
TCC : Hyperbolic surfaces ,
their length spectra

and connections to Markov triples
See Farb-Margalit"A Primer on HappingClass Groups"Chapter 10.

Lecture 3 : Pairs of parts, Fenchel-Nielsen
coordinates and length spectrum rigidity

Recall that a hyperbolic surface is a

topological surface equipped with charts
to H whose transition functions are isometries.

Equivalently, a hyperbolic surface is a

quotient, M/X , of I by a Fuchsiangroup
(i.e. discrete subgroup of PSL(2M)) acting freely.
The surface is equipped with a metric

pulled back from IH.

Given a homotopy class [x] of an essential



closed curvea on X
,
there exists a unique

geodesic UE[X].
I. LENGTH SPECTRA

Define the length of 12] in X to be

ly(2x]) = (x(x) = length of the unique geodesic
WeC]

The length spectrum of X is the multiset
nothomotopic to a

point or a cusp

Gex([a]) /122 homotopy class 아 essential closedaure)
.

-
_

The simple length spectrum restricts to

homotopy classes of simple (i.e. non-self-intersecting)
essential closed curves,

Note: We only record the lengths of_

curves , we do not record which curves

have those lengths.



The marked (simple) length spectrum of
X is a function

fofhomwtrorycdasesfesentiulcsmplerwhored cunes I sR
[x] He ex(x) ·

The goal for today is to prove the
following :

Theorem (9g-9 Theorem)
Let X , and X2 be closed hyperbolic surfaces

ag-a

of genus g> 2 .

There exists a set 3243]i
=

of homotopy classes of essential simple
closed curves such that , if we have

lx
,

CCαi]) = C×
z
(Eα:3),

も isicag- 9
,

then

X and X2 are isometric.



Corollary-

Closed hyperbolic surfaces are marked (simple)

length spectrum rigid.

# . MARKED HYPERBOLIC SURFACES

Given a curve -,
how do we know what I

looks like on two different surfaces X, andXz?

Markings solve this by fixing a reference

topological surface.

Let Sy be a fixed topological surface

of genus g>,2 .

Let X be a hyperbolic surface of genus g.
A marking of X is a homeomorphism

6 : Sg --> X.

We call X
,

or (X , P) , a marked hyperbolic
surface .



Two marked hyperbolic surfaces X, and

X2 are homotopic if I an isometry fix,+X
such that

sg
" ×
If
5nX 2

commutes up to homotopy.
Now it makes sense to talk about lengths
of curves.
Let x be an essential closed curve on Sg,

them

(x((x3) := length of the geodesicrepresentativ
of [Y(x)] in X.

Changing & or X up to homotopy does
not change this length function .

So we

actually have a map well-defined on

smarbedhyperbolicy/homoropy=: Teich(S]



# PAIRS Of PANTS

A pair of parts is a surface homeomorphic

to a sphere with three boundary components.
버

Boundary
is "totally

geodesic 品≈里へ管m
We shall see that a hyperbolic metric on

a pair of pants is determined by the lengths
of the boundary curves.

We first consider hyperbolic right-angled
hexagons.
A marked hexagon is a hexagon with

a distinguished vertex .

Two marked right
angled geodesic hexagons in 1 are equivalent
if there is a distinguished vertex preserving



isomethy ofH taking one to the other.

Proposition
The mapmarked hyperbolicright-angled hexagons/n-> R3- sending
a hexagon to the lengths of every other side

starting at the marked verhey and going
anti-clockurse is a bijection.

べ心 (l(2.) ,
e(93) , l(x5)).

α
y

Proof
3

We will define a two-sided inverse
:

from + , by building a hexagon froma

given triple of Lengths (la , ep ,
(v)

For any
tso

,
let it andpt be a pair

of geodesics in I at distance t and let
UI be the unique geodesic

between them.

It meets both at right angles.



Extend orthogonal geodesicsBt BrandI from + and B+

i
at distances ex and

la respectively.
Let5tbe
orthogonal:ó寥“

to both.

R

There is a value to 0 for whicha and it
share an endpoint . Sending t from to to

infrnity sendsf(H) from o to infinity.
So there

at
。

exists a ty for
which I(t)=G

ito and we ar done.M

et up to isometry,
this construction
was unique .. ㄇ

양 R



Proposition
LetP be a pair of parts with boundary
components & ,

22 and Is
.

Let X be a

marked hyperbolic pairof pants. Then X is
determined Cup to homotopy) by the triple 3

(fx(xi,ex (x2) ,ex(x3)) . That is ,
Teich(PER+.

∅Ca.)
ㆁ{ ㆁ·Poof Let sij be the uniquein os×geodesic arc between
s ∅(a3)

↓(xi) and $(Xj) . By O- OO
the first variation ①Car)

principle ,
the oij meet the boundary at

right-angles .
Hence

, X-Uoij is a union

of two hyperbolic right-angled hexagons He
and He

.
Since the lengths of the oij are

equal on both , H , and the are isometric

by the previous proposition. The marked



is then determined up to

isometry byexagon (x(), ext, G(3))-

Conversely , given these lengths, we build
the hyperbolic right-angled hexagon H with
triple (E ,

exte (3) labelled as
a 는

&23
ar

บ้า shown . Reflect across is
< to get another hexagon H.H
a

3 α

Gluing along bij gives a

예 hyperbolic par of parts X에
'

lsonar
with a marking :P+ X

given by the labels .

Everything is well-defined up to homotopy. 1

We will now use pairs of pants to understand
hyperbolic surfaces of genus 92,

2.



I . FENCHEL-NIELSEN COORDINATES

Let Sg be a closed surface of genus g,2. .
Given 3g-3 simple closed arres Vi in Sgand pairwise non-homotopic

that are pairwise disjoints, Eg-UU ; will be
a disjont union of 29-2 pairs of parts.

②橖" .. "
사

日⑧

Pz
.

We call the set of curves [Visa
pants decomposition.



The hyperbolic metrics on the pairs of
pants are uniquely determined by the
lengths of the Vi. The hyperbolic metric
on the original surface X can be
recovered if we know how to identify
the boundary curves. The only choice we
can make is a choice of twist when we
reglue .

剋
->融串輛

Twisting affects geodesic arcs·



Consider the following data:
· a pants decomposition [81 ,

---,Uzg-3] of
oriented simple closed curves.

· a set of seams(p, ...,Bul ; that is,
a collection of disjoint simple closed anes
in Sy so that for any pairof parts

Pin

the decomposition, PM(VBj) is a union

of three disjoint arcs connecting the boundary
curves of P pairwise.

Oi
②:

.

楽

∞oir"s
"

·
Pz



We use the seams to measure twists.

So
, suppose B is a geodesic arc between

the boundary curves U, and 82 on some

pairof pants P.
Then :

: Choose neighborhoods N , of U, and Ne ofVa ;

"
. Homotope to so that it agrees

with

the unique geodesic or between 8,
and

U2 outside of N, UNz;

i
.
The twistingnumberof But U , is the

signed amount of winding that takes
place travelling along i inside N.

…
twisting
number



Let (X ,%) be a marked hyperbolic
surfacee The length parameters of X are
defined to be ex(Vi) for 8: in the pants
decomposition. On each side of to (Wi)
there is a pair of pants and some f(pj)
gives rise to a geodesic arc in each.

Let to and the be the twisting numbers
for each of these arcs on the left and

right sides of U(i) , respectively
The ith twist parameter of X is defined
to be

oi (x) = 2π
turtr

(x (Vi) ·

Theorem

The hyperbolic surface X is determined
up to homotopy by
(ex(51), . . . , ex (W3g-3), 0,

(x) , - -- ,O3g-3(x)) .



Proof het (2. .. -

,beg-3 , 01 ,
--- ,Ong-3)EMg ag

e

_

We will show that there is a unique X up to

homotopy with these parameters.

1
.
Let Pijik be the pair of pants

with boundaries

Wi
,Vj ,XR .

There is a unique hyperbolic pairof
pants Xijik whose boundary components have

lengths li , by andli and a homeomorphism

Pisisk->Xisj ,R respecting labels.

2. For each pair of boundaries on Xisjik, draw
the
unique geodesic are between them . Adjust

each such seam by twisting by Itm on the left.
=

of Um for eachmeli ,j ,k]· Identify seams of Pisjik
with those of Xijik,
3. These homomorphisms extend to %:Sg->UXigin/n
identifying boundaries by matching seams.
Every choice was unique up to homotopy. Δ

These 69-6 numbers are called the
Fenchel-Nieken coordinates of X.



E .
THE 9g-9 THEOREM

We are now ready to prove the following:

Theorem (9g-9 Theorem)

Let X be a marked hyperbolic surface, then
there exist simple closed curves [0, . . ., 59g-a)
so that the tuple
(x(δn). … . lx( δag-a))

determines X up to homotopy.

We will use the following proposition as
a black box for now.

Proposition
het X be a marked hyperbolic surface and let
Xs for sett be the family of surfaces obtained
by changing the twistparameter of X by s
around some pants curve U .

Let b be



a homotopy class of simple closed curves
on Sy that intersects 8 .

Then the function
She ex

,
(b) strictly

is strictly convex. menθ

Proof of the 9g-9 Theorem_

Let \U 1, ..., Usg-33 be a parts decomposition
and choose simple closed arresB,Pag
so that Biintersects U; E i=j . Let a be

the curves obtained from Bi by twisting
once around Si.

ป
_ー
xi
_

choose a set of seams for the is to
define Fenchel-Nielsen coordinates .

We now

already have the ex (vi) .
We need to use



the (Vil ,exkxi) and ex(i) to determine
the twist paraneters O: (X).
Let XI be the hyperbolic surface with the
same length parameters as X but with

first parameters E = It, . . . , tsg-3) . We can

assume X = Xo .

We will show that if

tio for some i then either (x(xi)+ex(xi)
or lx(zi) ≠ lxt(Bi) .

Consider the functions
Alt)= (x

+
(41) and B(t)= (xt(pi).

Since 21 and B , only intersect 5 ,
these are

just functions of sizti . By the above

proposition , Als) and B(c) are strictly
convex , hence so is (A+B) (5) .

Also, by

definition , A(S+2 ) =B(S).

Assume Als=Alo for some sto.
Suppose 530 , for concreteness. Since ACTIAIO),



it follows from strict convexity that
A (t < Alo) for te(o , 5) and Alt) is

strictly increasing forts.

If S2 ,
then S12 (2 + S

,
so

AC2π) < AC2π+s) ⇒ B (02 ≠BCS) 。

If Ss 2π ,
then O < Rπ Cs $ 2π ts

so A(2π) < Alo)= A(s) < A(2n+S) .

Finally , if S = 2it
,
we cannot home

A(2) = A(2 +S) , for then Alt) would

take the same value at o, 2T ,
and4,

breaking strict convexity-
So

, in all cases, B(otBIS) or ACOLEA(S)·

This works for any ti
and so if

ex(xi) =ex(i) and ex(pil = exx(i) for
all i, then we must have t=o and

∞ XE = X .

□



APPENDIX A .
FIRST VARIATION PRINCIPLE

Let V : 10 , 1) -> M be a curve between

two boundary components of Riemannan
manifold M with metric g. The length of
8 is

L (γ) = S
0

'l 8ctlat

=Fewc) at
A variation of V is a family of small
perturbations of U , ↑(S ,t) ,

SEC-E, a) , Eso,

with ↑(0 ,t) =0 (t) · ㆁ
plsit)

het VCt) = ls
.

be the odS

variation vector field, iie.

the direction of the perturbation. _

ÜHH=* s=o
recovers the tangent

vector to 8.



The first variation principle says
that

if U minimises 2 ,
then

&L = -Also LINKSA) = 0

We have

δ L =sls
=.

LCrCo .t))

= ls=0
。

'
gCitire) at

= o
'

Gs1 s0tint) dt
chain

wrg)
peridonetopvalue
← = 。ZZCy-

2 g ( O, "t,'t) at
swapped order .

= S。! ss at
=

.' at



= S
。

'

g (*細l
at

= !( g( uct >,5CtD人g ( uc⇒,ot8its))
dt

=[“飛、 ]
!

-
fo 'ge at

assume arc length parameterisation Cie . .18ct) l =)

d

= [gcuit) ,
8 (t))]! - fo

'

gerit )
,-r (t>) dt

Since VIA) is arbitrary ,
this can only be

zero for all possible VIA if both terms

are independently zero .

The latter forces UC) = 0
,
which is the

geodesic equation. The former forces ((t)

to be orthogonal to any variation at
the boundary,

So UCL is a geodesic arc orthogonal to the boundary.



APPENDIX B .
DEPENDENCE ON SEAMS

The definition of O: (x) made use of only
one seam Plpj) passing throughNil ·

We must check that Oi(X) is independent
of this choice .

This can be done by considering
the universal cover of the neighbourhood
N ; around Vi .

This is handled in Figure 10.8

of Chapter 10 of Farb-Margalit.
ARPENDIX C.CONVEXITY

Given some curve in X, its image inXs
can be lifted to a broken path between
lifts of 8 (the twisting acre) in1 .

Each lift
l is displaced by s

σ along thedirection of
the lift of U.

Mt This is called an

cIR earthquake map.
ー
_



One shows that minimising the length of
this broken path gives a strictly convex

function of the displacements .
The details can be found at the end

of Chapter 10 of Farb-Hargalit


