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Abstract

There has been significant recent interest in sparse met-
ric learning (SML) in which we simultaneously learn both
a good distance metric and a low-dimensional representa-
tion. Unfortunately, the performance of existing sparse met-
ric learning approaches is usually limited because the au-
thors assumed certain problem relaxations or they target the
SML objective indirectly. In this paper, we propose a Gener-
alized Sparse Metric Learning method (GSML). This novel
[framework offers a unified view for understanding many of
the popular sparse metric learning algorithms including the
Sparse Metric Learning framework proposed in [15], the
Large Margin Nearest Neighbor (LMNN) [21][22], and the
D-ranking Vector Machine (D-ranking VM) [14]. More-
over, GSML also establishes a close relationship with the
Fairwise Support Vector Machine [20]. Furthermore, the
proposed framework is capable of extending many current
non-sparse metric learning models such as Relevant Vector
Machine (RCA) [4] and a state-of-the-art method proposed
in [23] into their sparse versions. We present the detailed
framework, provide theoretical justifications, build various
connections with other models, and propose a practical iter-
ative optimization method, making the framework both the-
oretically important and practically scalable for medium or
large datasets. A series of experiments show that the pro-
posed approach can outperform previous methods in terms
of both test accuracy and dimension reduction, on six real-
world benchmark datasets.

1 Introduction

Metric learning is an important concept in machine
learning and data mining. Its objective is to learn a proper
distance metric so as to improve prediction accuracy in su-
pervised learning or benefit clustering performance in un-
supervised learning. To this end, a number of approaches
have been proposed, e.g. [5, 8, 19, 23].

Despite of its success, metric learning usually attempts
to learn a distance function f with a full square transfor-
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mation matrix A" from the given data set S = {x; €
RP|k = 1,...N,N € N} (i.e., the distance between x;
and x; is defined as f(x;,x;) = (x;—x;) T AAT (x;—x;)),
while satisfying certain extra constraints; these constraints
can force similar (dissimilar) points to stay closer (further
apart) with the new distance metric. However, learning a
full matrix may cause some problems. Additionally, the
presented data are often contaminated by noise, especially
for high-dimensional datasets. A full matrix cannot sup-
press such noise and may limit accuracy as a consequence.
On the other hand, a full matrix, which is inefficient to com-
pute, would result in practical difficulties for many real ap-
plications.

In order to solve the above shortcomings involved in
metric learning, many researchers proposed to learn a
sparse metric from different perspectives. These work in-
cludes the Sparse Metric Learning (SML) framework [15],
the Large Margin Nearest Neighbor (LMNN) [21, 22], and
the D-ranking Vector Machine (D-ranking VM) [14]. All
these methods are able to learn a good distance metric as
well as a sparse or low-dimensional representation. Specif-
ically, Rosales and Fung targeted the shortcomings of met-
ric learning directly [15]. Their method has demonstrated
considerable improvement over traditional metric learning
approaches [15]. LMNN is motivated from the large mar-
gin concept and its solution can also lead to sparse met-
rics. Although not designed for sparse learning, D-ranking
VM is shown to force a low-rank (usually rank one) on the
metric. However, there are some limitations to these mod-
els. Although SML, proposed in [15], started from a rea-
sonable motivation for achieving sparsity as well as good
distance metric, they relaxed their model and did not lead
to the optimal solution. LMNN touches the sparse concept
marginally, which is shown not to hit the target of sparse
metric learning directly. D-ranking VM made a strong re-
striction on the rank of the distance matrix, and hence may
not be flexible for real application.

In contrast to previous sparse metric learning ap-
proaches, in this paper, we propose a general framework



called Generalized Sparse Metric Learning (GSML) along
with physical interpretation and practical optimization. This
novel framework not only offers a unified view for under-
standing many of the popular sparse metric learning algo-
rithms including the above three methods, but also it leads
to an optimal model which generalizes the SML approach
proposed in [15]. Specifically, the proposed GSML can
learn both a good distance as well as the optimal low-
dimensional representation.! Both theoretical justification
and empirical verification demonstrate that the proposed
GSML can outperform previous methods with many real-
life datasets.

The proposed unified framework is important because it
builds various connections with other existing models. Be-
sides the above mentioned three models, GSML is shown
to have a close connection with the Pairwise Support Vector
Machines (PSVM) [20]. In addition, we also demonstrate
that many existing metric learning approaches such as RCA
and the method proposed by Xing et al [23] can readily be
extended to their sparse versions based on our novel frame-
work. Another appealing feature is that a simple iterative
optimization algorithm can be applied to solve the origi-
nal convex but computationally difficult Semi-Definite Pro-
gramming (SDP) problem involved in the proposed frame-
work, making the proposed model scalable for medium or
large datasets.

In summary, we have proposed a unified framework that
establishes various connections with many famous models.
We present this unified picture in Figure 1. More details
can be seen in Section 2.2 on how these connections can be
built.
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Figure 1. A unified framework establishing
various connections with other models.

The paper is organized as follows. In the next section, we

't is noted that Principle Component Analysis or Fisher Discriminant
Analysis can also lead to low-dimensional representation. However, they
need to specify the dimension beforehand, and they are incapable of learn-
ing both a distance metric and the low-dimensional representation simul-
taneously.

present our novel unified framework. The model definition,
theoretical justification, connections with other approaches,
and practical optimization will be discussed in turn in this
section. In Section 3, we evaluate our algorithm and report
experimental results. In Section 4, we discuss related work.
Finally, we set out the conclusion with some remarks.

2 Unified Framework for Sparse Metric
Learning

In this section, we present the general framework for
sparse metric learning.

2.1 Notations and Model Definition

Assume that we are given a training data set S containing
N D-dimensional data points x, € RP, k= 1,2,..., N.
Assuming A is a matrix, we denote its i-th row vector as
A;. A > 0 means that the matrix A is a positive semi-
definite matrix. Moreover, we denote the trace of matrix
A by tr(A). For simplicity, let O be the set of all D by
D orthonormal matrices i.e. columns of the matrices are
orthonormal vectors.

The basic target of metric learning is to learn an appro-
priate distance metric f from S with extra constraints on a
set of triplets 7 = {(, j, k)| f(xi,%x;) < f(x4,%xx)} [15].
Such triplets provide a certain relative comparison among
pairs, i.e. x; is more similar to x; than to x;.2 In the con-
text of sparse metric learning, f is assumed to be a linear
transformation AT : RP? — R? (with d <« D for ob-
taining sparsity) such that V(i,j, k) € 7,||%; — %;|[3 <
||)A(Z — )A(kH%, with x5, = ATXk .

The unified sparse metric learning framework is pre-
sented as follows:

. T
min ; & +tr(LAAY)

st V(i,j,k) € T, ||% — %[5 < |[%i — %&ll3 + &(1)
Vt7§t Z 0 9

where ¢ indexes the set 7 and v € R is a positive trade-
off parameter. And L is a pre-defined matrix, which could
be the identity matrix, the covariance matrix, or some other
specified matrix. We will show shortly that different choice
of L can lead to different sparse metric learning models.
Additionally, in order to avoid a trivial solution, the con-
straint (1) is often modified with an added margin, i.e.,
1% — %513 < [1%; — %|l3 + & — 1.

Denoting W = AAT, we can transform the above opti-

2Qther settings could be also used (e.g., a setting discussed in Sec-
tion 2.2.4)



mization to the following equivalent form:

i + yte(LW 2
min Xt:& ~yer(LW) )
st V(i 5, k) € T,x[;Wxij <x)Wxi + &, 3)
Vit & >0, “4)
W=0, (5)

where x;; is defined as x; —x;, and x;y, is similarly defined.

We interpret the unified model as follows. The basic mo-
tivation is that, a good choice of a distance metric should
generally preserve the distance structure of the data: the
distance between examples exhibiting similarity should be
relatively smaller, in the transformed space, than between
examples exhibiting dissimilarity. Such preservation is im-
plied by the constraint (3). Moreover, for the purpose of
generalization ability or noise suppression, the distance ma-
trix defined by A should be regularized. This can be seen
in the second term of (2). We will see why this term can be
used as a regularized term for forcing the sparsity in Sec-
tion 2.2.1. Finally, we can observe that the above model is a
typical Semi-definite Programming (SDP) problem, which
is convex but also well-known for its high computational
complexity. In Section 2.3, we will show how to apply
an iterative sub-gradient method to solve this difficult op-
timization problem.

2.2 General Framework for Sparse Metric
Learning

We will demonstrate that the proposed general frame-
work contains many existing sparse metric learning mod-
els as special cases. Importantly, we show that the model
with L = I corresponds to the optimal model that is able
to achieve the goal of sparse metric learning directly. It
also contains LMNN and D-ranking VM as special cases.
In addition, it can also build a close connection with the
Pairwise SVM model [20]. Finally, we demonstrate that
many current non-sparse metric learning models including
the method proposed in [23] and the Relevant Component
Analysis (RCA) can readily be extended to their sparse ver-
sions by using our proposed framework.

2.2.1 Connection with Sparse Metric Learning [15]
The Sparse Metric Learning model proposed in [15] is pre-
sented as follows:

D
??th + Z [ Am 1
’ t m=1

st V(0,4 k) € T, I1% = %53 < |I%i — %3 + &
Vtvgt Z 07

As a 1-norm can produce sparse solutions [11, 8], many
columns of AT would be expected to become zero vectors

due to the existence of the second term in the above objec-
tive function. This is the basic motivation of SML.

However, there are several problems with the above
model. Firstly, we observe that the low-dimensional map-
ping is directly performed in the original input space. More
specifically, enforcing the [-th column in AT to become a
zero vector will naturally discard the [-th dimension in the
input data. However, redundant features unnecessarily ap-
pear in the original input space. Thus certain transformed
features may be redundant.? In other words, the useless fea-
tures may be in the space U”x;,i = 1,2,..., N, where U
is an unknown D X D matrix. Secondly, the 1-norm reg-
ularization may present a problem. We would like to en-
force some columns of AT to be zero vectors. However, the
Lnorm S0 ([ Al = S22 SSPAy] can force
many elements of AT to be zero but it does not necessarily
force a whole column to be zero. Thirdly, in order to solve
the above optimization problem, [15] further proposed to re-
strict the optimization of the matrix A in the space of diag-
onal dominance matrices. Although the final optimization
is relaxed to a linear programming problem, such a restric-
tion renders the final solution of A only sub-optimal instead
of globally optimal even in the 1-norm matrix regularized
framework [9].

In contrast to the original SML model, a more general-
ized SML can be described as follows:

i AAT 6
Uemolg)Azt:ft‘FWH ll(2,1) (6)
st [1% = %55 < |I% — %[5 + &, V(6,4 k) € T,
gt > OVta
)A(Z' = ATUTXZ' 5

where ||AAT||(2,1) means the mixed (2,1)-norm for the
matrix AAT, which we will discuss shortly.

There are two major differences between our generalized
model and the previous SML model. To see this, we let

B=AA".

First, an extra matrix parameter U € OP is introduced. The
input data samples are firstly transformed to a new space us-
ing U. The feature selection or the low-dimensional map-
ping is then pursued in the transformed space. More im-
portantly, we do not need to specify the matrix U. Instead,
the optimal U can be automatically learned from the model.
Second, we use a mixed (2, 1)-norm || B||(2,1) instead of the
1-norm. The mixed norm has been earlier used in multi-task
learning [2] and the (2, 1)-norm of B is obtained by first
computing the 2-norm across the rows of B;, and then the 1-
norm of the vector b(B) = (||B1||2, ||Bzll2;---,||Bpll2)-
A 1-norm will impose a sparsity on a vector, meaning that

3This is similar to Principle Component Analysis



some elements of b(B) will be zeroed. Let By and (A ")y
respectively denote the k-th row vector of B and k-th col-
umn vector of (AT). Then it is easy to verify that

(Bp)T = 0iff (A7), =0.

Hence, the mixed (2,1)-norm of B ensures that some
columns of AT can become zero vectors and thus this natu-
rally achieves a small d.

We propose the following theorem showing that the
above original non-convex programming problem can be
equivalently transformed to a convex form. Moreover, this
transformed convex optimization is a special case of our
proposed general framework, if L is set to the identity ma-
trix.

Theorem 1 The problem in (6) is equivalent to the opti-
mization problem (3) with L equal to the identity matrix, or
the following problem

win Etj & +tr(W) (7
s.t. x;;Wxij <x) Wxi + & 8)
V(i,j, k) € T?ft 2 Oth (9)

W = 0. (10)

The proof can seen in the Appendix. From Theorem 1,
we know immediately that our proposed unified framework
contains the generalized SML as a special case. More-
over, as the problem in (6) presents the optimal model that
achieves the goal of sparse metric learning directly, we can
have the following proposition.

Proposition 1 The optimization problem (3) with L equal
to the identity matrix presents an optimal model that is able
to achieve the objective of sparse metric learning directly.

2.2.2 Connection with Large Margin Nearest Neigh-

bor
We show that a special problem with L set to the “co-

variance” matrix X, among the similar pairs, i.e., L =
ﬁ > xyyet, (X — %) (i —x;) " (7 defines the similar
pair set), is identical to the Large-Margin Nearest Neighbor
(LMNN) approach.

This can be easily verified as follows:

%m 3 x—x) = x;) W)

(xi,%;)€TS

tr(LW) =

1
= tre( (xi = %) "W (x; — x;))
||
s (xi,x;)€Ts
1
= ‘T| Z (Xi —Xj)TW(Xi —Xj) .
s (%4,%;)ETs

4The matrix L changes to the real within-class covariance matrix, if we
consider a pair with the same class label as the similar pair. See Lemma 1,
page 7 of [18] for reference.

Hence the modified problem can be changed to
1‘1/1[/1? th‘F’Y Z (Xi —Xj)TW(Xi —Xj) .
’ t

(xi,%5)€T

Evidently, the above problem is identical to the optimization
problem given in LMNN.3

Remarks. As indicated in Section 2.2.1, it is the term
tr(W) that conveys the sparsity directly. The regularization
term given by LMNN is motivated from the large margin
concept, which is however not directly related to the spar-
sity of the distance matrix W.

2.2.3 Connection with D-ranking Vector Machine

We propose Theorem 2 showing that the D-ranking Vector
Machine proposed in [14] is a special case of our proposed
framework.

Theorem 2 When the transformation matrix W is of rank
one and L is equal to the identity matrix, i.e., W =
vvT,L =1(visaD x 1vector), problem (2) is equiv-
alent to the D-ranking Vector Machine [14].

Proof: If we substitute M = vv T into (7), we can obtain
the following optimization problem

v

min Z & +vTy (11
’ t

s.t. x;rjvv—l—xij <xvTxi + & (12)
V(i,j, k) € Ta gt > Oth

(12) can be transformed to xiij < XZ-TkV + &; in the sense
that both forms imply the same meanings. On the other
hand, the term vTv, the Lyo-norm, can be also defined as
[|v||m, which is an Ly-norm in a reproducing kernel Hilbert
space (RKHS). Hence, the above problem can be finally
transformed to

min > & +qlviE (13)
’ t
s.t. xiij < XiTkV + & (14)

V(iaja k) € Ta ft > 07Vt

The above optimization problem is exactly the D-ranking
Vector Machine [14]. O

From Lemma 2, we know that D-ranking VM actually
restricts the rank of the transformation matrix to one. Al-
though such restriction simplifies the model, it reduces the
flexibility and consequently would limit the performance.

SThe similar set defined in LMNN is slightly different. Such definition
could be also used here.




2.2.4 Connections with Pairwise Support Vector Ma-
chine
We show that the proposed general framework has a close
relationship with the Pairwise Support Vector Machine.
More specifically, when L is equal to the distance matrix
W, the GSML is reduced to a model very similar to the
Pairwise SVM [20].
With L = W, we can have:

tr(LW) = tr(WW) = [|[W||%.,

where ||W|[%,, is the Frobenius norm of W. Furthermore,
suppose we change the triplet setting to another commonly-
used setting, where a similar set 7; (containing similar
pairs) and a dissimilar set 7y (containing dissimilar pairs)
are defined. A good choice of distance metric should shrink
the distance between each pair of similar points, while en-
larging the distance between each pair of dissimilar points.
In this sense, we have the following constraints

X Wxij < p—1+&;,(i,5) € Ty,
X;;—WXij >p+1 +§U7(27J) €7y ’

where p is a variable used to shift the margin among the
dissimilar pairs and the similar pairs.
Consequently,the problem (2) can be written as

min > &AW,
t

0,
X;;-WXij <p-—-1 +§zgu(z7j) S
xiWxij 2 p+ 1+ &, (i,§) € Ta -

The above model is exactly the pairwise SVM model [20].

2.2.5 Extensions of Other Metric Learning Models
We now examine how some other existing metric learning
problems can be extended into a sparse learning problem.
We use the model of Xing et al [23] as an example. Other
models such as RCA can be similarly extended.
We first write the model of [23] as follows:
o
s.t. Z (xi —x;) ' B(x; —x;) > 1
(xi,x;)€Tq

Z (xi — %) B(xi —x;) < p
(xi,%;)ETs
B >0,

where 7; and 7 are respectively a specified dissimilar set
and a similar set.

By simply adding the regularization term, we transform
the above problem to

min p+~tr(LW)

S.t. Z (Xi — Xj)TW(Xi — Xj) > 1
(xi,%;)€7q
Yo = x) Wik —x5) < p
(xi,%;)€Ts
W = 0.

It can be interestingly observed that the above sparse ver-
sion can be regarded as a globalized sparse metric frame-
work, while our proposed general framework is a local
sparse metric learning method. In the above model, the
constraint is constructed globally from the similar set and
the dissimilar set. In comparison, our proposed GSML con-
structs constraints between each similar pair and dissimilar
pair, which is of the local fashion. Both models share simi-
lar optimization forms. They can be efficiently solved based
on the iterative method, which will be discussed shortly in
Section 2.3.

2.2.6 Remarks
In the above subsections, we have established various con-

nections between our proposed unified framework and the
other models. We now make some remarks on the men-
tioned models. First, the generalized SML model (cf. prob-
lem (6)) presents the optimal model which can learn an
accurate distance metric as well as sparse representations.
LMNN is motivated from the large margin concept. It
can achieve the similar objective as the generalized SML.
LMNN can also yield sparsity because of the inherited na-
ture of the regularization term; however, the sparsity of
3sW does not mean the sparsity of W. This point can
also be observed later in the experimental section. The D-
ranking Vector Machine can be regarded as a simplified ver-
sion of the proposed framework, since the distance matrix is
restricted to rank one. Finally, L could be defined as other
matrices. In particular, it is possible to combine the mer-
its of LMNN and Generalized SML with L set to X, + Al
where ) is a positive trade-off parameter.

2.3 Iterative Optimization

We have shown that the proposed sparse metric learn-
ing problem can be formulated as an SDP problem. How-
ever, SDP is still time-consuming, or even intractable for
medium or large-scale problems due to the time complexity
of O(DY). In this section, in a similar fashion to Weinberger
et al [22], we propose an iterative optimization technique
which scales well for large-scale tasks.

The basic strategy is that we first solve a linear program-
ming problem with standard sub-gradient descent methods
by removing the semi-definite constraint W > 0. We then
project the solution to the semi-definite matrices space. The



process is iterated until a stable solution is obtained. We
state this process as follows.
. . z ifz>0
By defining the hinge loss [z]4 = .
y £ & [+ { 0 otherwise
first transform the problem to an unconstrained optimiza-

tion problem

E}

ng}% Z[l + X;;—WXZ'J' — x} Wxi] 1 +tr(LW) (15)
= t

Let C;; = Xijx,;; and let G* denote the gradient of the
objective function at the ¢-th iteration, then G* can be cal-
culated as follows:

Gt :’}/L+ Z (CZ] 707;]@),
(i,4,k)EH?

where H is the set of triplets (i, j, k) € 7 with the positive
slack variable. At each step, the metric matrix I/ can be
updated by

Wity = W) + oG,

where « is a small positive step constant.

We then project the matrix W) to the cone of positive
semi-definite matrices by finding the eigen-decomposition
of the matrix Wy, ie., Wy = PTAP, where A is
the diagonal matrix with the diagonal elements \; be-
ing the eigen-values of W), and P is the the eigen-
vector matrix. The optimal W satisfying W) =
0 is the one, Wy = PTA{P, where Ay =
diag(max{0, A1}, ..., max{0,A\p}).

Following [22], we can further speed up the optimization
by updating the gradient as follows:

t+1
G = G —
(i,4,k)eHE—HI+1

+ > (Cij — Cir).

(i,4,k) EHIFT—H?

(Cij — Cur)

The second technique to speed up the optimization is to use
the active set method. At each iteration, we do not check all
the triplets if they violate the margin (i.e., & > 0). Instead,
we define the current active set H! = Uf;i H'. When the
algorithm converges, we then check if the current working
set contains all the triplets satisfying & > 0. Otherwise,
we add the newly obtained triplets into the active set and
continue the optimization until it converges.

3 Experiments

In this section, we compare our proposed method with
other competing models on six benchmark data sets,which
were obtained from the UCI machine learning repository.

As we proved in Section 2.2.1, the model with L = 1
corresponds to the optimal model capable of simultaneously
learning an accurate distance metric and a low-dimensional

representation. In this section, our mention of GSML in nu-
merical experiments will assume this L = I model. How-
ever, we should still bear in mind that GSML is a general
framework and thus other variations could have been used
instead. With this choice we compare the proposed GSML
method with four other competing methods including the
naive Euclidean distance method (simply using Euclidean
distance as the distance metric), the SML method [15], the
algorithm proposed by Xing et al [23] (we call Xing from
now on), and the Large Margin Nearest Neighbor method.

We follow [15] and use the category information to gen-
erate the relative similarity pairs. More specifically, given a
randomly chosen triplet {i, j, k} sampled from the training
data, if two of them share the same label and a third has a
different class, we then incorporate this triplet in the triplet
set 7. Namely, {x;,x;,x} has the relative distance rela-
tionship of x; is more similar to x; than to X,. For Xing’s
method, two sets need be used for evaluating the algorithm:
a similar set 7 containing the similar pairs and a dissimilar
set 74 consisting of the dissimilar pairs. In a similar fash-
ion to [15], we generate these two sets from the triplet set
7 by placing (4, j) into the similar set 7; and (i, k) into the
dissimilar set 7, provided (i, j, k) is a triplet in 7. As dis-
cussed in [15], such a strategy provides a fair level of super-
vision for the comparison methods, in the sense that roughly
the same information is presented to different methods. For
LMNN, the nearest neighbor points for each training sam-
ple need to be provided before training. In order to provide
equal side information, for each training sample, we regard
their similar samples appearing in the similar pairs as their
nearest neighbors.

We use the same ratio, i.e., 85 : 15 as used by [15], to
split the data sets into a training and test set. From the same
data set, 1500 triplets are generated from the training set
based on the strategy mentioned above, while 1000 triplets
are sampled from the test set. During testing, if two of the
similar elements in the triplet has a smaller distance than
the dissimilar pair (calculated based on the learned metric),
then this triplet is regarded as classified correctly. We count
the ratio of correctly classified triplets to give the final ac-
curacy score. This procedure was used for all five meth-
ods. The final results are given as an average over 10 ran-
dom splits of the data. The trade-off parameter + used in
GSML, SML, Xing’s method, and LMNN is tuned in the
range {107%,1073,1072,107%, 1,10, 102} by cross valida-
tion, as suggested by previous research. All the experiments
were pursued using Matlab V7.1 on a PC with 2G RAM,
and a 3Ghz CPU.

3.1 Results

We now report the experimental results. We will first
present the test accuracy and then provide the performance
in terms of dimensionality reduction.

We report the test accuracy in Table 1. In the first two
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Figure 2. Performance comparison among different methods. The first two rows present the average
test error rates, while the last two rows plot the average dimensionality used in different methods.



Table 1. Test Accuracy comparison for our model versus the four other competing methods. GSML
demonstrated overall best performance compared with the other methods.

[ Data Set I GSML [ SML [ Xing [ LMNN [ Euclidean |

Wine (%) 96.45 + 1.97 | 95.00  1.46 | 91.06 +3.12 | 94.74 ¥ 1.95 | 88.76 * 2.85

Breast (%) 90.89 £ 2.71 | 88.12 £2.97 | 84.16 £5.01 | 87.37 £1.16 | 83.82 £ 5.21

Pima (%) 64.25 £ 3.06 | 61.31 £3.26 | 56.59 £ 1.84 | 64.38 £ 3.90 | 59.67 £ 2.75

Tris (%) 97583 £2.31 | 96.22 £ 1.94 | 95.00 £3.76 | 96.73 £3.22 | 93.87 £3.34

Tonosphere (%) 75.21 +3.50 | 70.05+2.95 | 59.95 + 3.17 74.95 + 4.57 60.82 + 3.77
Balance (%) 84.21£3.09 | 77.51 £3.21 | 84.01 £3.02 | 84.80 £ 3.71 | 66.21 £ 3.02

rows of Figure 2, we also visualize the results. Several proposed GSML can learn the optimal low-dimensional fea-

important points should be highlighted. First, almost all
the metric learning methods can outperform the Euclidean
distance method except Xing’s method of [23] which can
sometimes be slightly worse than the Euclidean distance.
This validates the data-dependant nature of distance or sim-
ilarity metrics and indicates the importance of metric learn-
ing. Second, GSML demonstrates overall better perfor-
mance than the other remaining methods, showing that
sparse metric learning appears to be more suitable and ap-
propriate. On the one hand, enforcing sparsity in met-
ric learning can suppress possible noise in the data and
consequently avoid over-fitting for subsequent classifica-
tion or clustering tasks. Additionally, it will lead to much
more efficient calculation of the learned distance functions.
Third, our proposed GSML further lifts the performance of
SML consistently across all six data sets used. The accu-
racy improvements are statistically significant for the data
sets of Breast-Cancer, Pima Diabetes, Ionosphere, and Bal-
ance Scale according to a t-test at a significance level of
5%. Specifically, a roughly 5% and 7% accuracy lift has
been observed respectively with the Ionosphere and Bal-
ance Scale data sets. Finally, LMNN can also present com-
petitive results, however not as good as our method. These
results clearly demonstrate the advantages of the proposed
generalized framework.

We now examine dimensionality reduction performance
(i.e. the number of non-zero vector for the transformation
matrix A), used by different metric learning methods in the
last two rows of Figure 2.° As observed, the optimal di-
mensionality given by the proposed GSML method has sig-
nificantly fewer dimensions compared to SML and LMNN
across all six data sets. As the feature correlations may
appear best in an unknown linearly transformed space and
SML can only perform feature selection in the original in-
put space, the “optimal” dimensionality number given by
SML is actually not optimal and still redundant. Moreover,
although LMNN can impose partial sparsity, the associated
term does not target sparsity directly. In comparison, our

6Xing’s method and Euc are non-sparse methods. They simply use all
the dimensions. For brevity, we only plot the number of dimensionality
used by Euc.

ture representation as well as the distance metric at the same
time. The dimension number given by GSML achieves the
truly optimal solution within the framework of sparse met-
ric learning and hence is much smaller than the other two
methods.

4 Related Work

Metric learning is an active research topic in ma-
chine learning and data mining. Researchers have devel-
oped many approaches in this field. Among them are
Information-Theoretic Metric Learning [7] (ITML), Rele-
vant Component analysis (RCA) [4], and the method pro-
posed by Xing et al. However, all the above methods can
merely derive non-sparse metrics and only work within their
special settings.

Some other related methods include non-Mahalanobis
based metric learning, e.g., Neighborhood Component
Analysis (NCA) [10], the method proposed in [5], Local
Linear Embedding (LLE) [16], and Local Fisher Discrim-
inant Analysis (LFDA) [18]. NCA and the method pro-
posed in [5] are neural network based metric learning meth-
ods, usually suffering from non-convexity or suboptimal
performance. LLE and LFDA aim to preserve the local-
ity or within-class covariances using low-dimensional map-
pings. They do not try to improve the classification per-
formance and hence are very different from our proposed
method. Embedding approaches or manifold learning are
also related to our framework in that both approaches seek
low-dimensional representation. These approaches include
Maximal Variance Unfolding (MVU) or its variant, Colored
MVU [17], Multidimensional Scaling (MDS) [6], and its
generalized case, Generalized MDS [1]. Principal Compo-
nent Analysis (PCA) [12] and various other extensions can
also be cast in this category. However, all these approaches
are differently motivated, leading to very different objective
formulations compared to our metric learning framework.
The main purpose of embedding approaches is to find a low-
dimensional embedding which maintains the distance or-
dering. As shown by many authors, embedding approaches
do not necessarily benefit classification performance [17].
In contrast, we are seeking a metric which simultaneously
yields high classification or clustering accuracy as well as a



low-dimensional representation [1] [17].

Within sparse metric learning, SML [15], LMNN [21],
D-ranking Vector Machine [14], Large Margin Component
Analysis (LMCA) [19], and the method developed in [3]
also target high classification accuracy and dimensionality
reduction simultaneously. However, SML is sub-optimal
and can merely search low-dimensional representations in
the input space. Our proposed Generalized SML solves
these two problems systematically and is shown to con-
tain SML, LMNN, and D-ranking Vector Machine as spe-
cial cases. On the other hand, LMCA controls the sparsity
by directly specifying the dimensionality of the transforma-
tion matrix and it is an extended version of LMNN [21, 22].
Its problem is that, one more parameter, i.e., the dimension
d, needs tuning. In [3], a distance measure can be learned
by combining multiple 1-D embeddings based on the Ad-
aBoost [3]. However, it exploits some heuristics and cannot
guarantee global optimum.

5 Conclusion

We propose a Generalized Sparse Metric Learning
framework in this paper. This novel framework offers a uni-
fied view for understanding many of the popular sparse met-
ric learning algorithms including the Sparse Metric Learn-
ing framework proposed in [15], the Large Margin Near-
est Neighbor (LMNN) [21][22], and the D-ranking Vec-
tor Machine (D-ranking VM) [14]. Furthermore, the pro-
posed framework is capable of extending many current non-
sparse metric learning models such as Relevant Vector Ma-
chine [4] and a state-of-the-art method proposed in [23] to
their sparse versions. We provide a conceptual interpreta-
tion why the proposed framework can generate both a good
distance metric and low-dimension representations simulta-
neously. We also apply an iterative sub-gradient optimiza-
tion method, making the original SDP problem solvable
even for medium- or large-scale data sets. Experimental
results show that the proposed unified approach can outper-
form previous methods in terms of both learning accuracy
and dimension reduction on six real-world datasets.
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Appendix
To prove Theorem 1, we first present Lemma 1.

Lemma 1 , Consider the following optimization problem.

min ;gt +ytr(WW TV 1)z (16)
s.t. tr(V) <1,V esP,
X,TJ‘WXij <x\ Wxi + & (17)
V(i g, k) €T,
& >0,V (18)
W = 0. (19)

The above sparse metric learning problem (6) is equivalent
to the formulation in (16). In particular, if (A,U) is an
optimal solution of (6), then

(o, V)= ( UBUT,

is an optimal solution of Problem (16). Moreover, the above
problem (16) is a jointly convex problem with respect to
W, &and V.

Proof: Let W = UBUT, then problem (6) is reduced to
the following

min Y &+ [[UTWU |2 (20)
t

st xEWx <xfWxip + &
V(i j.k) € T, & > 0,V
W eSP UeoOP.

We know from [13] that minyea Y, i—f = (3, lai])?
where the minimization is achieved at ):1 = II‘ZIiI‘l'
Let A™' = (A\{%,...,\;'). Then, replacing a; by
|(UTWU);|| implies that

UTWUZ,, = minyea Y7, LOTWORI
—w((UTWU) (UTWU)diag( A1)
=tr((UTWTWU)diag(A™1))
= tr(WTW (U "diag(A\~1)U))

Putting this back into equation (20) and recalling that
A€ Aand U € OP are arbitrary, then letting V-l =
UTdiag(A\~")U € S, implies the equivalent formulation
(16).

To establish the convexity of the formulation in (16),
we note that it follows directly from the observation that
tr(W TV =1W) is jointly convex with respect to W and V'
and the constraint conditions are linear. This completes the
proof. O
Proof of Theorem 1: If we recall that the set of all real-
valued symmetric D x D matrices, denoted by SP isa
Hilbert space with trace norm as the inner product defined
by, for any A, B € SP, (A, B)¢y = tr(ABT). Conse-
quently, Cauchy-Schwarz’s inequality holds true, i.e.

|<Aa B>tr|2 < <A’ A>tl’<B7 B>tl"

Applying the above inequality with A = (WWT)%Vfé
and B=V?2 implies that

tr(WW )22 < te(VIIWW T,V ).

Since tr(V) < 1, we have that tr(WW )V~-1) >
te(WWT)2)[2.

If we further notice that W = UAATU " is a symmetric
and positive semi-definite matrix, we have

te(WW V) > [e(WIWT)2)2 = te(W)2 (21)

Moreover, the minimum is achieved when V =
(wwT)3
tr(ww)z)’
(16), we can obtain the problem (7) immediately. Using
Lemma 1, we complete the proof. O

If we substitute (21) into the problem
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