
TCC : Hyperbolic surfaces , their length spectra
and connections to Markov triples

Lecture 6 : Markoff triples and geodesics
inhyperbolic tori

Today's goal is to establish a link
between integral solutions to the Markoff
=

equalion
x
'

ty
'

+z = 3xyZ

and the lengths of simple closed geodesics
on the once-punctured hyperbolic torus

버T =[PSL(2,4),PSL(K)]
^

This torns is called the modular forms

Since it is a 6-fold cyclic coverof the
I

modular curve pSh(2,[)7 .



I .DIOPHANTINE APPROXIMATION

The Markoff equation firstarose in the

study of Diophantine approximation . Here, we
ask :

Given an irational xRIQ ,how well can

we approximate a by FEQ ?
But, what do we mean by "how well" ?

Theorem (Dirichlet, 1842)

For
any
xel/Q

,
5 infinitely many

f Qsuch that
1α~く

Proof Let NEIN .
Consider (r=Ra-(kC) + (0, 1)

_

for OEKEN -
het Ij = [t ,

5先] , 0 ≤ j ≤ N- 1 .

By the pigeonhole principle 7 m>n such that

Ien-xim/ < tv.



Hence,

1 α 一」水品w←応
い㎡。

can we improve on Te ? Maybe h ?

Answer : A little .
_

Theorem (Hurwity's Theorem , Murwitzaff(z)
For
any
xER) Q , the mequality
1a-く

has infinitely many solutions &EQ.
For
any Eso , the mequality

|答一号水q
has only finitely many solutions.

We will move the proof to an appendix.



So
, given xER/Q it is natural to

ask

what is the largest constant ((x) forwhich
14- くq

has infinitely many solutions HER?

Eg.e (塔) =写 ←

^
_

Technically, ((a) : = insup 191-palp,q→∞

We collect these values into a set called

the Lagrange spectrum defined as

L 。= { eCα) / aεr/@ ,
e(x) s∞}

.

_

There is a similar approximation for
real indefinite binary quadratic forms

f(x,y) = ax"+bxy+cy2, a,b,
cER

where we ask how close too can



we get using (x,y)z 910 ,013 .
We

get a set called the Markoff spectrum
defined by

Mi= {感.Ifnilrueffomyp
ealnedfurkbmos
quedatrcfoio}b2 49cDo .

(x,,y)=20,07

We have L
,
M& (0, 2)

In 1800
, Markoff proved the following ,

Theorem (Markoff, 1080)

ん \(-∞
,3 )= M Λ(-∞, 3 )={kskくks く… 了

is a discrete countable set accumulating
at 3 and with

mi-m9 一 造
where Mi is the ith Markoff number



and a Markoff number is the largest
number in a triple ( ,y ·7)+N" satisfying

xty'tz
~= 3eyt.

Eg. (1, 1,1) satisfies this equation
and is the smallest non-zero solution.

So m, = =1 => b, = = ,
which is

the constant from Hurwitz's Theorem.

In fact , Markoff proved that every
non-zero solution can be reached from

11,1 ,1) by applying moves of the form
13yz-x ,y ,z7 "Vieta

(x,y 7z) い (x,3xty,E)
involutions"{

(x , y , 3xy- z)
ω

So
,
we get a tree of solutions



(5,l2)-
cis,botceica,it ·

cniras- -

e/2,4,0) 「r.nmq) (5.2.i

. ∅

J (1013,z)↳

…

· o ^ …

-a(o3sl
) o
->*(1 ,2,5)

(29,2,2)

251
2

,isa
!
Chni2)

1

129,5.2)
/Local

" 6 ↑e(5 1 , 13)

(115,13) 0 (5,29,2).?
"

There is an action of Diz = GzX4
quotienting this tree to : ー

…

している 。34) _
_

、

…

1
( 1 , 5, (3) 、 (5, v3,194) -

-

C1 , .l) - (_(.2] - (1,2,5) ーベ
(5,29, 433)

、

(2,5,2iプ
と2,29, (69):



One of the most famous conjectures in this
setting is :

Conjecture (trobenius, "Markoff's Uniqueness Conjectiet
Let Cozy ,z) be a Markoff triple with

sy z, then (oxy ,z) is uniquely
determined by z.

We shall see that this is equivalent to
the following :

Conjecture
Let 8

,
G' be two simple closed geodesics

on the modular torus T of the same

length . Then7t Isom (T) ED,2 with
φ (σ) =81.



II . ANOTHER TRACE IDENTITY
_

Recall from the previous lecture the identifies:
X =Y

ci) tr (xl = trCx-
")

⇒ tr(×2)=r(x)
~
〜2

.ร)tr( x) = tr(yxy")
_

2いtr( xY )=tr ( ×)tr(y)- th (xY^^
).

XX
,
YESL(2 ,R) .

We will use these to prove the Fricke-Khin

identity:

tr(A)+tr(B)"+ tr(AB)" = tr(A) tr()tr(AB)
ttr(ABA
'B
^) tス .

Note the resemblance to Markoff's equation.

Proof Let a= tr(A), b=Er (), c= tr(A)·=

Apply (iii) with X=AB
and Y=AB to get

tr(ABA
'
3)= CABJEGCA'D-ErCABB

'A)

= tr (AB) tr(A"B) - tr (A2) .



= Ctr (a
-"B) - (tr(a)

?
-2)

= CtrCAB)- ar
+
2.

Now again for X
=At
,
Y =B :

tr (A-" B ) =tr(A-)rCB )- hCAB)

= ab - ErCaBl a ab -c .

So , we have

tr (asa
'

3)- abc- c 2
- art 2 .

Finally , applying (iii) with X = ABA" , Y=B
we get
ErCaBa-'s) =ErCABA

-' Ytr(B )-Er(ABA"BY

= 52- Ar (ABA1Z
-)

.

Hence, we get

a
'
tbrtca = abc ttr CABA

'

5
') + 2

as required. 巧



In 19th , Cohn was the first to notice
that if we find matrices A,B-Sh(2,1)
with trCABA''B' J =-2 thensetting

treal
· yz and tr(AB)

_x=
3

乙ニ z

we have

2L2ty㎡tョ=++
=市 ( ErCA) rCB) hCAB

7+ trCABA'
B
') +2)
〜

ニー2

=3. 、等、
3

=Sayz
So
,
we obtain solutions to Markoff's equation

provided fr(A) , tr(), Er(A) E3IN .

If we assume A ,BESh(2,4) , then
_

rCAPtArC8't tr(AB)
'
= rCA) .Gr(B) . tr(AB)

already forces this . (Consider values modul 3).



III . THE MODULAR TORUS

Consider a hyperbolic quadrilateral in I
whose vertices lie in OH . We m assumeay
that one vertex lives at D :

서
\

A
.
乃

ー

.{
、

⑦̂ θ > IR
一->

퍼
a In

.

b돼
-

Let A ,BEPSU(2,R) be elements identifying
the sides

,
as shown . We require that

ACa7 =b .AC∞ ) = C , BC∞
2za , BCcこb

Let us further suppose that a,b,ceQ

and that A,BE PSL(2,1).

Notice that

B'
A
-
'
BAL ∞λ= B'A-'B(C7 =B

'

A' (b) =5
'
(a)=∞

.



Hence
,

B"
A
"BA디핑 ±) =한

By considering the action of HandB on the
intervals [1 , ---, In , we can show that the

quadrilateral is a fundamental domain for
(A,B) IPSL(2,R).

hetting A =(2恐) and B = (品品)
Cie
. choosing a lift in Sh(2,))

the bottom

left entries of
BA = ABK

imply
be,ai+ bezar = I(azibu + azzb2i)
〜 _

while M N

一n = (c- b) (b- a) 70 ⇒ MI-N .

Hence,

K = (只 ) ⇒ trCABA”B)ュース 、



In the quotient (A)/H , a,b ,c and are
identified to give a torus with one cusp.

Let CEAB and consider the triples
(A ,B ,C) and Cazy ,z ) =(興,興, 弩 )

Replacing (A ,B , C) by (B'A , A , i)

sends (o,y , z) to (2,
x,y) but

preserves Harkoff's equation.

Similarly,
CA .B .C) → CB, A , BA )

sends

loy , 2) He (y , x, 2)

While
CA ,B ,C) D (B

'
A
'BT , B ,B

'

A-
" )

affects
(x ,y , z)1 Byz-x, y , z) .

N.B . trCB
'

A' BY =rCBYE(A
'BY tr (A)



~

In particular, by Markoff's result, we
can assume that we have

tr(a)atr (3) = GrCc7= 3 e

Now
, taking the traces of BAB=KA

= (笑)(a
^

aina.
implies
3zantarz = - kaz、

- are-an = -Kaz、 -3

L and c =ㆅ ACD):C

>k 16 ☆

A(a)=,are Fareyadjacentt c= F
=>
y

.
If k= - 6, we get az = 1 and a

similar calculation gives be = 1.
see appendix
*

This forces a and b to be "Farey adjacent",
and b and a (E adjacent to5 /PS-rq1=1).

So
, up
to ribing

, we can
take a=-1, bro,

c= 1
.
This forces

A=(i2) , i= (_i [2) and c2( ? Ö).
It can be checked that no other choice of
↳16 works.



"
."

m

R

j
'aba

,B,AB)∞ (A,A
"B
,
B)∞(x,y ,z)H (x,zxy-z,y)

a, "Vieta plus a swap"

premthe#car
insabab



The modular torus is then

T=<A,BH
It can be shown that

<A.B >当 Eπ CT)

and that

[A ,B) E [PSL(2,4) ,PSL(2,4(]

i

.., the commutator subgroup.
We will see later that

[P8L(2,a) : <A,B>] = 6

so thatT is a 6-fold coverof the

modular curve PSLIM ·



IV, ISOMETRY GROUPS

het X =- be a hyperbolic surfacen

and let MirEX .

Consider an element AEPSL(2,1).

We get a well-defined action of
A onX

if and only if for all UEM we have

M(A .x) = M(A.Ux]

E FUEN
,
78Et such that U'A =As

ES FUET, 70'Et such that U = AWAT

ES At N (i ) Cnormatiser) .
PSL(2,R)

So we have :

Proposition
Isont (X) =

NosermCit



Isom (X) = Isont (X) A F/2I
.

We determined earlier that the modular

forces T is given by

[PSL (2,4), PSL(2,25](I .

We have the following group theoretic
facts (see appendix) :

I .PSL(22) 田*

2. ศ (PSLC2, a) , PSLC2,2]J) ƩpSL(2.c)
PSL(2,R]

Hence
,

Proposition

Isom" (T) = 4/61 , IsomIT)E D12 .



Proof
_

By 2 ., and the previous proposition ,

1Ison' (T) I PSER,4) [PSLCED,PSLLL,E]

当 PSL(2,2)
ab
.

By 1., this is then 4/2ax4/Et).

Hence
,
IcomITIe4/6 -F/tEDi2 .

□

Isom(T) acts on the generators
A andB of [PSL(2,(), PSL(,41]

by permutations of (A ,B,A) and
inversions.

So triples of traces can be ordered

by acting by isometries.



I . SIMPLE CLOSED CURVES

We have

π
. (T) ≈E ≡ 〈A ,B)≈[P8LC2,a],P2(2,a)],

Anelement UEF2= (a,b) is said to be primitive

if F DE Aut (F2) such that oDr=a:

Recall that we can choose a and b to

represent simple closed arres on
T
.

Theorem

{ primitive
elements

za 9 homotopy,
classes

}oft (T) up of simpleclosedareato conjugation

Prof
_

We require two lemmas.

hemma



There are no separating simple closed
curves on

T.

Proof of lemma
_

Cut along the curve to get
two components.

Take the component without the cusp . Double

along the boundary to get a compact

hyperbolic surface . This surface
has

area at least 4 by Gauss-Bornet . So
the doubled component already had area
at least 2. ButT itself has

total area exactly 2 so the other

component hasarea 0 . b □

3Let Mod C+) = { homeomorphismstitle Tomotopy
it , the extended mapping class group.
hemma

Mod =(t) = GL(2,()E Out (F2) .



Proof of Lemma_
It is well known that

Out(F2)Aut(e) = Aut(75)=GL(2,E) .
Now

, any ferlodFIT) induces
a

map on Hi(Xik) E IIF So

& ModFIT)+> G212,1) . This turns

out to be an isomorphism. B

So , given a simple closed cureYet,
T-383 is homeomorphic toT-124 by the first lemma.

By the previous lemma , such a homomorphism
induces a yeAut (F2) taking & to a
So O is primitive.

conversely, any primitive
element maps to

a by some DE Aut(Er) . If
to is conjugation ,

then

W is homotopic to a which is simple. If peout

then EfeMod(t) taking to a so & mustbe simple, is



Recalling, that the Dehn twists generate
Vieta involutions, every Markoff triple
can be reached via a triple of
lengths of simple closed geodesics on
π

Similarly , since Hod
* (T) is generated by

Dehn twists , every simple
closed curve

can be reached by these moves.

Hence, we have established that a

Markoff triple (hy ,z) up to reordering
corresponds to a triple of lengths of
simple closed curves onT up to

Bometry and vice versa.



ARPENDIX A. HURWITE'S THEOREM
」

Let LEIR/* and consider its continued

fraction expansion
〆 = Eavjay,anas ,. -Ji=ao+希衣」

ant
.

.

Let 筑 : =[uo ;ay - … anJ . £

二 , = a0+ 玄=

= a、容“品
に

wor
.Ingeneral, ‰ anqn-1 + qn-2



Moreover, we have

prque- pueiqu = (- 1)"

Letting Xn = Canianty , anth, ... ] , we

see that

X = [0 ; 91,92, --- , any , Tri]

=
an Puait Pu-z

anqu- i + qu-2

⇒an=Pa
-z- aqu-r

aqu- i -Pu -
,

Check this
.

_C
Define Brit = 10 ; and , ann,-- ,a
Therefore,
Lut、 +But

- pn+
琵= (xqu-pu)
#

=

qucaqu - puy



⇒ α一筑 =器
+pu+ i>品 、

(*>

We will
argue

that for every ns, I,

子早ε作器,器, }ωh

1a -号に
For contradiction, assure not . Then, by (H)

=k, I with

max [(r+Br) , Kree+ Buel) , Knez+purr)] ErE.
Since3 and amXu+Bm Xm>, I, we

get maxham , are , aree] <2.



If a = 2 for some iSk,ke ,kez] , then

MitBo = [ai ; Ait ', aitz-_JtLo; ai+ , ai-2 , -コ

= 2 t [o ; ait 1 , ait~, - _JtCo;ai-、、 ai -2 、
- -コ

7
, 2+ [0 ; 2, 1 ]= 2 +> 写

So ap= antl =aktz = 1
.

het x=2
and
y
=Br=Q

8o

〆
Rt . = 1は

死

τ =けx

αK = 14品 には。

But二u=、

y
= BK+に ⇒々

と = 一、
So
,
we have

max {座 + , 1+☆Y , 元
+ 前了 ≤你 .

ㅲ (ろ)



from 111 and (2) :

写 ≥应十年 >, 前字 =γ-p
⇒ yC5 -y) ≥ 1 ⇒ 路々 y≤響

㉗

From 121 and (3) :

⑤> . 元+ 前>* 前にLD

⇒ 裂々 yth々磐⇒路々 y々
B⑬ )

Then (A) and (B) force y:
but

this contradicts y
=Bri=Q

□



APPENDIX B . FAREY NEIGHBOURS

The Forey triangulation of A is

学* :
浮:Mっn.Mmn"Mmnn

3 λ 2
품

For FEQU(3 (d =) ,we

connect, by the unique geodesic
between them #Ips-grl = 1

.
We say

& and I are Fancy adjacent or Fancy

neighbours.

In the determination of the modular



torus
,
we calculated that

A= ( auanar
、 ar
) = (;器) and

B =(皆)=( ”) 。

Moreover
, A(x)= = c = an=

and B(8)= = a = bu = a.

80 A = ( 92 )and B = ( ?)
So a anda ,

and c and t are

Farcy neighbours. Now, PSLC2,
1) sends

Forcy neighbours to Farey neighbours and
A sends t and a to b anda while

Brend o and a to a and b . Hence

a and b ,
and b and c are also

Farey neighbours .



We can apply a Mobius transformation
(in fact; an elementof PSLC24)) to

map
to to so

,
a to-1 and c to 1 .

Hence
,
b gets sent to

the mutual

Fancy neighbourof 1 and I
that is

notso and so we must have

b =o .

Then A(x) = 1 and Al-1) = 0 and

Or(A) =3 forces

ACE) =た→ A = ( ! え)
and B(c) = -1 and B (17 =0 and

or (B) = 3 forces

BCZ) 그 턴 n B = (;、 え)
_Zt2

as claimed.



APPENDIX C. PSL(2,i1)

One can apply Base-Serve Theory for
the action of PSh(2,7) on the Farey
tree (the freedual to the Farey triangulation
to see that PSLC2,1) =4/* 4/37) with

generators R= (%) and= (ii).
Now we see that the abelianisation is

4/2TX F/IT= 4/61 · fence,

[PSL(2 ,I), PSLC2,E)] has index 6.

Kurosh's subgroup theorem says that
a finite rulex subgroup H of a free product
is the free product of a free group



of finite rank with intersections of H with

conjugates of the free factors.

Here
,
the commuter subgroup

has

tririal intersections with conjugates of
the free factors since they are abelian.
Hence, [PSL(2,2),PSL(2,4)] is a free group.

We use Eller characteristics to determine

He rank
.

i
,a frurte group G has X(c) = tet.
in a free product GiG has

x(G*z)= x ( G.) +x(G2) 1

in a finite index subgroup H&G has
xCHD= [G: tH3xCG)

in. a free group of rankr has

x (Er) = 1 - r .



We have

x (PSL(2,a) ] =x(a) +x(/a) - 1

= 計言一に一

2 X ((OSL(2, [),PSL(2,4)]) = - 1

=> [PSL(2, I) , PSLLL,TD]E F2 .
Now,

[R ,UJ = ('
?

)(?-
;

) (; :) (^;' ;)

= (: : :) ( : :)

= (こ? : ; )
and

[β,- y = (엉)(일.) (윙) ( .원)

= ( :?)
(

김럭) = (부일)
freely generate.



This is exactly the group
weused

to build be modular forms.

If AEPSL(2, IR) normalises PSL(2,a)

then it must send fixed points of
parabolics in PSh(2,2) to other fixed

points of parabolics . These fixed points
are Qui63 .

So AEPSL(2,Q) .By

checking the conjugates with [i] and

[ii] , we find that A must have integer
entries

. So Nosici(PSLCTD) =PC(E,Et).

A finite index subgroup of NSL(2,5) has
the same fixed point set for parabolics.A
Similar argument (using [i] and [ii])



gives N
PSL(2,R)

(CPSL(2,2), PSL(22)])=PSL(I,C)

again.


