
TCC : Hyperbolic surfaces ,
their length spectra

and connections to Markov triples

Recall that we established a one-to-one

correspondence between Markoff triples ; i.e.

triples (x ,Y,E)EK
, satisfying Markoff's

equation :

x+y+z = 30yz ,

and triples of simple closed geodesics
onthemodular torus :

Pabca'b-y

鳥(問感



We also discussed Markoff's uniqueness
corjectuvre :

Conjecture (Frobenius)
het ( y,z) ,xY17 ,

be a Mankoff triple,
them z uniquely determines a and y· That is,

if (x,y ,El and Ky ·2) , xy5z and oy's7,

are Markoff triples ,
then x=x' and y

=y
From now on, we will assume that all Markoff
triples (2,%,z) are ordered xy*E.

In 1975 ,
Borosh performed a computer

check and verified the conjecture for
all Markoff triples (x,y ,z) with z310?

In the same work Borosh also noticed

that

M(R) :=1 {Markoff triples (oxy ,z)1 z< R3)
seemed to grow like logR.



Today we will present a proof due to Lang-Tan
of the following result of Button and Schmutz
Theorem (Button , Schmutz)
Markoff's uniqueness conjecture is true
when z is a prime power.

The proof will use hyperbolic geometry.
We shall also prove the following result
of MeShane-Rivin :

Theorem(McShane-Rivin)
= a constantaso , so that

MCR) = c · logR+ O (logRIoglogR).

They prove this by determing a similar count

für simple closed
NCL) = { geodesics ( on ㅣ e(r) < 2]._themodular turns



서
I.MARKHOFF MATRICES

Let R = [PδL(2 ,
2),P8h20] 뀔 R

= 白 = ( 、え )
,B =(_)) : :in

so that the modular torus is the

hyperbolic surfaceM2
A matrix Met is primitive if its
corresponding geodesic on I is primitive;
i

.e
.
MFN" for some NET ,

n*1 1.

A primitive matrix M is a Markoff matrix
f

Iis its corresponding geodesic (onTis simple;
ii) its fixed axis XMEM is a lift of With
maximal height in H.

N
.
B. M Marbolf ES M" Marboff.



Let T = (o") so that Th = (0)
.

Recall

that [BA"] =B"A"BA = -+
·

We have the following :

Proposition
i) If M = (a) is a Markoff matrix, then
ICI is a Markoff number and trMzand=311.

ii) Commensely , for any Markoff number c,
I a

Markoffmatrix M with trM = 32 and My= c.

iii) Two Markoffmatrices M and N correspond
to the same simple closed geodesic in
E) M

=
=
3
N+
-31

for some next,

prooof
i) Suppose M is a Markoff matrix .

Since M does

not fix t (i..e. it corresponds to a closed geodesic



not bounding the cup) , Co .
So

, up to

inverses , we can assume that co.

Cut the torus along the corresponding
geodesic y onI, then once again along the/

perpendicular geodesies between the
boundary components :

→T=[ ': ']

-#Nf
O

"r
ヘーー“

We get two hyperbolic right-angledpentagons.



green goes
thethemaps The green

curve is homotopic
then half to Ye and so we
around

cusp can draw the right-angled· pentagon inH as:
l

π

:

…
…

.
m
tis: ∵mi ;

Since TPEM and fixes -,
we can get

a fundamental domain for I by adding
the translation of this pentagon to the right
by3 :

T
6

H C '

.m〜"
X+M+

3



By considering
the loops around the boundary

components ofIx983 ,
we get

(T
- o) (T'MT

” )M = きエ

々 ( '
0

' 、)(2@)()(ε 2) =結望)

ゃ (
a+℃

背) (沿、 )(に( o圭、)

E) (a
+3- 3a-acbd)(
C

Considering the (2, 1) entry forces and= 3c,

Since 270 .
C is a Markoff number by the

correspondence with simple
closed geodesics.

ii) We have seen that Markoff numbers
can be realised as t for some M



the Matrix associated to a simple closed

geodesicDonI, ie .
GM = 32 for the

Marboff number. Conjugation preserves trace
and so the Markoff matrix associated to
W has trace 3c and by i) has (2,1)

entry equal to IC.
iii) For the lift of U corresponding to N to
havemaximal height, itmust be an image of
m or TeamT by you for some n. Hence,

N must equal torMlForor
butIForD.

Let M=(c) be a Markoff matrix.The endpoints
of its geodesic axis are

る明パー u
'

m
、

Hence, the geodesic has height Compare to
the elements

t̂rCup-4
ー =喪法告、 fteMerholf
2e spectrum. .



Let M' be the matix obtained from M by
interchanging diagonal entries. Since the
Foom(I) = Do action on I is generated
by reflection across it andT,

two Marhoff
matrices M and N correspond to the
same geodesic up to sometry
N== +YMT" or N

*
= T"M'T"

In such a case, say
that MrN.

Markoff's uniques conjecture is then equivalent
to
saying M-NCS Incl = InzlE> trM

=trN.

Define Mr := (:)(a)(:)
atk bt ( d-a-k))

.

= ( 。 d-k

Then MrESL(2,t) Es c/b(d-a-b).



Proposition Let M = (a) be a Markoff
matrix with co. .

Then 4Xc and all

the odd prime divisors of care of the
form Gm+ 1 ,

meIN.

Proof_
Since 1= ad-bc = (3c-d)d-ba

= 3cd-d2-ba,

we hav d" =-1 mod c.But se=-Imod

is only solvable ifc satisfies the conditions

of the hypothes. □

Proposition Let M = (i) be a Markoff
matrix and let keI

.
Then god (c ,

k
,
dra-k)

is 1 or 2 .

Hence
, if MrESh(2.E) ,

then any
exact odd prime power divisor pm of C is

relatively prime to b or d-a-b.

Proof Suppose that ged(C, b,
d-a-b) * 1.

_



het fil divide c
,
h and d-a-k .

Then f
divides d-a .

Since and =3c and f dides
c

, f also divicles and .
Hence

,f divites
2a = (a+d) = (d-a)

.
Since fle and fl2a,

gcd (a , c) = 1 ⇒ f 12 ⇒ f=2 . □

〜
ad-bc=1 .

since
#

.
UNIQUENESS FOR PRIME POWERS

We can now prove
the following equivalent

statement of the uniqueness conjecturefor
prime powers.

Theorem Suppose Hand N are two

Markoff matrices with tra = trN= 3p",
where p is prime .

Then M-N.

Proof_

Let M= (*) and N2(a) .Up to inverses,

we

may
assume that c=co and that

atd = a
'td 1 = 3c .



Hence, 7 kET such that a = a+k and

d' = d-b
. Being Markoff matrices of the

same trace and with axes of the same height,
M and N are conjugate by some parabolic
fixingNo .

In fact, we must have

N =Mkal
axk b+는Cd-a-k)"

C d-k

Since NESh(2,7), clk(d-a-k) :
Since

44c , p = 2 = c= 2 and the proof follows\

from the uniqueness of (1, 1
,2) .

Hence
, wemay

assume p is odd . By the prevers proposition,
p" divides b or d-a-k .

In the first case,

N =TPM+"for some lot .
In the latter,

N =+"M'T't for some let .
Either

wayMrN



I. GEODESICS ON THE MODULAR TORUS

Recall the following results from two lectures

ago:

。 π、 (π) ≡ Fa= 〈a,
b>

。 H
、(π,
2) :=π (π)

”
: <acblCa,s3》

ψ :F2 → 改 를 과
am (1,0)

b +s (0,1)

· Out (F2)=Aut([YEGL(2 ,4)

를 Mod
÷ (π)

.

· ceF2 primitive (i .e. Ed st. F2= (c,d))
> U simple closed curve onI.

We will require
the following lemma.



Lemma Let p,prefe be primitive. Then
↑(pil =4(p2) ELL"ES p,

is conjugatetopz inE2 .

ro .

⇐ : bet piatpit
'

,
then

ψ (p )=ψ (tpcty =ψ (t)4(p)ψ (t) =4 (p_)4()uC'

= ψ(P2) .

=>: Since p ,
is primitive, 7q1EF so that

F2z(p ,q1). Let < : F2+E2 be an automorphism

taking p, to p2 .
Let 2 :Fie be the induced

automophimof? We have

α
(

4(p、))= x(α(p,1)=µ(P2) =4CP、) 。

_

Hence, on the basis (4(p1) ,4(g))2 I?

= (*) for some let and c = 11.
.
That

is
, (n(q)) =4( .P4(91)d .



Define B :F2-F2 by (pil =Pl ,Blq =pig
Then J : FP-L equals

( 。 ℃ )( : - 望 ) = ( ! 品 = (

、 )
_

So <p +ber (Aut(F)+Ant(24)
=Inn (Fr).

Hence
, since ap(pi) =p2, they are coringate

Corollary Every homotopy class of simple
closed cures on I corresponds to a

conjugacy class of primitiv
elementsinn (Fr)

which corresponds to a unique generator2
2

f 고 (i .e, a primitive rector (min) t-,

ged (min)= 1 ) 。

Given an element he H, (T, T1) ,
we

would like to discuss its length. Thefollowing
result allows us to do this.



Image
A multicue is amap-I. not necessarily

disjonit.

A multicure gives rise to an element of
HlI ,4) and (min)EHLI·I) can be represented
by a multicue: a rub- > I.

Theorem het h= (min) H,/I , [) be a

non-trivial element . Then I a unique
shortest multicurve representing h. If h=dv

with d=ged (mm) andv primitive, then his

represented bya copies of the unique geodesic
Un corresponding to ~.

Proof
_

his represented by dow .
So the shortest rep.

of h has length at most d. ((v) .
Let C be

another multicune representing h. Replace each

component of C by its geodesic representative.
This still represents h. If one component



self-intersects or two components intersect,
we can shorten C by smoothing:

我 → 点
Hence, all components are simple closed geodesies
that are disjoint from one another. They mustthen
be copies of the same simple closed geodesic.
Hence

,
C must be d.Or

.

This forces d.Vu

to be minimal and unique. □

It . A NORM ON HOMOLOGY

We now define a norm I on H,(I , 4) · Let

Chi · be the length of the shortestmulticure
representing h. By the previous theorem,

l(nh) = nech)
.
union of
/ two curves

and is not simple
e(h+g) -> f(h) + ( (g) .

so smooth
and shorten

So we can extend 1 to H , (T, Q) by linearity



and to H. (I,R) by continuity. This gives
apsendo-norm I on H ,(I,R) .

Consider the norm 11: 11 ,
on H (IR) induced

by Alminill Imi+ Inlonc?This also equals the
word length of the element of Fr representing
(mn) EH, (I, i)) .

Recall that no simple closed are onI

has height greater than 2 .
We can

therefore remove a neighbourhood of >
in Al (and its images under 1) .

The quotient
is the compact torus with boundary
.

E acts on HUneighborhoods properly
discontinuously and cocompactly . Hence

by Milnor-Schwary , E with word length
広1-CEA×( ) EKaru+C

\ Mis quasi-isometric to H"UneighbourhoodsX

The simple closed geodesics avord the truncated



parts and so have no additive errors.

In otherwords ,
we have

oca .<l
,

ceaz ∞ .

This implies that I is a norm whose

unit ball Be is a compact convex subset

of H .( y
,R )르R

I . THE FINAL COUNT

Finally, to count the simple closed curves
onI with length IL,

we count the

primitive elements he H (I· <1) withMILL.

This equals the number of primitive elements
in L. Bl.

A standard argument (see the appendix)
gives us that

I( minith- Belcmm )=} l=) L“+O(hlogh )



For a geodesic of length ↓ the Markoff
number has size

ve.
3

Hence,

19Markoff triplesGryz)/xyzz <&3
= Colog

^Rto ( logr loglogR) .

APPENDIX A. MILNOR-SCHWARZ

Theorem (Milmor-Schwarz lemmal

LetG be a group acting by isometries on a

proper length space X properly discontrol
and cocompactly. Then

G is finitely
generated and for every finite generating
set S of G and every coeX

the orbit



map f : (G, ds) -> (X ,
dx)

g g. clo

is a quasi-isometry.
That is

, 7 K21 and Do,

such that

市 ds (g,h) - CEdx(feg),fChl ) ≤KdsginItc

YgikeG .

As is the word meture determined

bys .

APPENDIXB . LATTICE POINT COUNTS

First, consider a bounded convex
domain BCIR2.

het NCB) = IRInBl . Eo,⑰
↓

Let I be the set of unit squares m 고고

entirely contained in L-B andOn be the

set of unit squares of it intersecting
OL.B) .



Then NCL) /In) + 102) and

1Irl area (h:B) = area(s) . 42

Similarly ,

N(L) > (IcK, area(h) - 1021
=area (B) . L2- 1O21 .

Now
,
Since B is convexe and bounded

every
column of 72 meets OLB) in

a uniformly bounded number of squares
butLiB covers O(L) colums .

Hence,

1021=0(h) and we get
NCh)=area( B )

.
L+O (L )

Recall the definition of the Mobius function
M : IN -> 9-1, 0 , 15



2
Mcan = Saik,

키

distinct pries
n= p..-ph a product of k

0
, p"/n forcome prime p.

It satisfies :

Ʃimca) = { ! ; ;:
d/n

Indeed , if n=p"---pr1 ,

then

M(d) =0 unless d=pi . --- Pic for

some (i, ,
. .

., in][41 , -. . , r3
.
Hence,

Mca)= 臨

「
-

パ( 台 )= 0 .

Hence
, for Um ,
n) 42

,

[n M(d) =

1
, gad (mm) =

d/gcd(m,n)
{ o, otherwise.



that is ,
this sum detects primitivity.

Define

Nprim(BI=) [ (min)ehis/god(min
=ig)

.

Then

Nprim (L.B) = [ [ m (d)

(mnitinhig alged(mimi

=MCd」感)enuB
d / gcd (m ,n)

But digad (m.m> for (mm) -hi if and
only f( 없 , 김 )ε 승 . B.

Hence,

Npom(hi3 ) = ,MCd) N (
UB)



=ZM(d)(a)
= arealB) L㎡や感Mca)-o( 会)、

Now ,

Ʃ=π ( 以㎡) = 社
d>,1 p

white the error term can be handled

by a finite Sum (since N(GB) =0(1)

for a larger than some
'
= 0 (2)(

giving for some

Ibca
,

mcd)- 0(능 ) / ≤ C . Ʃ
는00 .

dsolcy

= CnL . Ʃ 후
d≤o(c)

=

C . h . 0(log 1)

= O CLogL ).



So
, we finally obtain

Nprim (2:B) =
crealis

5e
.L"+0(hlogh) .


