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Plan for the course :
1
. The hyperbolic plane, its isometries
and geodesics

2
. Hyperbolic surfaces and length
spectra

3 . Pairs of pants decompositions , Fenchel-
Nielsen cordinates and rigidity of
the length spectrum

4. Isospectral hyperbolic surfaces
5. Multiplicities in the length spectrum
and trace equalities

6 . Markoff triples and geodesics inhyperbol.
tori

7 . A proof of Methane's identityvia Markoff triples
8. Counting Markoff triples and simple
closed geodesies on hyperbolic tori



Lecture 1 : The hyperbolic plane
We will focus on the upper half-plane

model.

Let HH -HR : = {ZEE IIm (E) ' 0}
.

We call this the upper half-plane.

As a subset of D, I inherits
1
. A smooth structure.

2. A complex structure .

We will consider the automorphisms

of these structures of It and determine
the Riemannian metrics on H (conformal

to the Euclidean metric) that are

preserved by these automorphisms.



The metric of constant curvature -> in
this family will be the hyperbolic metric
on Hl.

To simplify the proofs , we consider
It as a subset of the Riemann sphere

℃ : = CU 9∞3 .
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A Mobius transformation is a map

8: -> I which , for a,b ,c,deD , ad-be to,

is defined by

fcz) =a, EEc

flo2 = araw '
₩I in a neighborhood

아 Z=∞
-

^

txereise
_

Prove that Mobins transformations form
a group

under composition generated by
i
.
En aztb , a,be ¢ , a≠o, Ca,s)≠ (

o,0)

"
.
) 글 .

Note by simultaneously scaling a,b , c andd,
we can assume that ad-bc= 1.

.



Prop The group of Mobius transformations_

아 Y , Möb(() is isomophie to'

PSL(2 ,4)
≡δL(2,0)/±)

Proof : The map
(℃^2 )5 ,d

is a surjective homomorphism
with bernel

{±エる 。 □

Exercise
_

Prove that PSL(2,0) acts transitively
but not freely on i and on pairs of
distinct points.
transitive ES Ex ,yC ,

7 AEPSL(2,() Sit. Ax=y.

free #S FAEPSL(2,1) , AFI => A * Vo .



Prop Mob() acts transitively and freely_

on triples of points in i.

Proof It suffices to send any triple of pts to_

10 , 1 ,2) and to prove that any map fixing
10, 1 , 01 is the identity.
i
.

Consider (71.72 .73). Then

f(z) = L PE -E

、L . NE-EC
J- E.E-z

-2 .ar-zi

sends (z1 ,t2,z3) to 1o , 1 , 501.

2?Now,iffCE)にaa Fixes 10 , 1 , 5), we see that

cz0aband q = 7
. 80 f(t ) = Z

□

Recall that I inherits an inner product
on tangent spaces from the Endidean
iner product <-,pr on DETR .

Hence,

we can measure angles between
tangent vectors at a point zt.
(We can only measure angles ! We do not geta globalmetric)



A smoothmap f:- I is conformal if it

preserves angles
between tangent vectors.

a

That is, VzeC, n,veTzY ,

[Pfzcul,Pfzul) = Xz)(u ,v)
Tfcz)

for some smooth X(z) > 0.

het

Aut(i) := Sconformal bijections of RY.
as a group.

Prop
Aut(e)eMöb(e)EPSh(2,()

Proof
三 Letfet>zd=uny\tivcauy) Then we have

Relf'(z)) -Im lf'(z)

( (ofε= (筑符)=
enan

器器] = Im(fとt》 Relfct)



=If '(+11 / case-for(
for e = Arg(f'(z)).

( coso
Hence, since (·eSmeeso(2 ,M,

<of£(u) ,Df£ (~》 = 1fとコR くu~>

lad-bek
and Ifzil" =_

laztd14

Let f :DeI be a conformal automorphism.

By composing with Mobius transformations
we can assume that flo) =o and

fC∞) =∞ .

We can then show that g(z) =is
entire and bounded on D . Hence, by

*

Liowville's theorem
, g(z) = C for some Ce.

Therefore, f(z) = z.g(z) is linear and

hence Möbius. □



A circle inI is the locus given by

Iz-aler forsome relRso.
Now

E -al = r③ 1 z-al = r2

⇒ (Z-a)( E-a ) =
2

⇒ IER-GE-azt((a^_γ^) =0
.

So a circle has the form

ARRTBETBETC = O,
A
,CER, BEC,

with AFO and HSl- ACXO.

A line in I has the form [m(z)=XRell+d
So,

= 入望+ d ② 北- 、) E + (λi+DE +Zid=0

② (λ* i) Zt (λ= i)Et 2d = 0.

So a line has the form

BE+BEt C = 0 , BEC , CEIR ,



Pp Aut(i) sends circles and lines

to circles and lines.

Pof We have seen that Aut() is

generated by th aztb andz
It can then be checked that the form
AIETBETBZETC = 0 maßs tO A'IZRTBZTBTETC' =O

for some other A ,CEIR , BEC . So we are done,
D

Now
,
we restrict to M.

het Aut (H1):{fEAut (c ) : fCH) =1} .

Prop Aut (H) = PSL(2,R)ESL(2,MY/(II).

Prof het O := 10203[Y .

Then an

feAut(HH) must satisfy f(0H) = OH.
So
, if fcz)=d

,
then
atb

fco)= IEOM ,fCn =πatH f (∞ )= EEOM



This implies that EXEC190] such
that

al = Xa , b =Xb , c =Xc and deXd areall

a'ztbireal and f(z)=d '
with

( ℃ )ε PSL(2,1 R)、

Conversely, note that if(EPCLI),
than

Im(a )
=

2
. Im(z)

.

lcztdl

80 Im(x770 ⇒ Im (a)30 . 80Al
is preserved bijectively . Hence,beAut (H).

□

We now focus on finding metrics on H
invariant by PSh(2,M) ·

Recall that the Enclidean metric

on CERR2 is given by
ds
'

= dacrtdy
?
= 1 dzl.

This gives the standard inner product on
tangent spaces.



A Riemannian metric onHis conformal to

the Euclidean metric if
ds =λ (Z) ldzl

for some smooth ((z) > 0 ·

Prop Up to scale, there is a unique_

conformal metric on H invariant by
Aut (HH) .EPSL(2,1R), Namely,

2 idar
ー=dS = ㄹ

Proof :
Iun(z)

ー

For feAut(H1) we require

λ(fCx)) 。 1fとzl. ldtl = λCzl.dzl.

Consider f(z) = vz+U. At z= i, we require
* (n+vi) . v = X (i).

Scaling X so that X(i) = 1, we get the

functional equation
亠

λ C2 ) = Iunlz) ,

We can check that this is also invariant
ー1

under zts/7 , and so we are done
.1



Recall that a Riemannian metric of the

form ds" = g,dr+ gady" has Gaussian

curvature given by

K=前‰ (品)+号 (前別]、
Since

ds'=)~=響
we have gi =gz = Je , so all oe are o
and

に =家影 ( Y 前)い

= ~y
㎡ 号 (一方)

ニ -
y
㎡
. 、記 = ー 、

So the metric has constant curvature
- 1
.



prop In fact, any
Riemannian metric

on I invariant by PSL(2,R) must

already be conformal.

Proof
_

The stabiliser in PSL(2, /R) of i can
be checked to be So(2,R)

.
In particular,

f = (iiY Stabilises i . Wehe e

fi = ( ? ^℃). 80g =
( 品]isonvariant ati

of and only if Dr. g Dfi
=

g E) g
=%").

That is
, ds" = g. (doi+dy).

Transitivity of the action of PSL(2,1)
then implies the same globally.
So ds" = Xz) Idz1" and so is

indeed conformal. 어



The Riemannian metric

idzに
ds" =→=Im(t]

gives a length metric on H defined
by

U : (a,b]->H piecerize ¢]ditelt, w)=inf} l(8) I rcal = z , γes) = w
where

ecγ ) = {
a

前(σ(t1) 18ctoldt

= Sa”前e)~ at

if σ (t) = x (tltiyct) .

Let fi-H be a smooth bijection.Then

fis an orientation preserving isomery if

det(pfz) <O Fzeh, dm(f(z) , full = &m (z ,w)

↑ z,wel .



Let Isomt(H) be the group of orientation

preservingisometries.

By construction, PSL(2,1) Isomt(H) .

We shall prove the reverse inclusion.

We first consider geodesics.
Recall that geodesics are paths that

locally minimise distance .

Prop_
Vertical lines in I are geodesics . Moreover,
if b< a, then di (ai ,bil = log
Proof : Consider any path U(t)

=x (t) + iy (H),
_

te [to ,ti] , joining ai to bi . Then
↓tir(0decr ) = ft
.

y

Iiat
=- for idy = log ta



with equalityif and only if =0 ; i.t.U(t)
is the vertical line . So the vertical

line

minimises distance locally (and globally) and
we are done . □

Prop het z,wel . If Relz) = Rec) ,_

then the geodesic from
z tow is the

vertical line from -to w, otherwise it is
the are of the circle with centre on OH

joining z to w .

Proof
_

In the first case, applying thesometry
flul = n-Re(z) moves z and wo ilth and
the result follows from the previous
proposition.

otherwise
,
let Man

be the endpoints

of the semi-circle with centre on OH

joining z tow . Applying the isometry
f (u)= (note 1 : mm l= y-m>o)

U-M



sends y to 0 and Mr to
20

.
Hence

,
since

PSL(2,R) = PSL(2,4) sends circles and thes

to circles and lines and preserves angles,
the semicircle is sent to it

,
the unique

geodesic between f(ze and flu) . So
the original semicircle was the unique
geodesic between z and w. 乃

Prop_
Given z,wel,

2
IZ-wi

cosh ( din (x,ω) ) = 1
t2Im(t) _

Proof
_ Both sides are invariant under

PSL(2, IR) and the formula holds for z=ai

and w =bi . □

Exercise : Use this formula to show
_

that hyperbolic circles inH are also
Euclidean circles (with different centres).



Heut First consider circles around :

Prop- Isomt (1H) [PSL(2, IR)

Proof
_

Let Te Ison't (H) · Suppose T(il = z

and T(Zil =w .
Consider the map f,EPSLR)

sending the geodesic between z and w
to iR .

Now
, if fi(z) = as apply faluz-

So fifiT(i) = : and , by isometries,

dim ( froficTCi ) ,fGofioTC)
= lhogz

s
∞frofior( 2 i ) e{ 2 :, 3

So
, if needed applyfo lue: , so that

one of frofiot and footzof ,of fixes both : and
2i

.
Call this map S.

Now consider some vEHH
.
We have

= din ( :, 2) = dm ( i, SCull



and

re: = dim ( 2iiv) = dm(2i, SCUS)

So v and S(u) both lie on
the

hyperbolic circles of
radius r

,
about:

and in about Zi. ィ

ilR

These are Euclidean
aLi

circle intersecting twice. ⑩ ⑩ v=SCU)

·One of these points is v. ℃

But, Since S is
M

㎡
orientation preserving
~ and Scul must lie on the same side

of ilR ,
So we have slul =v and so

S=IE TEPSLC2,IR) .
口

So
,
we have achieved the following :

Tum
_

Aut(HE Icom" (1) EPSL(2,A)



We will now classify elements of PSL(2,iR)
by their fixed points. The key information
will be the trace tr() = and.

Suppose, T = (℃ 2JtPSLCrIR
) and

z = fCz) = az+
b
ー

Cz+d .

Then

cE
'
+ (d- a) t - bao

⇒ z =
a- d±

_

-ma - d a2-2ad +d2 +4bc
I_

C

=
a- d±d

=
a-d±√世プー 4”

라

So we see the following.



Classification
_

(2] If tr(T) =± 2 , then Taid on T

has a single fixed point in Ot . We
call T parabolic .

(2) If ArCitk 2 , then T has
two

fixed points in O . We callT hyperbolic.
13) If Itr (T)1 < 2, then T has two

complex conjugate fixed pts in"D and

so a single fixed pointmH
.
We call

Telliptic.

Each type has a
canonical element in

its conjugacy
class .

we do this by moving the fixed points
to N , Co, X) , or i , i each case.



Parabolics
_
het y

be the fixed point in OH .
We

conjugate by ftt)= tnto obtain a

az+b

map T fixing & .

Hence
,
T(a) = ata

has c =0 and ad-be =ad= 1 . SoTC =Zet
、

HHyperbolics:
Conjugate by f(z)=, fixed inOI
to get a map T fixing o and t . Then

TC←) =a has the form TCz) =Az

for some >30 . So (b) =(i).
Trends zai to Xz= Xai hence translates

alongilk by dm (z,Xz)= logy.
Observe that

2 cosh ()= trT。



Ellipticー
Let ye and ye III be the fixed points.

Conjugate by f(z) :Re to obtina

a map with fixed points
at 11.

.

We

saw earlier that the stabiliser of i is

So(2, IR). So
Cost - z.t sine
_TCE2 = -

_

-sing . z+ cost

for some O.
Zie

Ther TCi ) =tcosorze ←

So T rotates about i by an angle of 20 .

Notice
,
this angle of rotationif

satisfies

2cos(y/2) = trT.


