 is a nonsquare. Since 2 is square and p is nonsquare it remains to prove that ,uf(qul) —1is
square. However, this follows immediately from the fact that =@t — 1 ¢ Fx. Therefore,

{B,7} is a base for G on ), which completes the proof that 7&2)(6') =3. O
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